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Abstract. On the basis of the investigation of the asymptotic behavior of the correlation functions of the 
corresponding field currents with the necessary quantum numbers the analytic method for the 
determination of the energy spectrum of the three-body Coulomb system is suggested. In the framework 
of this analytical approach we determine the energy spectrum of the molecular hydrogen ions with orbital 
excitation. In our case, relativistic corrections are taken into account by the constituent mass of the 
constituent particles, as well as by the interaction potential. Our results showed that the masses of the 
constituent particles differ from the masses of the particles in the free state. The insreasing of constituent 
mass of the electron is comparatively larger than the insreasing of constituent mass of the proton, 
deuteron and triton. Found that the constituent masses of the electron for the molecular ions of hydrogen 

��
22 , DH  and �

2T  are different. Thus, our results on the energy spectrum of molecular hydrogen ions 
very well agreement with existing results of a precision spectroscopy, this is achieved, taking into account 
the value of the constituent masses of particles. 
Keywords: molecular hydrogen ions, bound states in the functional approach 

 
 

Introduction 
The energy spectrum of the bound state can be 

determined with good precision in the framework 
of nonrelativistic quantum mechanics (NRQM) 
when a good selection of the potential is made. 
However, the nonrelativistic Schrodinger equation 
(SE), which gives mathematically correct 
description of the bound state, is no longer 
sufficient since for the description of modern 
experimental results, obtained in both atomic [1] 
and hadronic physics [2], it is necessary to take 
into account the relativistic correction. 
Nevertheless, the non-relativistic SE is the reliable 
tool for the bound state energy research and its 
determination. In this case real relativistic 
corrections are small, so the theoretical problem 
reduces to obtaining the relativistic corrections to a 
nonrelativistic interaction potential in the 
formalism of quantum field theory (QFT). This 
idea underlies the Breit potential [3] and the 
effective nonrelativistic quantum field theory of 
Caswell and Lepage [4]. These both approach use 
the scattering matrix as a source of required 
corrections. The authors of [4] studied in the 
framework of quantum electrodynamics (QE) the 
scattering matrix with appropriate Feynman 

diagrams by taking into account renormalization 
and then taking the non-relativistic limit. So they 
obtained the interaction potential with the 
relativistic corrections. Thus, the nonrelativistic 
QED or NRQED method for the determination of 
the energy spectrum, taking into account 
relativistic corrections, was formulated. 
Subsequently, this method was improved in [5]. 
However, in these works, the relativistic 
corrections in the framework of the perturbation 
theory were taken into account mainly by the 
interaction potential, and the correction to the 
kinetic part the interaction Hamiltonian is almost 
ignored. Including the relativistic correction into 
the kinetic part of the Hamiltonian in the usual 
quantum mechanical formalism carried out only in 
the framework of the relativistic SE. It is known 
that the determination of the energy spectrum and 
the wave functions of the bound state consisting of 
few bodies from the relativistic SE, from the point 
of view of mathematical calculations is almost 
impossible. Therefore, the inclusion of the 
relativistic corrections into the determination of the 
properties of the relativistic bound state as a 
potential and kinetic part of the interaction 
Hamiltonian is one of the most urgent problems of 
modern theoretical study. Our work is devoted to 
studying this problem. * Corresponding author e-mail: bekbaev-askhat@mail.ru 
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In our approach [6,8], the mass of the bound 
state is determined by the asymptotic behavior of 
the correlation function of the corresponding 
currents with the necessary quantum numbers. The 
correlation function, which is expressed in terms of 
the quantum-field Green’s function is represented 
as a functional integral, which allows to allocate 
the necessary asymptotic behavior, as well as the 
averaging over the external gauge field can be 
performed accurately. The resulting representation 
is similar to the Feynman functional path integral 
[9] in non-relativistic quantum mechanics. In this 
case the interaction potential is determined by the 
Feynman diagram, the resulting exchange of the 
gauge field, and the mass in the SE is the 
constituent and it differs from the mass of the 
initial state of the system, i.e. one kinetic part of 
the Hamiltonian is expressed in terms of through 
the constituent mass of the constituent particles 
and it differs from the initial mass state. Our results 
showed that the difference between these masses 
for the light particles, in particular, is essential for 
the electron and heavy particles such as an isotope 
of hydrogen is not noticeable. Thus, thanks to the 
constituent mass of the constituent particles the 

allows to take into account relativistic corrections 
to the kinetic part of the interaction Hamiltonian. 

