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Radiative characteristics of accretion disks
around rotating regular black holes

Abstract. Our research focuses on examining the characteristics of thin accretion disks encircling rotating
regular black holes. In this study, we investigate the important features of accretion disks surrounding
Bardeen’s regular black holes, which play a crucial role in addressing the singularity issue. The horizon
configuration of rotating Bardeen black holes is analyzed in details, as well as the innermost stable circular
orbits related to this spacetime. The primary goal is to derive quantitively the radiative flux, differential and
spectral luminosities of the accretion disk. Within the specified gravitational field, particularly, by taking
the parameter r; >0 and fixing the ;=0.2, our findings show that the corresponding accretion disk’s
luminosity exceeds that one predicted by the Kerr metric at identical value of spin parameter ( ; =0.2).
Making the juxtaposition of Bardeen’s black hole parameter rg with the spin parameter ; of the Kerr
black hole we reveal that the spacetime corresponding to the non-rotating Bardeen black holes, in some

certain cases, can imitate the Kerr spacetime.

Key words: rotating Bardeen spacetime, angular velocity, angular momentum, energy and radiative flux.

Introduction

One of general relativity’s (GR) most intriguing
predictions is the existence of black holes (BHs).
Many observational data points available to us now
support the presence of BHs in the universe [1, 2].
The existence of BHs in the universe has been
overwhelmingly confirmed, and a new era of
astronomical detection has begun with the inaugural
detection of gravitational waves (GWs) originating
from the binary BHs coalescence [3, 4] and the first
images of the M87* and SgrA* shadows [1, 2].
Nevertheless, the interpretation of observations does
not exclude alternative models of gravity.

A class of BHs with coordinate singularities
(horizons) but without true singularities throughout
spacetime are called regular black holes (RBHs). In
most circumstances, determining a RBH often refers
to a spacetime with finite curvature invariants
everywhere, especially at the center of the BH [5, 6].
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One of early goals for searching for RBH models
was to eliminate spacetime singularities. Over the
past few years, there has been a significant interest
among scientists in singularity-free models of RBHs
[7-10]. These models have gained attention because
they offer an alternative to the complex causal
structures that are inherent in BHs as predicted by
GR.

Bardeen introduced the initial version of RBHs,
now known as Bardeen BHs, by substituting the mass
of Schwarzschild BHs with a function that depends
on the radial distance. This modification eliminates
the singularity of the Kretschmann scalar in the
Bardeen BH. Additionally, the core of this BH
exhibits de Sitter characteristics, meaning that the
Ricci curvature is positive near the center of the BH
[11]. Subsequently to this, several additional models
for RBHs have been proposed in the literature [12—
17]. It can be readily demonstrated that all of these
alternative models for RBHs violate the strong
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energy condition, thereby potentially challenging the
singularity theorems. The effects of static Bardeen
and Hayward RBHs on the spectral luminosity of
accretion disks has been the subject of recent
investigations, which have shown that these BHs
behave differently from what is predicted for
Schwarzschild and Kerr BHs [18].

Furthermore, the spectral and thermodynamic
characteristics of accretion disks surrounding
rotating Hayward BHs were studied by some of us in
Ref. [19]. Additionally, employing the Hartle-Thorne
geometry, we have analyzed the motion of test
particles moving in circular orbits [20].

Motivated by the arguments stated above about
RBHSs, by examining the emission spectrum of the
accretion disks, we set a goal to discern between
rotating regular BHs and Kerr ones. The Novikov,
Page, and Thorne models have been used to assess
the properties of an accretion disk.

The paper is structured as follows: In Section II,
we outline the key features of rotating RBHs and
provide with the results concerning the motion of test
particles in orbits encircled by accretion disks. In
Section III, the thin accretion disk formalism is
applied to considered model of RBHs. Lastly, our
findings are discussed in Section V. Throughout the
article, we adopt geometric units, where G=c=1.

