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On a non-local problem for system of partial differential equations  
of hyperbolic type in a specific domain

Abstract. The non-local problem for second order system of partial differential equations of hyperbolic type is 
studied in the specific domain. For solving this problem we use a functional parametrization method. This method is 
an extension of Dzhumabaev’s parametrization method to a partial differential equations of hyperbolic type. We 
introduce a parameter-function, expressed as the unknown function's value at the characteristics 𝑡𝑡𝑡𝑡 = 0 within the given 
domain. This transforms the nonlocal problem into an equivalent parameterized problem, involving the Goursat 
problem for a system of partial differential equations of hyperbolic type and an additional relation based on the 
functional parameter. Subsequently, starting from the additional condition and the consistency condition, we formulate 
the Cauchy problem for a system of differential equations with respect to the unknown parameter-function. We develop 
an algorithm for solving the parameterized problem and demonstrate its convergence. Additionally, we derive 
conditions for the existence and uniqueness of a solution to the parameterized problem. Unique solvability conditions 
for the nonlocal problem for second-order system of partial differential equations of hyperbolic type in a specific 
domain are established in terms of the initial data.

Key words: non-local problem, partial differential equations of hyperbolic type, parameterized problem,
Dzhumabaev’s parametrization method, solution.

1 Introduction and statement of problem

Nonlocal problems for partial differential 
equations of hyperbolic type involve integral or 
nonlocal operators in addition to the usual differential 
operators. These nonlocal conditions can arise in 
various physical and mathematical contexts and often 
have applications in modeling phenomena with 
memory effects, long-range interactions, or nonlocal 
interactions (see [1-3] and references cited therein). 
Non-local problems for hyperbolic equations also 
have applications in various fields, including physics, 
biology, and finance. 

Solving non-local problems for hyperbolic 
equations often involves a combination of numerical 
and analytical methods, as the presence of nonlocal 
conditions makes direct application of standard 
numerical techniques more challenging. Here are 
some methods commonly used for solving nonlocal 
problems associated with hyperbolic equations: 
Characteristic methods, Analytical approaches,
Finite difference methods, Finite element methods, 
Spectral methods, Integral equation methods, 
Operator splitting techniques, Inverse problems 

techniques and etc. The choice of method depends on 
the specific form of the non-local condition, the 
characteristics of the hyperbolic equation, and the 
desired accuracy of the solution. Often, a 
combination of methods or hybrid approaches may 
be necessary to efficiently and accurately solve non-
local problems for hyperbolic equations [1–7]. 

A method of functional parametrization for 
solving nonlocal problems for hyperbolic equations 
with mixed derivatives was proposed in works [8-
10].

This method is a modification of Dzhumabaev’s 
parametrization method [11], it proposed for solving 
BVPs for ODEs. 

This approach facilitated the determination of 
conditions under which non-local problems for 
systems of hyperbolic equations are solvable, 
expressed in terms of the system coefficients and 
boundary matrices. Additionally, algorithms for 
discovering approximate solutions were devised, 
showcasing their convergence towards the precise 
solutions of the investigated issues. These findings 
were then applied to non-local problems with
integrals and multi-point conditions [12-16], 
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involving impulsive effects and delayed arguments 
[17-19], and addressing systems of hyperbolic 
equations with loads and piecewise-constant 
arguments [20-24].

In this current article, we will expand the 
application of the functional parametrization method 
to address a novel class of non-local problems for 
second-order hyperbolic equation systems within a 
specific domain

Ω𝑑𝑑𝑑𝑑 = {(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥): 0 ≤ 𝑡𝑡𝑡𝑡 ≤ 𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥), 0 ≤ 𝑥𝑥𝑥𝑥 ≤ 𝜔𝜔𝜔𝜔}. Here 
the function 𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥) is definite positive continuous on
[0,𝜔𝜔𝜔𝜔].

We consider the non-local problem for system of 
partial differential equations of hyperbolic type in the 
next form:

𝜕𝜕𝜕𝜕2𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

= 𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥

+  𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑢𝑢𝑢𝑢
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

+ 𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥)𝑢𝑢𝑢𝑢 +
+𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), (𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ∈ Ω𝑑𝑑𝑑𝑑 ,                   (1)

𝑃𝑃𝑃𝑃(𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑢𝑢𝑢𝑢(0, 𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥

+ 𝑆𝑆𝑆𝑆(𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑢𝑢𝑢𝑢(𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥), 𝑥𝑥𝑥𝑥)

𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥
= 𝜑𝜑𝜑𝜑(𝑥𝑥𝑥𝑥), 

𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔],                            (2)

𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡, 0) = 𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡), 𝑡𝑡𝑡𝑡 ∈ [0, 𝑑𝑑𝑑𝑑(0)].               (3)