The paper is organized as follows: In the 
second section, we briefly discuss the basic details 
of determination a mass spectrum of the bound 
states in the functional approach. In Section 3, we 
calculate the energy spectrum of the three-body 
Coulomb system, taking into account the one-
photon exchange. In Section 4, we calculated the 
energy spectrum of ��

22 , DH  and �
2T  with the 

orbital excitation. Appendices contain some 
evaluation details. 

Bound states in the functional approach 

We now briefly discuss the details of our 
approach. Let us denote )()()( xxxJ $$� �  as 
the current of scalar charged particles. If we neglect 
the annihilation channel, then it is convenient to 
represent the considered correlators as the averaging 
over the gauge field )(xA�  of a product of the 
Green functions )|,( AyxGm  of the scalar charged 
particles in the external gauge field: 
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The Green function )|,( AyxGm  of the scalar charged particle in the external gauge field is defined by 

the equation: 
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The solution of (2.2) is represented in the functional integral form (see details in [10]): 
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Here the following notation is used: 
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with the normalization 
 

 ,1;0)1()0( ! ��� 000 AdBB   

where N  is the normalizing constant. In averaging 
over the external gauge field )(xA�  we limit 
ourselves to the lowest order, i.e. we take into 
account only the two-point Gaussian correlator: 
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Here )(xJ�  is the real current, and )( yxD ��0  is the gauge field propagator: 
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The bound state mass is defined as a limit: 
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Thus, to determine the mass M  we have to 
evaluate the correlation function )(x<  in the 
asymptotic limit when *�|| x . 

Substituting (2.3) into (2.1) and averaging over 
the external gauge field one yields:  
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Here  
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and the following notation is used:  
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The representation (2.10) has the meaning of 

the quantum Green’s function in the Feynman 
functional integral form when three particles with 
the masses 21,--  and 3-  interact via the nonlocal 
potential jiW , . We emphasize that in (2.10) the 
functional integration is made over the four-vectors 

),(),,( )4(
222

)4(
111 rrrrrr ��

��  and ),( )4(
333 rrr �

� . 
The term jiW , , in this case, is defined by all kinds 
of Feynman diagrams. There are two types of 
interactions: The first is the interaction of the 
constituent particle via the gauge field interaction 
the contribution of which is defined by the term 

)(, jiW ji B ; The second is the interaction of the 
constituent particles with each other, i.e. the self-
energy diagram the contribution of which is 
defined by the terms 2,21,1 ,WW  and 3,3W . In the 

nonrelativistic limit the terms jiW ,  correspond to 

the potential interactions, whereas the terms jiW ,  
correspond to the nonpotential interactions which 
define the renormalization mass contribution. 

In the asymptotic limit *�|| x  the integral 
(2.10) behaves like: 

)},,(exp{),,(lim 321321||
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x
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, 

(2.12) 
where the function ),,( 321 ---E  depends on the 
coupling constant g  and on the 21,--  and 3-  
parameters and does not depend on the masses 1m , 

2m  and 3m . In the limit *�|| x  the integral 
(2.10) is evaluated by the saddle-point method. 
The bound state mass is defined as follows:
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The problem is thus reduced to the evaluation 

of the functional integral in (2.10). This integral, 
however, cannot be evaluated in the general form 
and it is defined in various framework approaches. 
At present, there are no exact mathematical 
methods for the evaluation of this integral. 
Therefore, we have to apply some physical 
assumptions or approaches in order to somehow 
perform integration over the fourth components of 

)4(
jr . The integration over the fourth components 

effectively corresponds to the nonrelativistic limit. 
In other words, we define the interaction potential 
with the corrections connected with the non-
perturbative, relativistic and nonlocal characters of 
the interaction. In particular, if we neglect the 
dependence of the functional jiW ,  in (2.11) on 

)4(
2

)4(
1 ,rr  and )4(

3r , then the system (2.10) is 
reduced to the Feynman path integral of the scalar 
particles with the masses 21,--  and 3-  in 
NRQM  [9] with the local potential. In this 
approximation, according to (2.10), the interaction 
Hamiltonian of the scalar particles with the masses 

21,--  and 3-  reads:  
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where ),,( 321 rrrV  is the interaction potential 
which is expressed in terms of jiW , , then 

),,( 321 ---E  is the eigenvalue of the interaction 
Hamiltonian (2.10), i.e. 
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Then, from the minimum condition of (2.13) 
one derives the equation for j- :  
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The parameters 21,--  and 3-  have mass 
dimension. 