Bardeen regular black holes
The solution considered here is constructed on
the basis of a mass function of the following form:

p

q
m(r)=M 1+(r70j . 1)

The objective is to guarantee that the spacetime
exhibits asymptotically flat behavior for positive
values of p and g under static conditions. Prior
research has indicated that such static solutions for
RBHs can arise from a theory involving the coupling
of nonlinear electrodynamics with gravity [21-23].
In this framework, M and »y denote the parameters
for mass and length, respectively. The particular

selections of p=¢=3 and p=3, g=2
correspond to Hayward [16] and Bardeen [11, 24]
(BHs). Moreover, opting for p >3 guarantees the

smoothness of the geometry in the central region of
static RBHs.
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Upon deriving the aforementioned mass function,
the more general line element, which accounts for the
cosmological constant A and the Kerr rotation
parameter will take the subsequent form in Boyer-
Lindquist coordinates:

ds® = —%(A, ~Aga®sin® 0)dr” +

2 X

+ =t +=d6? +
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—2
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where
Ay :l+%a2 cos’ 0, T=r*+a’cos’ 0, (3)
A, —(r2 +a2)(1——r2j—2rm,
E=1+%a2, (4)

here a is the parameter of Kerr associated with the
source’s angular momentum. The metric (2) reduces

to the Kerr solution when both A and 7, are
vanishing. Hereafter, we will consider the Bardeen
rotating RBH for simplicity, i.e. with p=3,g=2,
besides, without the cosmological constant, A =0.

In Ref. [25], the authors investigated the event
horizon of a rotating Bardeen BH surrounded by ideal
liquid dark matter, and the BH as a particle
accelerator. Also, the structure of the horizon and
ergosphere in a rotating regular Bardeen BH was
studied in Ref. [26].

The rotating Bardeen solution comprises inner
and outer horizons, which are useful for defining the

accretion disk’s features and the values of J and 0.
The condition 1/g,,. = 0 allows one to determine the

horizons of rotating Bardeen BHs. The condition
produces 10 roots, but only 4 of them are physically
significant; the other 6 are not. The inner and outer
horizons for Bardeen and Kerr BHs are given by two
equations. Here, for rotating Bardeen BHs the outer
and inner horizons are each given by two equations.
The graphical representation of the inner and outer
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horizons as functions of 7 and j=a/M for rotating

Bardeen BHs are shown in Figs. 1, 2, 3 and 4. In the
limiting case, for vanishing ;j the horizon of the
Bardeen BH is depicted by Fig. 3. Instead for
vanishing 75 the horizon of the Kerr metric is
described by Figs. 1 and 2.

Another straightforward representation of the
horizons can be found using the same condition

1/g,, =0, but here one should calculate 7; instead

of 7,/M . In this case, we obtain two roots for 7§
and keep only the positive one. The inner horizon
, / M ranges from 0 to ~1 and the outer horizon
varies from ~1 to 2 in analogy to Figs. 1, 2 and 3. The
contours of fixed horizons are illustrated as functions
of rg and j=a/M in Fig. 4. It turned out, that

rotating Bardeen BHs indeed possess the two
horizons as expected and there is no contradictions,
which seem to appear in Figs. 1, 2 and 3.

i

Figure 1 — Contour plots of the rotating Bardeen black hole's inner horizon positions

*
as a function of the spin j = a/ M and deformation n=n / M parameters.

The numbers in the contours indicate the horizon radius normalized by the mass 1, / M

j

Figure 2 — Contour plots of the rotating Bardeen black hole's outer horizon positions as a function

*

of j= a/ M and 1y =1y / M . The numbers in the contours indicate the horizon radius normalized

by the mass r, / M
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Figure 3 — Contour plots of the rotating Bardeen BH’s inner (left panel) and outer (right panel)
*
horizon positions as a function of | = a/ M and 1y =1y / M.

Contours indicate fixed values of 77, / M in analogy to Figs. 1 and 2
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Figure 4 — Contour plots depict the positions of the inner (on the left panel) and outer (on the right panel) horizons of the rotating

*
Bardeen BH depending on ] = a/ M and =N / M . The contours represent constant values of 7, / M

Circular orbits for massive test particles in the  where a > 0 (a < 0) is the parameter related to the

field of rotating Bardeen regular black holes co-rotating (counterrotating) particles towards the
The angular velocity of test particles is obtained ~ BH’s rotation direction.
as follows: Subsequently, the radial profiles for the angular
2 .2 2 .2\, 2 25/4 momentum L and specific energy E are determined
aM (V ~2 )_ M(r 2 )( ) with the following expressions:

Q=

. (5)
aZM (r2 —2r02) —(r2 + r02)5/2
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(Kr2 +a2H+)Q—aN

L= , (6a)
\/K(H_ + 2aNQ—(Kr2 +a217+)§22)
P II_+aNQ (6b)
\/K (17_ + 2aNQ—(Kr2 + a2H+)QZ) ’
where
K=K(r)=("+i)", )
N =2Mr?, (8)
II,=K+N, (9)
1 =K-N . (10)

The above expressions for angular momentum
and specific energy are characterized by the RBH
solution parameters, a and ¢, which fix the constants
of motion at any given distance. Further, for the
convenience of our analysis, dimensionless quantities

are introduced, denoted as Q*(r)zM Q(r),

L'(r)y=L(r)/M, E (r)=E(r) and rg =1y /M.