Here 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑢𝑢𝑢𝑢1(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥),𝑢𝑢𝑢𝑢2(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), 
… ,  𝑢𝑢𝑢𝑢𝑛𝑛𝑛𝑛(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥)) is desired function, the matrices 

𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥),𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), 𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) on dimension (𝑛𝑛𝑛𝑛 × 𝑛𝑛𝑛𝑛) and
the vector function 𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) on dimension 𝑛𝑛𝑛𝑛 are 
continuous on Ω𝑑𝑑𝑑𝑑, the (𝑛𝑛𝑛𝑛 × 𝑛𝑛𝑛𝑛) matrices 𝑃𝑃𝑃𝑃(𝑥𝑥𝑥𝑥), 𝑆𝑆𝑆𝑆(𝑥𝑥𝑥𝑥)
and the 𝑛𝑛𝑛𝑛 vector function 𝜑𝜑𝜑𝜑(𝑥𝑥𝑥𝑥) also are continuous 
on segment [0,𝜔𝜔𝜔𝜔], the 𝑛𝑛𝑛𝑛 vector function 𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡) is 
continuously differentiable on segment [0, 𝑑𝑑𝑑𝑑(0)]. 

A classical solution to the non-local problem (1)-
(3) is a continuous on Ω𝑑𝑑𝑑𝑑 function 𝑢𝑢𝑢𝑢∗(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ∈
𝐶𝐶𝐶𝐶(Ω𝑑𝑑𝑑𝑑 ,𝑅𝑅𝑅𝑅𝑛𝑛𝑛𝑛) having continuous partial derivatives 
𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝑡𝑡𝑡𝑡,𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥

, 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕(𝑡𝑡𝑡𝑡,𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

, 𝜕𝜕𝜕𝜕2𝜕𝜕𝜕𝜕(𝑡𝑡𝑡𝑡,𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

, that satisfies to system of
partial differential equations of hyperbolic type (1)
for all (𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ∈ Ω𝑑𝑑𝑑𝑑, nonlocal condition (2) for all 𝑥𝑥𝑥𝑥 ∈
[0,𝜔𝜔𝜔𝜔] and condition on the characteristics (3) for all 
𝑡𝑡𝑡𝑡 ∈ [0, 𝑑𝑑𝑑𝑑(0)].

2 Reduction to an equivalent problem

We introduce a parameter-function as follows:
𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) = 𝑢𝑢𝑢𝑢(0, 𝑥𝑥𝑥𝑥). Then we replace the unknown 
function 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) by sum of functions: 

𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) = 𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) + 𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) for all (𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ∈ Ω𝑑𝑑𝑑𝑑 .

The problem (1)-(3) is reduced to the equivalent 
problem:

𝜕𝜕𝜕𝜕2𝑧𝑧𝑧𝑧
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

= 𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑧𝑧𝑧𝑧
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥

+  𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑧𝑧𝑧𝑧
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

+ 𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥)𝑧𝑧𝑧𝑧 +

+𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥)�̇�𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) + 𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥)𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) + 𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥),
 (𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ∈ Ω𝑑𝑑𝑑𝑑 ,                            (4)

z(0, 𝑥𝑥𝑥𝑥) = 0, 𝑥𝑥𝑥𝑥 ∈ [0, 𝜔𝜔𝜔𝜔],                   (5)

𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡, 0) = 𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡) − 𝜓𝜓𝜓𝜓(0), 𝑡𝑡𝑡𝑡 ∈ [0, 𝑑𝑑𝑑𝑑(0)], (6)

[𝑃𝑃𝑃𝑃(𝑥𝑥𝑥𝑥) +  𝑆𝑆𝑆𝑆(𝑥𝑥𝑥𝑥)]�̇�𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) + 𝑆𝑆𝑆𝑆(𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑧𝑧𝑧𝑧(𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥), 𝑥𝑥𝑥𝑥)

𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥
= 𝜑𝜑𝜑𝜑(𝑥𝑥𝑥𝑥), 

 𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔].                            (7)

From consistence condition at the point (0,0) we 
have

𝜆𝜆𝜆𝜆(0) = 𝜓𝜓𝜓𝜓(0).                         (8)

A solution to parameterized problem (4)-(7) is a
functions pair {𝑧𝑧𝑧𝑧∗(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), 𝜆𝜆𝜆𝜆∗(𝑥𝑥𝑥𝑥)} with a continuous on 
Ω𝑑𝑑𝑑𝑑 vector function 𝑧𝑧𝑧𝑧∗(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) having a continuous 
partial derivatives 𝜕𝜕𝜕𝜕𝑧𝑧𝑧𝑧