Thus, we will define the mass and the 
constituent mass of the bound state system with the 
relativistic correction. The value ),,( 321 ---E  is 
defined as the eigenvalue of the interaction 
Hamiltonian. 

In our approach the interaction between the 
particles in the bound state is described by 
equation (2.11) which includes all kinds of 
Feynman diagrams, in particular, the expressions 

332211 ,, WWW  correspond to the self-energy 
diagrams, whereas )( jiW ji B  correspond to the 
one-photon exchange diagram in QED. The bound 
state energy spectrum and the wave function (WF) 
are defined by the SE with the constituent mass 

j- . The corrections connected with a relativistic 
character of the interaction are taking into account 
not only by the corrections to the interaction 
potential, but also by the parameters j-  
(constituent mass), which are defined in (2.16). 
Therefore, from the SE with the constituent mass 
we will determine the energy spectrum of the 
Coulomb three-body system taking into account 
the relativistic corrections. 

The calculation of the energy of the molecular 
hydrogen ions 

In the framework of our approach we have 
considered two-body Coulomb systems [6,7] and 
determined the energy spectrum and WF taking 
into account relativistic corrections. We now 
define the ground state energy of the three-body 
Coulomb system with charges eZeZ 21 ,  and 

eZ3�  in the framework of our approach. In this 
section, we will use the atomic units 

)1,1( ��� eme � . Then, the SE reads 
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We introduce Jacobi ),( 21 rr ��

 and the center-of-mass x�  coordinates  
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where 321 --- ���M . The SE in these variables is of the form: 
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where we omitted the total kinetic energy term and used the following notation:  
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From (3.3) we will define the energy and the 
WF using the Oscillator Representation (OR) 
method [11]. The OR method is widely used for 
the determination of the energy levels and WF of 
the two-body systems. The WF, in particular, in 
this type of systems has the form:  

)(),()( rYrr m D"2D �
��

�  (3.5) 
where )(rD  is the radial WF. By analogy to this, 
in the three-body case we represent the WF as: 
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Here ),,( 1221 rrrD  is the radial WF depending  

 

on the Hylleraas coordinates ),,( 1221 rrr  [12] and 
the following notation is used: 
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are the solid bipolar harmonics [13] and  
 ),(),( 212121

212121 rrYrrrrY LMLM
���� ������ � , (3.8) 

are the regular solid bipolar harmonics. The 
actions of some operators on the regular solid 
bipolar harmonics are presented in Appendix A. 
Substituting (3.6) in (3.3) and using (A.6), (A.7) 
and (A.8) and after some simplifications for (3.3) 
we have:  
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where ),(),,( 2121 ���� BA  and ),( 21 ��C  are 
given in (A.3). To get the radial SE (3.9), we 
multiply this equation from the left of the bipolar 

harmonics, and then carry out the integration over 
the angular variables: 
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where we used the notation  
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The calculation of 21
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','
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��I  - for the specific values 

of ji ',��  are given in Appendix B. To determine 
the energy spectrum and wave functions of the radial 
SE (3.10) we will apply the OR method [11]. This 
method is based on the ideas and techniques of 
quantum field theory. One of the significant diffe-
rences of QFT from the QM is that the quantized 
fields representing a set of the infinite number of 
oscillators for the ground state (or vacuum) remain 

their oscillatory nature of the quantum-field 
interaction. The majority of the eigenfunctions of the 
QM potentials differs from the Gaussian behavior of 
the oscillator wave function. Therefore, the variables 
in the source must be converted to SE so that the 
modified SE has the solution having the oscillatory 
behavior at large distances. According to the above, 
we perform the transformation of variables as 
follows (for details, see [11, 14]):  
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Here d  is the dimension of the auxiliary space: 

)(222 21 �� ���� ��d . The canonical variab-
les are expressed in the OR in terms of creation the 

)( �a  and annihilation operators )(a  in the space 
dR , and then the normal ordering is carried out. 

