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diagnostics. Theoretical methods are needed to determine the autocorrelation of molecular velocities 
and magnetic resonance signal characteristics related to the shape, size, and concentration of soft matter 
constituents, although their development represents a difficult inverse problem. In this paper, we propose a 
numerical renormalization method that provides understanding of the contrast diffusion mechanism closely 
related to both the component hierarchy and the dynamic of molecular motion with a weak correlation with 
underlying structure. We demonstrate simulations of our method on a heterogeneous material with a self-
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Influence of weak molecular velocity autocorrelation on the diffusion NMR

Abstract. Self-diffusion of spin-bearing molecules measured by magnetic resonance can noninvasively 
probe the microstructure of complex soft matter and serve as a powerful tool for different types of diagnostics. 
Theoretical methods are needed to determine the autocorrelation of molecular velocities and magnetic 
resonance signal characteristics related to the shape, size, and concentration of soft matter constituents, 
although their development represents a difficult inverse problem. In this paper, we propose a numerical 
renormalization method that provides understanding of the contrast diffusion mechanism closely related to 
both the component hierarchy and the dynamic of molecular motion with a weak correlation with underlying 
structure. We demonstrate simulations of our method on a heterogeneous material with a self-similar random 
organization and show that we derive efficient temporal diffusion properties for disordered geometry, size and 
concentration of its components at different Euclidean dimensions. The proposed approach provides a tool for 
interpretation of experimental data obtained for meta- and native materials.
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Introduction

Diffusion-weighted nuclear magnetic resonance 
(NMR) probes the mobility of water spin-bearing 
molecules and provides high sensitivity to complex 
compartmentalized media at scales well below spatial 
resolution. Since the introduction of diffusion-
weighted MR, it has become a common method for 
finding vague differences between composite 
materials and plays an important role in classifying 
and forecasting physical properties as influenced by 
microstructure. MR signal of widespread pulsed field 
gradient spin echo (PGSE) experiments [1] typically 
represent the average diffusivity reflecting the 
concentration and size of components of 
heterogeneous structures. Correct explanation of 
diffusion MR data should take into account 
mesoscopic effects acting from microscopic to 
macroscopic length scales [2-5]. These effects range 
from an apparent elemental impact on water mobility, 
such as the fraction of inhomogeneities, to ensemble 
actions of partial volume configurations of different 
inclusion types and angular dispersion. The exchange 
rate between compartments or multiple relaxation 
times can also affect the signal, depending on the data 

collection window of the experiment. Customizing 
measurement data to identify relationships between a 
number of parameters allows us to find valuable 
information content in a sample and can be a method 
of increasing the specificity of MR signatures. The 
parametric relationships of these materials are 
typically featured by distinct nonlinearities, which 
are particularly pronounced near the percolation (i.e. 
structural) threshold [6, 7]. A series of classic 
percolation theory approaches are founded on 
random impedance networks [8, 9] and have been 
extensively employed to examine transport 
behaviour [9-11] and relaxation [12] in disordered 
composites. Fluctuations of local magnetic fields 
responsible for measured diffusion and relaxation 
[12], as well as radio-frequency absorption of 
magnetic fields [13, 14], have been considered in the 
random network model. The corresponding models 
indicate a second-order phase transition and 
hierarchical features of the magnetic field 
distributions.

In this paper, we suggest employing the 
renormalisation group method in a conjunction with 
MR to achieve a unified description of the temporal 
fast limiting and spectral diffusion in random 
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composites, which are commonly utilized as a model 
to understand the physical characteristics of the of 
meta- and intrinsically disordered materials [15,16].

The theory of renormalization groups has found 
numerous applications in various fields of physics, 
such as in the physics of magnetism [17,18], the 
description of the conductivity of disordered 
channels [19-22], coherent ideal absorbers [23], and 
the mechanical properties of chaotic soft matter 
[24,25]. On the one hand, each of the above problems 
has some important symmetries of its own, which 
lead to different classes of statistical ensembles. On 
the other hand, they have in common the self-
similarity at different scales. Such a hierarchy greatly 
simplifies the mathematical description of the 
processes, preserving the influence of the disorder of 
the constituent elements as a key factor.