∗(𝑡𝑡𝑡𝑡,𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥

, 𝜕𝜕𝜕𝜕𝑧𝑧𝑧𝑧
∗(𝑡𝑡𝑡𝑡,𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

, 𝜕𝜕𝜕𝜕
2𝑧𝑧𝑧𝑧∗(𝑡𝑡𝑡𝑡,𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

, and with 
a continuously differentiable on [0,𝜔𝜔𝜔𝜔] parameter-
function 𝜆𝜆𝜆𝜆∗(𝑥𝑥𝑥𝑥), if it fulfills to parameterized system 
of partial differential equations of hyperbolic type (4) 
for all (𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ∈ Ω𝑑𝑑𝑑𝑑, characteristics conditions (5) for 
all 𝑥𝑥𝑥𝑥 ∈ [0, 𝜔𝜔𝜔𝜔] and (6) for all 𝑡𝑡𝑡𝑡 ∈ [0, 𝑑𝑑𝑑𝑑(0)], and 
additional relation (7) for all 𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔].

The understanding of the equivalence between
problems (1)-(3) and (4)-(7) is as follows.

Let function 𝑢𝑢𝑢𝑢∗(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) be a solution to non-local 
problem (1)-(3), then the functions pair 
{𝑧𝑧𝑧𝑧∗(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), 𝜆𝜆𝜆𝜆∗(𝑥𝑥𝑥𝑥)}, where

𝑧𝑧𝑧𝑧∗(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) = 𝑢𝑢𝑢𝑢∗(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) − 𝑢𝑢𝑢𝑢∗(0, 𝑥𝑥𝑥𝑥),

𝜆𝜆𝜆𝜆∗(𝑥𝑥𝑥𝑥) = 𝑢𝑢𝑢𝑢∗(0, 𝑥𝑥𝑥𝑥),

is a solution of parameterized problem (4)-(7). 
Vice versa, if a functions pair {�̃�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), �̃�𝜆𝜆𝜆(𝑥𝑥𝑥𝑥)} be a

solution to parameterized problem (4)-(7), then the 
function 𝑢𝑢𝑢𝑢�(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) defined as 

𝑢𝑢𝑢𝑢�(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) = �̃�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) + �̃�𝜆𝜆𝜆(𝑥𝑥𝑥𝑥),
(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ∈ Ω𝑑𝑑𝑑𝑑,

is a solution of the initial non-local problem (1)-(3).
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In contrast to non-local problem (1)-(3),
parameterized problem (4)-(7) has characteristics 
condition (5) at the line 𝑡𝑡𝑡𝑡 = 0.

At fixed parameter-function 𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) the 
parameterized problem (4)-(6) is the Goursat 
problem for system of partial differential equations of 
hyperbolic type. For determining an unknown 
parameter-function 𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) we have additional relation
(7). 

Let us introduce

𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) = 𝜕𝜕𝜕𝜕𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡,𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥

, 𝑤𝑤𝑤𝑤(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) = 𝜕𝜕𝜕𝜕𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡,𝑥𝑥𝑥𝑥)
𝜕𝜕𝜕𝜕𝑡𝑡𝑡𝑡

.

Assume that parameter-function 𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) is known 
for all 𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔]. Then the Goursat problem (4)-(6)
will be equivalent to the three system of integral 
equations in the following form:

𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥)=∫ {𝐴𝐴𝐴𝐴(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)𝑣𝑣𝑣𝑣(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥) + 𝐵𝐵𝐵𝐵(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)𝑤𝑤𝑤𝑤(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥) +𝑡𝑡𝑡𝑡
0

𝐶𝐶𝐶𝐶(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)𝑢𝑢𝑢𝑢(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥) + 𝑓𝑓𝑓𝑓(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)}d𝜏𝜏𝜏𝜏 + 
∫ 𝐴𝐴𝐴𝐴(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝜏𝜏𝜏𝜏𝑡𝑡𝑡𝑡
0 �̇�𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) +  ∫ 𝐶𝐶𝐶𝐶(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝜏𝜏𝜏𝜏𝑡𝑡𝑡𝑡

0  𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥),         (9)

𝑤𝑤𝑤𝑤(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥)=∫ {𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡, 𝜉𝜉𝜉𝜉)𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡, 𝜉𝜉𝜉𝜉) + 𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡, 𝜉𝜉𝜉𝜉)𝑤𝑤𝑤𝑤(𝑡𝑡𝑡𝑡, 𝜉𝜉𝜉𝜉) +𝑥𝑥𝑥𝑥
0

𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡, 𝜉𝜉𝜉𝜉)𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡, 𝜉𝜉𝜉𝜉) + 𝑓𝑓𝑓𝑓(𝑡𝑡𝑡𝑡, 𝜉𝜉𝜉𝜉)}𝑑𝑑𝑑𝑑𝜉𝜉𝜉𝜉 +  �̇�𝜓𝜓𝜓(𝑡𝑡𝑡𝑡) +
∫ �𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡, 𝜉𝜉𝜉𝜉)�̇�𝜆𝜆𝜆(𝜉𝜉𝜉𝜉) + 𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡, 𝜉𝜉𝜉𝜉)𝜆𝜆𝜆𝜆(𝜉𝜉𝜉𝜉)�𝑑𝑑𝑑𝑑𝜉𝜉𝜉𝜉𝑥𝑥𝑥𝑥
0  ,          (10)

𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) = ∫ 𝑤𝑤𝑤𝑤(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)𝑡𝑡𝑡𝑡
0  𝑑𝑑𝑑𝑑𝜏𝜏𝜏𝜏 + 𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡) − 𝜓𝜓𝜓𝜓(0).       (11)

From (9) we find 𝑣𝑣𝑣𝑣(𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥), 𝑥𝑥𝑥𝑥) and substitute it in 
(7) instead of 𝜕𝜕𝜕𝜕𝑧𝑧𝑧𝑧(𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥),𝑥𝑥𝑥𝑥)

𝜕𝜕𝜕𝜕𝑥𝑥𝑥𝑥
. Then, we have a system of 

differential equations with respect to 𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥):

𝑄𝑄𝑄𝑄(𝑥𝑥𝑥𝑥)�̇�𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) = −𝐿𝐿𝐿𝐿(𝑥𝑥𝑥𝑥)𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) −  𝐹𝐹𝐹𝐹(𝑥𝑥𝑥𝑥) −
−𝐺𝐺𝐺𝐺(𝑥𝑥𝑥𝑥, 𝑣𝑣𝑣𝑣,𝑤𝑤𝑤𝑤, 𝑧𝑧𝑧𝑧), 𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔],                 (12)

where
𝑄𝑄𝑄𝑄(𝑥𝑥𝑥𝑥) =

= 𝑃𝑃𝑃𝑃(𝑥𝑥𝑥𝑥) +  𝑆𝑆𝑆𝑆(𝑥𝑥𝑥𝑥) + 𝑆𝑆𝑆𝑆(𝑥𝑥𝑥𝑥)� 𝐴𝐴𝐴𝐴(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝜏𝜏𝜏𝜏
𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥)

0
 ,

𝐿𝐿𝐿𝐿(𝑥𝑥𝑥𝑥) = 𝑆𝑆𝑆𝑆(𝑥𝑥𝑥𝑥)� 𝐶𝐶𝐶𝐶(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝜏𝜏𝜏𝜏,
𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥)

0

𝐺𝐺𝐺𝐺(𝑥𝑥𝑥𝑥, 𝑣𝑣𝑣𝑣,𝑤𝑤𝑤𝑤, 𝑧𝑧𝑧𝑧)  =

𝑆𝑆𝑆𝑆(𝑥𝑥𝑥𝑥) � 𝐴𝐴𝐴𝐴(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)𝑣𝑣𝑣𝑣(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝜏𝜏𝜏𝜏
𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥)

0

+ 𝑆𝑆𝑆𝑆(𝑥𝑥𝑥𝑥)� 𝐵𝐵𝐵𝐵(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)𝑤𝑤𝑤𝑤(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝜏𝜏𝜏𝜏
𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥)

0

+ 𝑆𝑆𝑆𝑆(𝑥𝑥𝑥𝑥)� 𝐶𝐶𝐶𝐶(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)𝑧𝑧𝑧𝑧(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝜏𝜏𝜏𝜏
𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥)

0
,

𝐹𝐹𝐹𝐹(𝑥𝑥𝑥𝑥) = 𝑆𝑆𝑆𝑆(𝑥𝑥𝑥𝑥) � 𝑓𝑓𝑓𝑓(𝜏𝜏𝜏𝜏, 𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝜏𝜏𝜏𝜏
𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥)

0
− 𝜑𝜑𝜑𝜑(𝑥𝑥𝑥𝑥).

The system of differential equations (12) and
initial condition (8) give us the Cauchy problem for 
first order differential equations according to
parameter-function 𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) for all 𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔].

As a result, we derive a closed system that 
incorporates the Goursat problem for the hyperbolic 
equations system (4)-(6) and the Cauchy problem for 
the system of differential equations (12), (8) with the 
aim of determining the functions pair {𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), 𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥)}.

3 Algorithm

The function 𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) with its partial derivatives
𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) and 𝑤𝑤𝑤𝑤(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) are unknown together with
parameter-function 𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) and its derivative �̇�𝜆𝜆𝜆(𝑥𝑥𝑥𝑥).
Problems (4)-(6) and (12), (8) are interconnected.
The Goursat problem (4)-(6) is contingent on the 
parameter-function 𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥). The Cauchy problem for 
system of differential equations (12), (8) is 
contingent on the unknown functions 𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), 𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥)
and 𝑤𝑤𝑤𝑤(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥).