Thus, the Hamiltonian can be represented as:  
IHEHH ��� )(00 � . (3.14) 

Here 0H  is the Hamiltonian of the free  
oscillator, 0�  ground-state energy in the zeroth 

approximation, of the OR IH  is the interaction 
Hamiltonian which is also represented in the 
correct form of )( �a  and )(a  operators, and it 
does not contain quadratic terms of the canonical 
variables. Representation of the Hamiltonian in 
the form presented in (3.11), explained in detail in 
[8] - [14], therefore, we obtain the final result for 
the energy spectrum with the orbital excitation 

)1( ��  in the zeroth approximation of the OR: 

 

 

.
)3(8

)1()5(

)3(8
)31()1(

)3(
)2(

20
3

)3(
)2()(

20
3

)3(
)2()(2

)3(
)2(

8)3(
)2(

8)3(
)2(

8

22

2

2
12

2
12

2
2

2
21

2
12

2
1

2
123

2
2

2
1

22
12

2
12

23

2
2

13

2
1

2
12

2
12

2
3

2
1

2
2

2112

12
2

2
12

23
2

2
2

13
2

2
1

���
����

�-
��

�-
��

�-
��

���
����

-
�

-
�

-
�

��
��

�-
�

��
��

�-
��

��
�����

��
��

-�
�

��
��

-�
�

��
��

-�
�

�

��

�

��

�

��

����

��
���

���

�

��

�

��

�

�

�

�

�

�

�

�

�

�

�

�

��
�����


�

�
��
�



���

�
��

������

�

�
��
�



���

��
���

�

�
��
����

�
��
��

���

�
��
���

�
��
���

�
��
���

�E

 (3.15) 

 
For further calculations, we introduce the 

following notations: 
 2211 , A�A� �� ��  and 1212 A�� �  (3.16) 
Then from the OR condition (see details in [11]), 
i.e. of the following system of equations: 
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 (3.17) 

 

we determine the frequency of the oscillator, i.e. 
paremetrs 21,AA  and 12A . These equations are 
evaluated numerically for a given three-body 
system. 

Then the parameters 21,AA  and 12A  
connected with the frequency of the oscillator and 
are determined by the following system of 
equations. 
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From this system of equations we define of 

21,AA  and 12A  the parameters as a functions of 
the constituent masses. Further, substituting the 
values of these parameters into (3.15) we define 
the dependence of the energy spectrum of the 
bound states on the constituent masses of the 
constituent particles. 

The calculation of the energy spectrum of 
�
2H , �

2D  and �
2T  with the orbital excitation 

We now proceed to the determination of the 
energy spectrum of the hydrogen molecular ion 

�
2H , �

2D  and �
2T  with the orbital excitation. In 

this case, taking into account (A.3) with 
)0,1()1,0(),( 21 ����  of (3.10) after a similar 

simplification for the energy with the orbital 
excitation ( 1�� ). 

First of all, we define the energy of the 
hydrogen molecular ion �

2H  with the orbital 
excitation, the values of the constituent masses of 
the proton and electron equal to: 

.03888246146.1,2871537253474.1836 �� ep --
  (4.1) 

Using the values of the constituent masses 
provided for the energy of the orbital excited state 
of �

2H : 
 .596873776.0��ourE  (4.2) 
In this case, the parameters that describe the 

wave functions are: 

   GHIHJKKLIJMF��INIHFOPQIIJJ�IHMMPQMION� 2112 AAA�   (4.3) 
 
The difference between the masses and the 

masses of the constituent hydrogen molecular ion 
�
2H  excited state with an orbital is: 

03888246146.0
;001024.0

����

����

eee

ppp

m
m

--

--
 (4.4) 

and accuracy: 

HKI�KHFF�KI��� �� 12
12

11
21 ,9.4 @A@A@A

    (4.5) 
Next we define the energy of the hydrogen 

molecular ion �
2D  with the orbital excitation, with 

the values of the constituent masses: 

 
 .97236144000.1,894830384222.3670 �� ed --     (4.6) 
 
For the energy of the orbital excited state of 

�
2D , using the values provided for the constituent 

mass from (4.6) we have: 

 .598654879.0��ourE   (4.7) 
In this case, the parameters defining the wave 

function are: 
 
 OHIHMJQMMJIM��GNIHFKIJGQJQ�NIHFMKKQKIQ� 2112 AAA�   (4.8) 
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For the hydrogen molecular ion �
2D  excited 

state with orbital angular difference between the 
masses and constituent masses are: 

.97236144000.0
,000024.0

����
����

eee

ddd

m
m

--
--

 (4.9) 

their accuracy is: 