First, we describe the attenuation of the MR 
signal due to diffusion of spin-bearing molecules. 
The magnitude of the attenuation depends on the 
waveform of the magnetic field gradient and the 
velocity autocorrelation of molecules. The analytical 
extension of the dynamical velocity correlation 
allows us to apply the perturbation framework to 
characterize and define the decelerating motion 
taking into account only weak nonlinearity. Then, in 
the next section, we construct a hierarchical model of 
the random composite. The results of numerical 
simulation of the diffusion MR signal of the 
composite based on the renormalisation group 
method are reviewed in the last part and will be 
summarized and discussed.

Local MR signal attenuation due to diffusion 
and weak velocity autocorrelation.

Consider an inhomogeneous environment in the 
in the presence of a constant magnetic field, 0B . If a 

gradient of the external magnetic field, ( )G t , is 
imposed, the random and time-dependent location of 
the spin bearing particles modulates the spin phase 
[26]. The resulting spin echo attenuation,

( )M t , involves correlation between particle 
velocities [27] and leads to exponential decay:

( ) ( )tM t e α−= ,                        (1)

if we assume the Gaussian approximation of spin-
phase modulation, characterised by the diffusion 

coefficient, D . Note that Eq.(1) is demodulated at 
the Larmor frequency, 0 0Bω γ= .

The attenuation factor, ( )tα , in Eq.(1) is

( ) ( ) ( ) ( ) ( )
2

1 1 2 2 1 2
0 02

t t

t G t r t r t G t dt dtγα = ∫ ∫ , (2)

where 

( ) ( ) ( ) ( ) ( )1 2*
1 2

i t tDr t r t u u e dωω ω ω
π

∞
−

−∞

= ∫ ,

γ is the gyromagnetic ratio, and ( ) ( )*u uω ω is 

the velocity autocorrelation function ( ( )*u ω is a 
complex-conjugation) after the Fourier transform 
[27,28] with:

( ) ( )
( )21
iu ωτω τ πδ ω
ωτ

 
= − 

 + 
          (3a)

and

( ) ( ) ( )
( )

2 2
21 0

1
2

*u u
τ

ω ω τ π δ ω
ωτ→

 
≈ + 

 + 
(3b)

if only second order terms of small parameter 1 τ in 
Eq.(3b) are considered. In Eq. (3) τ indicates the 
characteristic correlation time, which models the 
propagation of water molecules in the environment,
symbol ( )δ ω defines Dirac delta-function, and

imaginary unit 1i = − . In the presence of a static 
magnetic field, internal heterogeneity can be imitated 
by changing the magnetic susceptibility along the 
structure of the soft matter. These background 
changes of magnetic field are characterized by 
internal gradients, ( )sG t , with amplitude sg , and 
might generate measurable effects on MR signal [32]. 
In this case external gradients, ( )G t , should be 

substituted to ( ) ( )sG t G t+ in Eqs.(1,2) taking 
magnetic susceptibility of complex structures (see 
Appendix for details) into account. In our further 
theoretical derivations, we assume ( ) ( )sG t >>G t
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providing only effects related to molecular fast-
motion.

More strictly, the extent of weak autocorrelation 
is given by the inequality 1ωτ >> in Eq.(3).
Parameter τ describes the interaction with the 
background medium very coarsely and without 
differentiating the main types of medium. In addition,

as a limitation of the model could be considered the 
isotropic description of the problem, which is 
violated in many substances.

A typical diffusion-weighted PGSE sequence has 
time-varying external magnetic field gradients, G(t),
with amplitude g and width δ separated by 
diffusion time ∆ (Fig.1a). 