Hence, to find a solution to the parameterized 
problem (4)-(7), an iterative process is employed, 
guided by the following algorithm.

Step 1. (a) Assume that 𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) =  𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡) −
 𝜓𝜓𝜓𝜓(0), 𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) = 0 and 𝑤𝑤𝑤𝑤(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) = �̇�𝜓𝜓𝜓 (𝑡𝑡𝑡𝑡) in the system 
(12). Further, we suppose that the (𝑛𝑛𝑛𝑛 × 𝑛𝑛𝑛𝑛) matrix 
𝑄𝑄𝑄𝑄(𝑥𝑥𝑥𝑥) is invertible for all 𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔] . The Cauchy 
problem (12), (8) has a unique solution is a first 
approximation for parameter-function 𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥):

𝜆𝜆𝜆𝜆(1)(𝑥𝑥𝑥𝑥) = 𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥)𝑈𝑈𝑈𝑈−1(0)𝜓𝜓𝜓𝜓(0) −

−𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥)� 𝑈𝑈𝑈𝑈−1(𝜉𝜉𝜉𝜉)𝑄𝑄𝑄𝑄−1(𝜉𝜉𝜉𝜉)𝐹𝐹𝐹𝐹(𝜉𝜉𝜉𝜉)𝑑𝑑𝑑𝑑𝜉𝜉𝜉𝜉
𝑥𝑥𝑥𝑥

0
−

−𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥)� 𝑈𝑈𝑈𝑈−1(𝜉𝜉𝜉𝜉)𝑄𝑄𝑄𝑄−1(𝜉𝜉𝜉𝜉)𝐺𝐺𝐺𝐺 �𝜉𝜉𝜉𝜉, 0, �̇�𝜓𝜓𝜓 (𝑡𝑡𝑡𝑡),𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡)
𝑥𝑥𝑥𝑥

0

−  𝜓𝜓𝜓𝜓(0)� 𝑑𝑑𝑑𝑑𝜉𝜉𝜉𝜉,
 𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔],                             (13)

Here the (𝑛𝑛𝑛𝑛 × 𝑛𝑛𝑛𝑛) matrix 𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥) is a fundamental
matrix to system of differential equations

�̇�𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) = −𝑄𝑄𝑄𝑄−1(𝑥𝑥𝑥𝑥)𝐿𝐿𝐿𝐿(𝑥𝑥𝑥𝑥)𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥), 𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔].
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We can also determine the first approximation for
�̇�𝜆𝜆𝜆 (𝑥𝑥𝑥𝑥):

�̇�𝜆𝜆𝜆(1)(𝑥𝑥𝑥𝑥) =
−𝑄𝑄𝑄𝑄−1(𝑥𝑥𝑥𝑥)𝐿𝐿𝐿𝐿(𝑥𝑥𝑥𝑥)𝜆𝜆𝜆𝜆(1)(𝑥𝑥𝑥𝑥) − 𝑄𝑄𝑄𝑄−1(𝑥𝑥𝑥𝑥) 𝐹𝐹𝐹𝐹(𝑥𝑥𝑥𝑥) −

−𝑄𝑄𝑄𝑄−1(𝑥𝑥𝑥𝑥)𝐺𝐺𝐺𝐺 �𝑥𝑥𝑥𝑥, 0, �̇�𝜓𝜓𝜓 (𝑡𝑡𝑡𝑡),𝜓𝜓𝜓𝜓(𝑡𝑡𝑡𝑡) −  𝜓𝜓𝜓𝜓(0)�,
 𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔],                          (14)

(b) Using the founded �̇�𝜆𝜆𝜆(1)(𝑥𝑥𝑥𝑥) and 𝜆𝜆𝜆𝜆(1)(𝑥𝑥𝑥𝑥), we 
solve the Goursat problem (4)-(6) for �̇�𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) =
�̇�𝜆𝜆𝜆(1)(𝑥𝑥𝑥𝑥) and 𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) = 𝜆𝜆𝜆𝜆(1)(𝑥𝑥𝑥𝑥) .

We have systems of integral equations (9)-(11) 
and find a first approximations for 𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), 𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) and
𝑤𝑤𝑤𝑤(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) are the functions 𝑧𝑧𝑧𝑧(1)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) , 𝑣𝑣𝑣𝑣(1)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) and
𝑤𝑤𝑤𝑤(1)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) for all (𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ∈ Ω𝑑𝑑𝑑𝑑 .