HKI�JHKF�KI��� ��KK 12
1221 ,45.3 @A@A@A

   (4.10) 
Similarly, we define the energy of the hydro-

gen molecular ion �
2T  with the orbital excitation, 

with the values of the constituent masses: 

 
 .83888713138.1,789215881349.5496 �� et --  (4.11) 
 
Also, using the values provided for the 

constituent mass from (4.11), for the energy of the 
orbital excited state of �

2T , we have: 

.599417102.0��ourE   (4.12) 
In this case, the parameters defining the WF are:  

 
 964154907010.0;482911395189.0;34034911.0 2112 ���� AAA�  (4.13) 
 
The difference between the masses and the 

constituent masses for the hydrogen molecular ion 
�
2D  excited state with orbital are: 

22286906297.0
,0000081.0

����
����

eee

ttt

m
m

--
--

 (4.14) 

 

accuracy: 
12

12
11

21 1003.1,1083.4 �� ����� @A@A@A
   (4.15)

    Author(year)   Reference Energy 
 �

2H   
Taylor et al. (1999) [16] Æ0.596 873 738 832 
Moss (1999)    [17] Æ0.596 873 738 832 
Zong-Chao Yan [15] Æ0.596 873 738 832 
This work  Æ0.596 873 776 
 �

2D   
Taylor et al. (1999) [16] Æ0.598 654 873 220 
Moss (1999)    [17] Æ0.598 654 873 220 
Zong-Chao Yan [15] Æ0.598 654 873 220 
This work  Æ0.598 654 879 
 �

2T   
Zong-Chao Yan [15] Æ0.599 417 152 359 
This work  Æ0.599 417 102 
Table 1: The orbital excited state energy for the hydrogen molecular ions �

2H , �
2D  and �

2T  
 
From the Table 1 we see, that our results for 

the energy spectrum of the molecular hydrogen 
ions with the orbital excitation good agreement 
with the existing results of precision spectroscopy. 

This work was supported by the grant of the 
Ministry of Education and Science of Kazakhstan 
CIP-14. 
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Appendix A  
Actions of some operators on the regular solid bipolar harmonics 
 
First of all, we define the action of r#

�
 on the regular solid bipolar harmonics:  
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We also define the following actions:  
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where we used the notation:  
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Using the above relations we can define the 

action of the laplacians and the kinetic energy 
operator on the WF which is presented in (3.9). 
For the functions that depend on the Hylleraas 
coordinates, the operator 

1r
#
�

 has the form:  

 .
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r
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 (A.4) 

Hence, the action of the laplacians on the 
radial part of WF will look like:  
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Let us present the action of the kinetic energy operator on WF as:  
 
 ],[)),,(( 432101221

21 FFFFFrrrYT LM �������D��  (A.6) 
 
where  
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Appendix B  
The angular integrals evaluation 
 
In our approach the ground state energy and the 

WF are determined by the radial SE. Therefore, for 
obtaining the radial SE one has to perform the 
angular integration. According to (3.6), the angular 
part of WF is defined by the solid bipolar harmonics. 
Hence, using the actions of �  and #

�
 on 

),( 21
21 rrYLM

����  given in Appendix A, we multiply 
(3.9) from the left by the solid bipolar harmonics and 
integrate the obtained equation over the angular 
variables. First, we consider the integral:  

,),(),()( 2121
''
''12

'''' 212121

21 ! �,� rrYrrYdI LMML
ML

LM
���� ������

�� 2
    (B.1) 

where 122  is the angle between the vectors 1r
�

 and 

2r
�

 which is expressed in terms of the Hylleraas 
coordinates as )2/()(cos 21

2
12

2
2

2
112 rrrrr ���2 . 

This integral can be easily evaluated at certain 
values of quantum numbers: 1,, �ML  and 2� . In 
particular:  
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We will also use the following expressions: 

for bipolar harmonics, we have: 
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and for the matrix elements  
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where lm

mlmlC
2211 ;  are the standard Clebsch-Gordan 

coefficients and the terms in the braces are j3  
and j6  symbols, respectively. We also used the 
notation 

.)12)...(12)(12(,...,, ����< cbacba  
   (B.6) 

We used the following relations:  
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For the product of the two solid bipolar harmonics one has the formula:  
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where  
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Using the above relations, for certain values of 

the orbital quantum number, one can evaluate the 
angular integrals. 
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