Figure 1.a – Schematic of a diffusion-weighted PGSE sequence with 90º RF magnetic field excitation pulse 
starting at a time 0 0t = and 180º RF magnetic field spin refocusing pulse. TE determines the maximum signal 
during acquisition. External time-varying two-lobe magnetic field gradients are characterized with amplitude 

g , width δ and separated by diffusion time ∆ . Constant background gradients are depicted by amplitude 

sg . The bottom part of the plot represents the evolution of the absolute spin phase, ϕ , during PGSE (gray 
solid line) if both external and background gradients are present. Separate evolution of the spin phase for the 
external (solid black line) and internal (dashed black line) gradients is also given. In the absence of external 

gradients, dephasing occurs due to the background spatial change in the magnetic field (dashed line).

The spins are excited by radio-frequency (RF)
magnetic field pulse of 90º at a time 0 0t = and 
refocused by a 180º RF pulse. Representing the 
magnetic field gradients

( ) ( ) ( )
{ }

1

0, , ,
1

k

k
k

t
G t g H t t

δ δ

−

= +∆ ∆

= − −∑         (4)

(here ( )H t is a Heaviside function) in the frequency 

domain, ( )
0

lim
t

t
i tG t e dtω

→∞

′ 
′ ′ 

 
∫ , one can obtain the 

attenuation in the form:

( ) ( ) ( ) ( )
2

*

2
Dt S u u dγα ω ω ω ω
π

∞

−∞

= ∫ ,        (5)

with the gradient spectrum [28], 

( ) ( ) ( )
2

g g
S

ω ω
ω

ω

∗

=                 (6a)

and analytic part of Fourier transform of magnetic 
gradients: 

( ) ( )( )1 1i i ig ig e e eωδ ω ωδω − − ∆ −= − + − . (6b)
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If we insert Eq.(3) and Eq.(6) in Eq.(5) we obtain:

( ) ( )
( )

( )
( )

2 22 2

2 2 2 2 2 2

sin 2 sin 24, , Re
2 2

ie d dg D ω ωδ ω ωδ ωγα δ τ
π ω ω τ ω ω τ

∆∞ ∞

−∞ −∞

 
 ∆ = − −
 + + 

∫ ∫ .              (7)

Integral in Eq.(7) can be simplified in a limit of 
weak velocity autocorrelation using Taylor 
expansion: 

( )( ) ( )2424

1

1 1 21
1 2

ωτ

ω ωτω ωτ
>>

 
≈ − 

 +  
. (8)

Then analytical continuation of integral in Eq.(7) 
and application of residue theorem [28] for contour 
integrals yields: 

( )

( )

2 2

5
2 3 2 4

2

, ,

1 2
3 3 20

g Dα δ τ γ

δ δδ δ δ
τ

∆ = ×

   × ∆ − + ∆ + ∆ −   
    

.

(9)

It is worth noting that the dynamic 
autocorrelation velocity introduced in Eq.(3) 

indicates the non-Gaussian nature of diffusion. This 
statement is clearly confirmed by the second 
perturbative term of Eq.(9), where quasi-
nonstationary diffusion coefficient is 2D τ .

In the free motion regime,ωτ →∞ , spin-
bearing particle independent on background 
structure. Then Eq.(8) can be approximated by power 
law, 4ω− , and attenuation factor at echo time (TE) in 
Eqs.(1,2) gives

( ) ( )2 2 2, 3g Dα δ γ δ δ∆ = ∆ −            (10)

which corresponds to the classical Stejskal-Tanner 
result [29].

Hierarchical model of random composite.
In general case, a composite soft medium (Fig.1b, 

left) can be represented as a matrix (1) with 
embedded inhomogeneities (2) characterized by 
different properties (for example, diffusivities).

b c

Figure 1.b – Heterogeneous material (composite) is modelled 
as a matrix (white color) with inclusions of random 

components (black disks). The composite can be divided into 
sections of scale ƺ. It can be mapped on a lattice with different 
bond diffusion { }1 2, ,..., kD D D (right side of the figure). In 
the lattice, one can define a renormalization H-cell with its 

structural configurations.