In Ref. [19] the behaviors of Q, L and E are

illustrated for Kerr BHs. As predicted, deviations
from the Schwarzschild solution become more
significant close to the BH (at smaller radial
distance).

Massive test particles moving in the gravitational
field of a compact object can have an innermost
stable circular orbit (ISCO). The radius of the ISCO,

denoted as 77~ , commonly marks the boundary of

the accretion disk. This boundary is crucial as it
signifies the closest stable orbit around the BH where
matter can orbit without being drawn into it. Its
specific numerical value is determined by various
parameters that describe the gravity source, such as
the mass, mass multipoles, angular momentum,
charges and other parameters. The significance of the
ISCO lies in its paramount role in the study of
astrophysical compact objects. To make the
constraints about the values for the source
parameters, researchers can estimate the ISCO by
studying the behavior of accretion disks. For
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instance, in the case of a Kerr BH, an estimation of
the angular momentum may be obtained using an
ISCO measurement, if an independent mass measure

is available. The rgopis determined by the

condition dL/dr =0 [27]. The rgc(, for the Kerr
spacetime is determined in Ref. [28]. However, the
Bardeen BHs

cannot be obtained

r 1SCO for
analytically. Consequently, the value of 7;g- has
been computed only numerically.

=

risco/M

2

— Bardeen

—  Kerr

0.0 02 0.4 0.6 0.8 1.0
"]

Figure 5 — The 7;gc- for the Bardeen BH versus g in

comparison to the 77gc- for the Kerr BH versus j. The shaded

region shows the degeneracy in 77900

for both Bardeen and Kerr spacetimes
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Figure 6 — Degeneracy in the 77g-) values between the

Bardeen and Kerr spacetimes.
This curve proves that the Bardeen BHs may mimic the Kerr
BHs in particular cases.
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Fig 5 depicts the 79 in the Bardeen spacetime

Vversus 1y in comparison to the 7;- of the Kerr
metric versus dimensionless angular momentum ;.
The red and blue solid curves display the dependence
of the 7,9~ versusj, ry for Bardeen and Kerr BHs,
respectively. The horizontal solid gray line and the
shaded region show when r;g- is equal for both
Bardeen and Kerr spacetimes. Thus, we may
conclude that 7y of the Bardeen BH can mimicj of
the Kerr BH up to j ~3.5. The degeneracy of the

Q

f(r):

risco in the Bardeen spacetime versus 1y and that one
for the Kerr metric as a function of j is displayed in
the Fig. 6.

Thin accretion disk spectra

We employ the well-known formalism outlined
in the pioneering works of Page and Thorne, and
Novikov and Thorne [29, 30]. Our goal is to
understand the dynamics of the accretion disk
surrounding spinning RBHs, using numerical
analysis.

The radiative flux /& is determined as follows:

where mis the mass accretion rate and

\/% = \/—g,, (gztgw —g,i,) '

In this context, the assumption of an accretion
disk in thermodynamic equilibrium is another crucial
approximation. On this supposition, it is possible to
describe the radiation coming from the disk itself as
isotropic radiation from a black body. It is possible to
compute the temperature related to this radiation by
applying the Stefan-Boltzmann formula

F(r)=oT™, (12)
here the radiative flux, which is a function of radial
distance and denoted by F ( r) and o is the Stefan-
Boltzmann constant.