Step 2. (a) Assume that 𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) =
 𝑧𝑧𝑧𝑧(1)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), 𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) = 𝑣𝑣𝑣𝑣(1)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) and 𝑤𝑤𝑤𝑤(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) =
𝑤𝑤𝑤𝑤(1)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) in the system (12). The Cauchy problem 
(12), (8) has a unique solution is a second 
approximation for parameter-function 𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥):

𝜆𝜆𝜆𝜆(2)(𝑥𝑥𝑥𝑥) = 𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥)𝑈𝑈𝑈𝑈−1(0)𝜓𝜓𝜓𝜓(0) −

−𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥)� 𝑈𝑈𝑈𝑈−1(𝜉𝜉𝜉𝜉)𝑄𝑄𝑄𝑄−1(𝜉𝜉𝜉𝜉)𝐹𝐹𝐹𝐹(𝜉𝜉𝜉𝜉)𝑑𝑑𝑑𝑑𝜉𝜉𝜉𝜉
𝑥𝑥𝑥𝑥

0
−

𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥)� 𝑈𝑈𝑈𝑈−1(𝜉𝜉𝜉𝜉)𝑄𝑄𝑄𝑄−1(𝜉𝜉𝜉𝜉)𝐺𝐺𝐺𝐺�𝜉𝜉𝜉𝜉, 𝑣𝑣𝑣𝑣(1),𝑤𝑤𝑤𝑤(1), 𝑧𝑧𝑧𝑧(1)�𝑑𝑑𝑑𝑑𝜉𝜉𝜉𝜉
𝑥𝑥𝑥𝑥

0
, 

𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔],                         (15)

We can also determine the second approximation 
for �̇�𝜆𝜆𝜆 (𝑥𝑥𝑥𝑥):

�̇�𝜆𝜆𝜆(2)(𝑥𝑥𝑥𝑥) =
−𝑄𝑄𝑄𝑄−1(𝑥𝑥𝑥𝑥)𝐿𝐿𝐿𝐿(𝑥𝑥𝑥𝑥)𝜆𝜆𝜆𝜆(2)(𝑥𝑥𝑥𝑥) − 𝑄𝑄𝑄𝑄−1(𝑥𝑥𝑥𝑥) 𝐹𝐹𝐹𝐹(𝑥𝑥𝑥𝑥) −

−𝑄𝑄𝑄𝑄−1(𝑥𝑥𝑥𝑥)𝐺𝐺𝐺𝐺�𝑥𝑥𝑥𝑥, 𝑣𝑣𝑣𝑣(1),𝑤𝑤𝑤𝑤(1), 𝑧𝑧𝑧𝑧(1)�,
 𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔],                          (16)

(b) Using the founded �̇�𝜆𝜆𝜆(2)(𝑥𝑥𝑥𝑥) and 𝜆𝜆𝜆𝜆(2)(𝑥𝑥𝑥𝑥), we 
solve the Goursat problem (4)-(6) for �̇�𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) =
�̇�𝜆𝜆𝜆(2)(𝑥𝑥𝑥𝑥) and 𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) = 𝜆𝜆𝜆𝜆(2)(𝑥𝑥𝑥𝑥) .

We have systems of integral equations (9)-(11) 
and find a second approximations for 𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), 𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥)
and 𝑤𝑤𝑤𝑤(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) are the functions 𝑧𝑧𝑧𝑧(2)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ,
𝑣𝑣𝑣𝑣(2)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) and 𝑤𝑤𝑤𝑤(2)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) for all (𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ∈ Ω𝑑𝑑𝑑𝑑 .

And so on.
Step k. (a) Assume that 𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) =

 𝑧𝑧𝑧𝑧(𝑘𝑘𝑘𝑘−1)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), 𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) = 𝑣𝑣𝑣𝑣(𝑘𝑘𝑘𝑘−1)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) and 𝑤𝑤𝑤𝑤(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) =
𝑤𝑤𝑤𝑤(𝑘𝑘𝑘𝑘−1)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) in the system (12). The Cauchy problem 
(12), (8) has a unique solution is a kth approximation 
for parameter-function 𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥):

𝜆𝜆𝜆𝜆(𝑘𝑘𝑘𝑘)(𝑥𝑥𝑥𝑥) = 𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥)𝑈𝑈𝑈𝑈−1(0)𝜓𝜓𝜓𝜓(0) −

−𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥)� 𝑈𝑈𝑈𝑈−1(𝜉𝜉𝜉𝜉)𝑄𝑄𝑄𝑄−1(𝜉𝜉𝜉𝜉)𝐹𝐹𝐹𝐹(𝜉𝜉𝜉𝜉)𝑑𝑑𝑑𝑑𝜉𝜉𝜉𝜉
𝑥𝑥𝑥𝑥