Figure 1.c – Renormalization curve, ( )R p , for 2D (solid line) 
and 3D (dashed line) cases of coarse-grained H-cells (inner 

diagram). Unstable transformation points are indicated as *p .
The inner graph shows the number of recursive iterations of 

coarse-graining at the selected precision ε .
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Figure 1.d – The effective diffusion value, Deff,n, depends on the scale ƺn=nƺ (bottom 
of the figure) and can be modelled by renormalizing the H-cell in 2D and 3D

Euclidean spaces. The coarse-graining procedure for the ƺn and ƺn+1 scales is shown at 
the top of the figure.

We can assume the equilibrium of all flows of 
diffusing particles in the regime of fast movement at 
any place and time inside the composite. Then the 
discrete version of the law of conservation of mass 
looks like this:

( ) ( )
\

0
l m

l mlm
l S S
m S

ψ ψ
Γ

≠

∈
∈

Ξ − =∑ ,            (11)

if lψ is a concentration of particles at l th node of the 
lattice (Fig.1b, right). The distribution of local 
diffusion properties, ( )lmΞ , in Eq.(11) is governed by

the binary function:

( )
( )

( )
( )

( )( )1 2 1lm lm lmδ δΞ = Ξ +Ξ − ,          (12)

where all possible lattice configurations of the
function in Eq.(12) are determined by the indicator 

( ) { }0,1lmδ = generating the set E . We map the 

composite to a lattice of S interior and SΓ contact 

boundary Γ nodes using Eq.(11). The bond ( )lm
can correspond either to phase (1) or (2) with 
probabilities p and q (keeping 1p q+ = ) and 
characterized by properties ( )1Ξ or ( )2Ξ . The 
Dirichlet

boundary condition in Eq.(11) is given 
0mψ

Γ+
= and 1mψ

Γ−
= on the left, +Γ , and right,

−Γ , sides of the lattice respectively (Fig.1b, right). 
Using boundary conditions together with Eq.(11), we
can calculate the equivalent diffusion value, 

( ){ }( ),lmF pΞ . Note that it is averaged over all 

realizations of Eq.(12) on the lattice.
We simulate the effective (i.e. global) 

characteristics of a composite with randomly 
distributed local properties according to the 
renormalisation group method in real space 
[30,31,33] with a chosen H-cell with a minimal size 
ƺ (Fig.1b, right).
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Figure 2 – Flowchart of coarse grinding procedure. There are three main components of 
the algorithm. These are preparation, recursive iterations and output of effective values.

The binary function of Eq.(12) in this case is 
an iterative transformation depending on the 

index n . Thus, the recursion for Eq.(12) is 
defined as

( ) ( ){ }( ) ( )

( ) ( ){ }( ) ( )

( )( )
( )

1 , 1 2 , 1

' ' , 1 , ' ' , ' '

1

, , 1
n n

n nl m n lm n l m lm n l m

n n

F p F q

p R p

δ δ
+ +

+

+


Ξ = Ξ + Ξ −

 =

,              (13)

where the equivalent diffusion function is separated 
into components ( ) ( ) ( ){ },k 1 2= based on the 

connectivity of the bonds in the set E . Here the 
connectivity assumes the existence of a spanned 
cluster of inhomogeneities.

The transformation of p in Eq.(13) corresponds 

to the connectivity function ( )R p (Fig.1c) and can 
be expressed by polynomial equations 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( ) ( )

2 35 4 3 2
2

2 312 11 10 9
3

4 5 68 7 6

7 8 9 105 4 3 2

5 1 8 1 2 1

12 1 66 1 220 1

                493 1 776 1 856 1

                616 1 238 1 48 1 4 1

D

D

R p p p p p p p p

R p p p p p p p p

p p p p p p

p p p p p p p p

 = + − + − + −

 = + − + − + − +

 + − + − + − +
 + − + − + − + −

           (14)
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characterized by unstable points
{ }* 2 30.5 ,0.2085D Dp = [14] in 2D and 3D

Euclidian dimensions. The size of spanned cluster at 
these points is maximal. The number of iterations for 
constructing a hierarchical lattice (Fig.1c, insert) is 
defined by the constraint 1n np p ε+− ≤ , where

 0 ε > is an infinitely small number. 
By virtue of this condition, the two components 

of the composite are indistinguishable after l-scale 
hierarchical averaging within ƺ<<l<<L (Fig.1d) 
which yields the convergence of binary properties to 
singular ones on the global scale L with effective 
properties matching component (1) or (2), according 
to the selection of the starting probability 0p at the 
first iteration step 0n = .