The differential luminosity % can be calculated
from the flux F using the following relationship

dLe
o= 4mr [—gEF (r). (13)
Radiation released by the accretion disk at a
certain distance » is described by the differential
luminosity and the radiative flux. In real-world
observations, the frequency and the spectral
distribution are physically quantifiable variables and
prove to be easier to measure.
The spectral luminosity Q’w is defined as

follows:
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o ,
472'\/—g (E—QL)Z ISCO

[" (E-auL;dr, (11)

r

VL, =

o0y JegE @yt o
M% exp[uty/f*1/4]—l

71'3 Tisco

here y=hv/ kT", with 7, k& and V representing

the Planck’s constant, Boltzmann constant and
frequency at which the radiation is emitted. Given the

t
above, u can be defined as

1

ut(r) = > .
\/_gtt _2Qgt¢) -Q gq)(p

(15)

Results and discussion

Figs. 7, 8 illustrate orbital angular velocity of the
test particles Q°(r) versus normalized radial

distance »/M. Fig. 7 displays the results for a rotating
Bardeen @BH  with  various  values of

j=[0,0.2,0.4,0.6,0.8] at a fixed r; =0.2. In
comparison to the static Bardeen spacetime (black
solid color) with j = 0.2, the rotating Bardeen
spacetime with the varying values ofj at fixed ry =0.2
lead to a smaller angular velocity in all ranges of r.
The Fig. 8 shows the results for different values of

iy =[0,0.25,0.5,0.75]at a fixed j = 0.2. The solid

black curve indicates the Kerr metric. The angular
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velocity in Kerr spacetime with 15 =0 at fixed j=0.2
is greater than the rotating Bardeen spacetime in all
ranges of r.

In Figs. 9, 10 we depicted the dependence of L*
on the /M for rotating Bardeen BHs with various
values j at fixed ry =0.2 (Fig. 9) and with various
values of ry at fixed j = 0.2 (Fig. 10).
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Figure 7 — Dependence of test particle's angular velocity
on the radial distance 7/M for rotating Bardeen BHs

with 75 =0.2
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Figure 8 — Dependence of test particle's angular velocity
on the radial distance /M for rotating Bardeen BHs
withj=0.2
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Figure 9 — L as a function of /M for rotating
Bardeen BHs with 15 =0.2

— =000

*
Figure 10 — L as a function of /M
for rotating Bardeen BHs with j = 0.2

In Figs. 11, 12 we constructed the dependence of
E* of test particles on the 7/M for rotating Bardeen
BHs with various values j at fixed 1y =0.2 (Fig. 11)
and with various values of ry at fixed j = 0.2 (Fig.
12).

As seen from Figs. 8, 10, 12 Q" (r), L (r), E*

with varied values of ry at fixed j are always less than
the Kerr case (black solid curve). In Figs. 7, 9, 11

Qo (r), L (r), £ i with different values of j at fixed

1y are always less than in case static Bardeen BH
(black solid curve).
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Figure 11 — E* as a function of »/M
for rotating Bardeen BHs with 7y =0.2
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Figure 12 — £* as a function of »/M
for rotating Bardeen BHs with j = 0.2

It is worth mentioning that we normalized the
flow by dividing it by the total BH mass A4 in order
to maintain the dimensionless argument of the
exponential term. Furthermore, a new quantity

* *
F (r) ,is determined as: F (r) = sz(r) . This
normalization ensures that the flux is represented

consistently in the computations that follow.
Figs. 13, 14 show the F(r) for the rotating

Bardeen BHs. We left; arbitrary and set ry =0.2 (Fig.
13) and we fixed j = 0.2 and let 1y to vary (Fig. 14).
The flux for the spinning Bardeen BHs with j = 0.2
and rg > 0 is larger than in the Kerr metric case. The
Fig. 13 illustrates how the flux grows in accordance
with the chosen values of j. The F(r)for the
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spinning Bardeen BHs (r; =0.2j = 0.2) is greater than
that in the static Bardeen spacetime case.

20
15
— j=0
R 1 j=02
_____ j=0.4
----- j=06
5 j=0.8
O =

20 25 30

Figure 13 — Radiative flux F* multiplied by 10°
of the accretion disk versus normalized radial distance
r/M for rotating Bardeen BHs with 75 =0.2

5 10 15
riM

Figure 14 — Radiative flux F* multiplied by 10°
of the accretion disk versus normalized radial distance
/M for rotating Bardeen BHs with j = 0.2