0
− 𝑈𝑈𝑈𝑈(𝑥𝑥𝑥𝑥) ∗

� 𝑈𝑈𝑈𝑈−1(𝜉𝜉𝜉𝜉)𝑄𝑄𝑄𝑄−1(𝜉𝜉𝜉𝜉)𝐺𝐺𝐺𝐺�𝜉𝜉𝜉𝜉, 𝑣𝑣𝑣𝑣(𝑘𝑘𝑘𝑘−1),𝑤𝑤𝑤𝑤(𝑘𝑘𝑘𝑘−1), 𝑧𝑧𝑧𝑧(𝑘𝑘𝑘𝑘−1)�𝑑𝑑𝑑𝑑𝜉𝜉𝜉𝜉
𝑥𝑥𝑥𝑥

0
, 

𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔],                            (17)

We can also determine the kth approximation for
�̇�𝜆𝜆𝜆 (𝑥𝑥𝑥𝑥):

�̇�𝜆𝜆𝜆(𝑘𝑘𝑘𝑘)(𝑥𝑥𝑥𝑥) =
−𝑄𝑄𝑄𝑄−1(𝑥𝑥𝑥𝑥)𝐿𝐿𝐿𝐿(𝑥𝑥𝑥𝑥)𝜆𝜆𝜆𝜆(𝑘𝑘𝑘𝑘)(𝑥𝑥𝑥𝑥) − 𝑄𝑄𝑄𝑄−1(𝑥𝑥𝑥𝑥) 𝐹𝐹𝐹𝐹(𝑥𝑥𝑥𝑥) −
−𝑄𝑄𝑄𝑄−1(𝑥𝑥𝑥𝑥)𝐺𝐺𝐺𝐺�𝑥𝑥𝑥𝑥, 𝑣𝑣𝑣𝑣(𝑘𝑘𝑘𝑘−1),𝑤𝑤𝑤𝑤(𝑘𝑘𝑘𝑘−1), 𝑧𝑧𝑧𝑧(𝑘𝑘𝑘𝑘−1)�,

𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔],                        (16)

(b) Using the founded �̇�𝜆𝜆𝜆(𝑘𝑘𝑘𝑘)(𝑥𝑥𝑥𝑥) and 𝜆𝜆𝜆𝜆(𝑘𝑘𝑘𝑘)(𝑥𝑥𝑥𝑥), we 
solve the Goursat problem (4)-(6) for �̇�𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) =
�̇�𝜆𝜆𝜆(𝑘𝑘𝑘𝑘)(𝑥𝑥𝑥𝑥) and 𝜆𝜆𝜆𝜆(𝑥𝑥𝑥𝑥) = 𝜆𝜆𝜆𝜆(𝑘𝑘𝑘𝑘)(𝑥𝑥𝑥𝑥) .

We again have systems of integral equations (9)-
(11) and find the kth approximations for 
𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), 𝑣𝑣𝑣𝑣(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) and 𝑤𝑤𝑤𝑤(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) are the functions
𝑧𝑧𝑧𝑧(𝑘𝑘𝑘𝑘)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) , 𝑣𝑣𝑣𝑣(𝑘𝑘𝑘𝑘)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) and 𝑤𝑤𝑤𝑤(𝑘𝑘𝑘𝑘)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) for all (𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ∈
Ω𝑑𝑑𝑑𝑑 . 𝑘𝑘𝑘𝑘 = 1,2, … .

4 Main result

Introduce a notations

𝛼𝛼𝛼𝛼(𝑥𝑥𝑥𝑥) = max
𝑡𝑡𝑡𝑡∊[0,𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥)]

 ⃦𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ⃦, 𝛿𝛿𝛿𝛿 = max
𝑥𝑥𝑥𝑥∊[0,𝜔𝜔𝜔𝜔]

 𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥),

𝑀𝑀𝑀𝑀 = max
(𝑡𝑡𝑡𝑡,𝑥𝑥𝑥𝑥)∊Ω𝑑𝑑𝑑𝑑

( ⃦𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ⃦ +  ⃦𝐵𝐵𝐵𝐵(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ⃦ +  ⃦𝐶𝐶𝐶𝐶(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ⃦,

𝛾𝛾𝛾𝛾(𝑥𝑥𝑥𝑥) =  ⃦𝑄𝑄𝑄𝑄−1(𝑥𝑥𝑥𝑥) ⃦, 𝛽𝛽𝛽𝛽 = max
𝑥𝑥𝑥𝑥∊[0,𝜔𝜔𝜔𝜔]

 ⃦𝑄𝑄𝑄𝑄−1(𝑥𝑥𝑥𝑥)𝐿𝐿𝐿𝐿(𝑥𝑥𝑥𝑥) ⃦.