The averaged equivalent value can be separated 
according to the connectivity of realizations in the set 
E at each iteration step of the coarse-graining 
algorithm presented in Fig.2. In Eq.(12) the initial 

property at 0n = is a diffusion factor in signal given 
in Eq.(9): 

( )
( )

( )

1

,0
2

,

,lm

D component (1)

D component (2)


Ξ = 


,          (15)

which depends on the heterogeneous material 
properties. 

Numerical simulation results.
The effective diffusion, ( )( ),limeff

lm nn
D

→∞
= Ξ

(Eq.(13)), can be modelled if the initial values of the 
parameters are determined in Eq.(15). The simulation 
parameters can be found in Table 1. We assume a 
diffusion time ∆ of about 5-30 ms and typical 
duration of diffusion weighting gradient, δ , was 
assigned as 6 ms. These parameters provide variation
of widely acceptable attenuation factor [11],

( )2 2 2 3b value gγ δ δ= ∆ −- , approximately from 
100 ms/mm2 till 1000 ms/mm2.

Table 1 – Parameters for numerical simulation of the effective diffusion signal.

( ) ( )1 2D D ,
ms
δ ,

ms
∆

( )

p

p

,
ms
τ

2D/3D 2 6 [5,30] [0,1] 100
2D/3D 1.2 6 [5,30] [0,1] 20

To understand the main qualitative changes in the 
behavior of the diffusion signal, we selected 
correlation times inside and outside the diffusion 
time range (20 ms and 100 ms, respectively). This 
choice of parameter settings allows one to estimate 
the effective attenuation using Eqs. (13-15) and the 
procedure described in Fig. 2. It is worth noting that 
the scale of typical molecular propagation in this case 
is within a few micrometers, which determines the 
upper limit of applicability of the model.

First of all, consider the case of a long correlation 
time (100 ms). According to Eq.(9), the contribution 
of the term 2~ 1 τ is negligible, and the damping 
occurs due to the usual Stejskal-Tanner (Eq. (10)). 
Indeed, in Fig.3a,b if 0p → and 1p → we observe 
a linear Stejskal-Tanner attenuation on a semi-
logarithmic scale. The magnitude of the line slope 

depends on the diffusion characteristics of the matrix 
(1) or heterogeneity (2). It is worth pointing that 
diffusion ratio, ( ) ( )1 2D D , is close to 1 in this case 

and, as a consequence, increasing the concentration 
of inclusions changes the diffusion signal linearly at 
the large diffusion time. The same effect is observed 
for short diffusion times but with a lower rate. 

If we reduce correlation time and make it short 
enough (20ms), then the signal changes nonlinearly 
with the diffusion time and linearly with the 
concentration of inclusions (Fig.3c,d). The rate of 
nonlinear dependency of the signal versus diffusion 
time is governed by correlation parameter according 
Eqs.(9,15). It should be pointed out, that in both 
cases, short and long correlation time, results were 
independent on unstable point p

*
and the Euclidian 

dimension.
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Figure 3 – Effective diffusion-weighted signal in 2D and 3D (a-d) cases as a function of diffusion time and inclusion concentration. 
There is no dependence on the Euclidean dimension and the signal changes linearly with increasing concentration of inclusions. The 

classical Stejskal-Tanner function is valid at high correlation times (a, b). Strong nonlinear dynamic effects are observed with 
reduced correlation time (c,d). Simulation results are presented on a semi-logarithmic scale.