The dimensionless temperature 7* of accretion
disks for spinning Bardeen BHs spacetime with

j:[0,0.2,0.4,0.6,0.8]at fixed g =0.2 and

rg = [0,0.25,0.5,0.75] at fixed j = 0.2 is presented

in Figs. 15 and 16, respectively. The temperature 7*
for the rotating Bardeen spacetime is always larger
than in the static Bardeen spacetime (Fig. 15). Fig. 16
illustrates that the temperature is permanently greater
than in the Kerr spacetime for values of
ro"=[0.25, 0.5, 0.75].
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Figure 15 — The accretion disks' temperature 7* around
the rotating Bardeen BHs with 7y =0.2
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Figure 16 — The accretion disks' temperature 7* around the
rotating Bardeen BHs with j = 0.2

Differential luminosity versus the /M for the
rotating Bardeen BH with j = 0 at fixed r§ =0.2 and

*
02 0 at fixed j = 0.2 is shown in Figs. 17 and 18,

respectively. The behavior of the differential
luminosity is similar to the radiative flux displayed in
Figs. 13 and 14. It has to do with the fact that Eq. (13)
relates both quantities.

The spectral luminosity £, ,, as determined by

Eq. (14), is illustrated in Figs. 19 and 20 versus
hv/ kT (as in previous cases, the fixed ry =0.2

(Fig.19), and fixed j = 0.2 (Fig. 20)). The effect of
angular momentum is that the spectral luminosity at
higher values of j is superior. A similar trend is
observed in the case when the values of ry increase
for a fixed j. For both considered variations, the
influence of rotation and length parameter is more
evident with the growth of frequency at which the
light is emitted. The spectral luminosity, as seen in

International Journal of Mathematics and Physics 15, Nel (2024)

Fig. 20, is smaller the whole ranges around the Kerr
BHs with respect to the rotating Bardeen BHs.

Figure 17 — The accretion disks' differential luminosity
multiplied by 10? versus of /M for rotating
Bardeen BHs with ry =0.2

Figure 18 — The accretion disks' differential luminosity
multiplied by 10? versus of 7/M for rotating
Bardeen BHs with j = 0.2

[
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Figure 19 — Spectral luminosity versus the accretion disk's
black-body emission frequency for rotating
Bardeen BHs with ry =0.2
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logo(vL,,
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Figure 20 — Spectral luminosity versus the accretion disk's
black-body emission frequency for rotating
Bardeen BHs with j = 0.2

Final outlooks and perspectives

We used accretion disk luminosity to distinguish
different types of spacetime that model BH or BH
mimickers. Here, we investigated what kinds of
effects are anticipated from rotating RBH solutions
in the absence of a cosmological constant. We thus
emphasized the capability of distinguishing rotating
Bardeen BH from Kerr spacetime. For example, by
analyzing the structure of horizons and values of

T1sco » 1t 1s possible to show that the Kerr BHs are

conceptually different from the Bardeen BHs.

The neutral test particle behaviors in the circular
geodesics were calculated. Here we have explored
the Novikov-Thorne-Page model of the thin accretion
disk. Regarding this, we assessed the radius of ISCO,
radiative flux, differential and spectral luminosities.
Particularly, our results demonstrate that the
luminosity for rotating Bardeen BHs is greater than
for Kerr spacetime with fixed spin parameter j = 0.2.
This peculiarity can serve as a means to differentiate
between the two spacetimes.

The observed higher luminosity in the case of
rotating Bardeen BHs suggests that these systems
possess inherent characteristics that promote more
efficient energy release and radiation emission
compared to their Kerr counterparts at fixed j = 0.2.
One plausible explanation for this phenomenon lies
in the distinct nature of the spacetime geometry
described by the Bardeen metric. Unlike Kerr
spacetime, which is governed solely by the mass and
spin of the black hole, the Bardeen metric
incorporates additional parameter that can influence
the gravitational dynamics near the BH.

Furthermore, the discrepancy in luminosity
between Bardeen and Kerr BHs highlights the
importance of considering alternative BH models
beyond the traditional Kerr paradigm. It suggests that
the specific geometric properties and underlying
physics encoded in alternative BH metrics can
significantly impact the observational signatures of
accretion disks.

Lastly, we showed that there is the degeneracy in
risco between the Bardeen and Kerr BHs. We
explicitly demonstrated that the Bardeen metric can
mimic the effects in the Kerr metric related to the
risco up to the values of j = 0.35. Hence, this
argument can also be used to distinguish the two
spacetime.

It would be interesting to study radiative
characteristics of other spacetimes in alternative,
extended and modified theories of gravity. It is
planned to consider this issue in future works.
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