Theorem 1. Assume that the matrix 𝑄𝑄𝑄𝑄(𝑥𝑥𝑥𝑥) on
dimension (n×n) is reversible for all 𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔] and 
the next inequality is hold:

 𝑞𝑞𝑞𝑞(𝑥𝑥𝑥𝑥) = 𝛾𝛾𝛾𝛾(𝑥𝑥𝑥𝑥) ‖𝑆𝑆𝑆𝑆(𝑥𝑥𝑥𝑥)‖ 𝑀𝑀𝑀𝑀max
 

{𝛿𝛿𝛿𝛿,𝑇𝑇𝑇𝑇, 𝛿𝛿𝛿𝛿𝑇𝑇𝑇𝑇} ∗

𝜔𝜔𝜔𝜔�𝑒𝑒𝑒𝑒𝛼𝛼𝛼𝛼(𝑥𝑥𝑥𝑥)𝛿𝛿𝛿𝛿 − 1 − 𝛼𝛼𝛼𝛼(𝑥𝑥𝑥𝑥)𝛿𝛿𝛿𝛿�𝑒𝑒𝑒𝑒𝛽𝛽𝛽𝛽𝜔𝜔𝜔𝜔 ≤ 𝜁𝜁𝜁𝜁 < 1,

where 𝜁𝜁𝜁𝜁 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑛𝑛𝑛𝑛𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡.
Then the functional sequence of pairs 

{𝑧𝑧𝑧𝑧(𝑘𝑘𝑘𝑘)(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), 𝜆𝜆𝜆𝜆(𝑘𝑘𝑘𝑘)(𝑥𝑥𝑥𝑥)}, 𝑘𝑘𝑘𝑘 ∈ 𝑁𝑁𝑁𝑁, determined by the 
algorithm, converges to {𝑧𝑧𝑧𝑧∗(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), 𝜆𝜆𝜆𝜆∗(𝑥𝑥𝑥𝑥)} is a solution 
to problem (4)-(7).

Proof of the Theorem 1 is based on algorithm 
above and is similar to proof of Theorem 1 in [16].
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From equivalence of problem (1)-(3) and (4)-(7), 
we obtain 

Theorem 2. Assume that the matrix 𝑄𝑄𝑄𝑄(𝑥𝑥𝑥𝑥) on
dimension (n×n) is reversible for all 𝑥𝑥𝑥𝑥 ∈ [0,𝜔𝜔𝜔𝜔] and 
the next inequality is hold:

 𝑞𝑞𝑞𝑞(𝑥𝑥𝑥𝑥) = 𝛾𝛾𝛾𝛾(𝑥𝑥𝑥𝑥) ‖𝑆𝑆𝑆𝑆(𝑥𝑥𝑥𝑥)‖ 𝑀𝑀𝑀𝑀max
 

{𝛿𝛿𝛿𝛿,𝑇𝑇𝑇𝑇, 𝛿𝛿𝛿𝛿𝑇𝑇𝑇𝑇} ∗

𝜔𝜔𝜔𝜔�𝑒𝑒𝑒𝑒𝛼𝛼𝛼𝛼(𝑥𝑥𝑥𝑥)𝛿𝛿𝛿𝛿 − 1 − 𝛼𝛼𝛼𝛼(𝑥𝑥𝑥𝑥)𝛿𝛿𝛿𝛿�𝑒𝑒𝑒𝑒𝛽𝛽𝛽𝛽𝜔𝜔𝜔𝜔 ≤ 𝜁𝜁𝜁𝜁 < 1,

where 𝜁𝜁𝜁𝜁 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑛𝑛𝑛𝑛𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡.
Then the non-local problem for partial 

differential equations of hyperbolic type (1)-(3) has a 
unique solution 𝑢𝑢𝑢𝑢∗(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥)

determined by the equality 
𝑢𝑢𝑢𝑢∗(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥)=𝑧𝑧𝑧𝑧∗(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) + 𝜆𝜆𝜆𝜆∗(𝑥𝑥𝑥𝑥), (𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥) ∈ Ω𝑑𝑑𝑑𝑑,
where the pair {𝑧𝑧𝑧𝑧∗(𝑡𝑡𝑡𝑡, 𝑥𝑥𝑥𝑥), 𝜆𝜆𝜆𝜆∗(𝑥𝑥𝑥𝑥)} is the solution to 

problem (4)-(7).

4 Conclusion 

In this article, we developed the functional 
parametrization method to solve the non-local 
problem for the system of partial differential 
equations of hyperbolic type in the special domain.
We established sufficient conditions for a unique 
solvability to nonlocal problem (1)-(3). These results 
can be extend to various non-local problems for 
partial differential equations of hyperbolic type in the 
specific domain. 
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