The situation changes qualitatively if we increase 
the ratio ( ) ( )1 2D D . If the correlation time is long 

(100 ms), then nonlinear time-dependent effects are 
invisible. In this case, we observe the dependence of 
the Stejskal-Tanner signal on the diffusion time. An 
increase in the concentration of inclusions leads to a 
nonlinear increase in the signal, which is clearly 
observed at long diffusion times (Fig. 4a,b). Near 
percolation threshold, *p , we observe a jump of the 
signal. The value of the jump depends on the ratio

( ) ( )1 2D D . Since the location of the percolation 

threshold is a function of the Euclidean dimension, 
the jump region of about 0.5 in 2D shifts to 0.2085 in 
3D (Fig. 4a,b).

Shortening of the correlation time (20ms) leads 
to the pronounced nonlinear effects for a signal as a
function of diffusion time (Fig.4c,d). In addition to 

this increase of the concentration of inclusions sets 
percolation jump which is located differently for 2D
and 3D Euclidean cases. The observed situation, 
when ( ) ( )1 2D D is large, can be explained by the 

length of molecule propagation. For example, at 
*p ε+ the spanned cluster of network with a high 

diffusivity is built, which significantly regulates the 
molecule propagation distance. The strongest 
nonlinearity in the location of the unstable point 
degenerates with increase of network concentration. 
Thus nonlinearity can be characterized by two nearly 
linear modes before and after the unstable points (see 
line segments in Fig.4c,d). The modes at high 
diffusion time depends on the Euclidian dimension 
and are asymmetrical in 3D. In 3D case additional 
degree of freedom reduces a probability of the cluster 
self-crossing which influences on spanned cluster 
topology. In 2D case spanned cluster resembles 

a b

c d
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network and in 3D case spanned cluster is a backbone 
with many branches. Thus, nonlinearity in p

*
reflects 

the cluster structure of the inclusion network. If 

cluster connectivity occurs for the first time, the 
nonlinearity of the diffusion properties takes on a 
maximum degree.

Figure 4 – Effective diffusion-weighted signal in 2D (a, c) and 3D (b, d) cases depending on the diffusion time
and inclusion concentration. Near unstable points, nonlinear effects manifest themselves clearly and depend 

on the Euclidean dimension. The simulation results are presented on a semi-logarithmic scale.

Discussion and conclusion

Diffusion processes are very difficult to 
characterize, but they are of great interest in various 
fields of physics, medicine and biology. In this paper, 
we developed an effective medium framework for 
interpreting the diffusion-weighted MR signal and 
utilized the diffusion of spin-bearing molecules to 
probe the structural heterogeneity of the medium. 
Molecules diffuse through the medium and probe 
morphological information while moving in a fast 
limit regime. We introduced a basic dispersion 
characteristic – a molecular spin decay function with 
a hierarchy that includes all the diffusion properties 
of a random composite. Such a model simplifies an 
inherently complex problem to an ensemble of 
spatially distributed diffusions that determine MR 

signal, which can be characterized by the scale 
symmetry of the medium. This approximation is 
useful because the structure explored by spin-
carrying molecules remains close to a chaotic, as in 
the expected realistic conditions.

To solve the complex problem using an adequate 
mathematical apparatus, we have related the 
renormalisation group transformation to a diffusion-
weighted time-dependent signal. It is demonstrated 
that the effective medium approximation describing 
inhomogeneous diffusion leads to a time-dependent 
switching of the diffusion in the neighborhood of the 
point of highest disorder. However, this switching 
qualitatively differs for different Euclidean 
dimensions. In particular, the quantitative jump 
occurs earlier for 3D and later for 2D cases. We also 
discussed a limitation of the model, indicating that in 

a b

c d
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the case of large spatial variations of the internal 
magnetic field gradients compared to the diffusion 
scale, the contamination of molecular motion can 
lead to the loss of information on its distribution. 

In general, we have shown that important 
parameters of a complex medium are the dispersion 
of local diffusion and the concentration of its 
components, as well as different length scales in the 
spatial distribution of diffusion. The proposed 
approach is a powerful additional tool for theoretical 
interpretation of experimental data obtained for meta-
and natural materials.

Appendix I: The scale of the phase 
autocorrelation effect.

Spin-phase growth due to molecular Brownian 
motion in the presence of linear magnetic field can be 
described as an additive discrete function within 
repetitive Bernoulli scheme of trials with linearly 
increasing value of random variable [1]. The 
analytical form of probability density function is 
ultimately close to normal, ( )20,ℵ ϕ , according 

central limit theorem, and experimentally observable 
mean can be calculated if spin is represented as a 
phasor:

( )2

1
lim 0,i t i t

t
e e d

π
ϕ ϕ

π

ϕℵ ϕ
→

−

= ∫ . (AI,1)

We can estimate the phase change due to 
molecular single jump g x tϕ γ∆ = ∆ ∆ , if magnetic 

field gradient [ ]325 10g T m−= ⋅ , gyromagnetic 

ratio ( )6267.5 10 rad T sγ = ⋅ ⋅   , and molecular 

jump length [ ]102.5 10x m−∆ = ⋅ , which occurs 

within time interval [ ]1410t s−∆ = [34]. The typical

experiment duration is [ ]22 10 sδ −= ⋅ and molecular 

diffusion 9 22.3 10D m s−  = ⋅   at temperature 

250C. In this case spin obtains a phase 
[ ]171.7 10 radϕ −∆ = ⋅ after a single jump. During 

time of experiment the total number of jumps, N, is 
122 10⋅ providing the phase change, and, as a 

consequence, correlation effect, 0.91 π< . This 
estimation allows to introduce improper integral with 
a high precision and estimate it as a Fourier-
transform of a normal distribution:

( )
2

2 2
1

lim 0,i t

t
e d e

ϕ
ϕ ϕℵ ϕ

∞
−

→
−∞

=∫ (AI,2)

with ( )2 2 tϕ α= according Eq.(1).

Appendix II: Calculation of MR signal 
attenuation in the presence of background 
gradients.

Modern MR scanners are equipped with active-
resistive shimming coils to reduce small 
imperfections in the main magnetic field, 0B , and 
susceptibility effects. In this Appendix, we extend 
Eq.(9) to the case of linear background gradients with 
amplitude, sg (Fig. 1), assessing the impact of the 
shimming procedure. This result is important when 
working with MR scanners, where residual gradients 
are not optimally shimmed, but in well shimmed 
systems the additional terms associated with sg can 
be neglected. To calculate the attenuation, we use Eq. 
(5) with a modified ( )g ω :

( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

11 1 2

1 11 2

1 1 1

1 1 1

i ti t i t i ti
s s s

i t i ti t i ti i
s s s

g e g g e e g e e
g i

g e e g g e e g e e

ω δω ω ωωδ

ω ω δω ωω ωδ
ω

− +− − −−

− ∆+ − ∆+ +− −− ∆ −

 − − − + − − − +
 =
 − + + − + − 

(AII,1)

with 1t being the delay between 90º RF excitation 

pulse and the start of the first gradient pulse and 2t
being the delay between the end of the second 
gradient and the center of the echo. 

The integral in Eq.(5) with the new ( )g ω
(Eq.(AII,1)) can be calculated after analytical 
continuation on the complex plane and application of 
the residue theorem [28]:
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∑ ∑ ∑ (AII,2)

The correctness of Eq.(AII,2) can be checked by 
posing 1 2t t= and sg g= obtaining Eq.(10) with a 
changed amplitude and duration of the gradient. In 
the general case, the gradients sg and g may not 

coincide, which leads to the absolute value of the 
vector summation of these gradients in 
Eq.(AII,2).

In the case of a disturbance with weak 
correlation, Eq.(AII,2) includes an additional term:
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Eq.(AII,3) can be verified by setting 1 2t t= and sg g= to obtain Eq. (9).
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