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Time evolution of an anisotropic universe under Kaluza-Klein
framework with a dynamical cosmological constant

Abstract. The objective of the present study is to determine the time evolution of the universe for zero spatial curvature,
under Kaluza-Klein framework, in the presence of an anisotropic fluid. To derive the field equations, we have used a power law 
relation between the normal scale factor and the extra-dimension scale factor. Time-variation of cosmological quantities depends
upon the parameter that connects these scale factors. Using an ansatz for a hybrid scale factor (i.e., a = tαeβt) we have derived 
expressions for various cosmological parameters in terms of cosmic time and depicted their time dependence graphically. The 
dynamical cosmological term (Λ) varies extremely slowly at the present time, indicating a slow change in the dark energy content 
of the universe which is held responsible for cosmic acceleration. The pressure associated with the fifth dimension has been 
expressed in terms of a skewness parameter (δ). Its behaviour shows that the present universe has a small anisotropy and it
becomes smaller with time. This observation is consistent with the behaviour of the anisotropy factor which decreases with 
time.

Key words: Kaluza-Klein space-time, Anisotropy, Dark energy, Hybrid scale factor, Dynamical cosmological 
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Introduction

Cosmological research throughout the world, 
based on observations, has proved beyond doubt that 
the expansion of the universe has been continuing 
with acceleration. Researchers have been putting 
enormous efforts to unravel the mysteries of this 
cosmic acceleration. Since the motions of celestial 
bodies were known to be governed by gravitation, 
which is an attractive force, the universe was believed 
to be undergoing a decelerated expansion. Based on 
the experimental observations from supernova 1a, a 
negative pressure is said to be generated by an energy 
of a strange nature, known as dark energy (DE), 
which is considered to be causing the accelerated 
expansion of the universe [1, 2]. Investigations of 
various kinds are going to determine the nature of DE 
which is still shrouded in mystery. It has been found 
from recent research based on supernova data that the 
process of expansion of the universe has undergone a 
change of phase from deceleration to acceleration, 
causing the deceleration parameter to change its sign 
from positive to negative [3-5]. To find the reasons 
behind the accelerated expansion of the universe, we 
generally find two ways of exploration of this field in 
scientific literature. One of them is to construct dark 

energy models and study the cosmological 
phenomena. Another way is to formulate models 
under the framework of modified theories of gravity 
(i.e., modified versions of Einstein’s theory of 
general relativity) and study their behaviour. In many 
theoretical models the cosmological constant (𝛬𝛬𝛬𝛬) is 
regarded as representing the dark energy. To account 
for the behaviour of dark energy, there are other 
models such as quintessence, phantom, k-essence and 
quintom [6-9]. The parameter 𝛬𝛬𝛬𝛬 was initially used in 
Einstein’s theory as a time-independent parameter 
[10], but it is presently looked upon as a time-varying 
quantity due to certain shortcomings corresponding 
to Coincidence Problem and Cosmological Problem 
[11]. Researchers have made several modifications 
of Einstein’s theory which have generated theories of 
gravitation like 𝑓𝑓𝑓𝑓(𝑅𝑅𝑅𝑅) and 𝑓𝑓𝑓𝑓(𝑅𝑅𝑅𝑅,𝑇𝑇𝑇𝑇) [12-14] and scalar 
tensor theories of gravitations such as Brans-Dicke 
(BD) and Saez-Ballester (SB) [15, 16]. By 
formulating cosmological models based on DE, 
explorations of various kinds have been conducted by 
researchers [17-20]. 

In the first half of the last century, Kaluza and 
Klein proposed a theory for the unification of 
gravitational force with electromagnetic force, which 
came to be known as Kaluza-Klein (KK) theory [21, 
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22]. According to this KK theory, there was an extra 
dimension (or fifth dimension) which was used to 
unify the two forces. It was proved by a five 
dimensional model proposed by Chodos and 
Detweiler that the fifth dimension undergoes a 
contraction with cosmic evolution [23]. A phase of 
multidimensional description is theoretically 
considered to precede the present four-dimensional 
phase of the universe. As the universe evolves with 
time, the extra dimension keeps shrinking in a way 
such that it can no longer be detected by the available 
experimental facilities. Many researchers have been 
motivated by these phenomena to work in the field of 
theoretical models in higher dimensions. The Kaluza-
Klein theory may be regarded as a five dimensional 
theory of general relativity. Some of the researchers 
who have made important contributions in the 
exploration of space-time in five dimensions are 
Chodos & Detweller [23], Witten [24], Appelquist et 
al. [25], Appelquist & Chodos [26] and Marchiano 
[27]. One of the articles that attracted our attention to 
the formulation of anisotropic DE models, in the 
framework of KK theory, with a dynamical 
cosmological constant, is based on an investigation 
by N. I. Jain. [28].

For a charged system with spherical symmetry, 
J.A. Ferrari carried out a study to obtain an 
approximate solution to Kaluza-Klein's equations 
[29]. The low-velocity motion of a test particle in the 
field of a charged object was investigated. It was 
found that, the corrections to Lorentz's force by 
Kaluza-Klein’s theory could be sufficiently large to 
be measured. This experimental finding can be used 
to support the five-dimensional relativity in its 
present form. According to a study by Kalligas et al. 
[30], one can experimentally test the possible 
existence of an extra dimension to spacetime. They 
derived a set of equations containing terms dependent 
upon the presence of the extra dimension. Based on 
the existing observational data from the solar system 
it is found that, the terms due to the fifth dimension 
in our region of space must be sufficiently small 
compared to those due to the usual dimension of 
spacetime. They have shown that, the parameters 
belonging to the Kaluza-Klein theory should not be 
treated as universal constants, and they can vary from 
place to place depending on local properties of 
matter.  Dzhunushaliev et al. [31] obtained several 
non-asymptotically flat solutions of 5D Kaluza–
Klein gravity which possess both electric and 
magnetic charges. These solutions were shown to act 
as quantum virtual handles (wormholes) in spacetime 

foam models. According to this study, it may be 
possible to “inflate” these solutions from a quantum 
to a classical state in the presence of a sufficiently 
large, external electric or magnetic field. This effect 
is expected to lead to a possible experimental signal 
for higher dimensions in multidimensional gravity. 
According to a recent study by Jean Paul Mbelek
[32], it has been shown that, the 5D Kaluza-Klein 
theory can be improved by incorporating an external 
scalar field (ψ). Based on that formulation it has been 
shown that, the results obtained from the theory are 
in agreement with observational data in the 
laboratory and also the data obtained in the 
cosmological or astrophysical contexts. The author 
has shown that, an experiment shows the evidence of 
a torque being experienced by a torsion pendulum, 
which is in conformity with theoretical predictions. 
A study by Tajmar and Williams [33] presents a 
novel experimental investigation of the macroscopic 
interpretation of the fifth dimension of the Kaluza-
Klein theory. Their experiment was designed to 
determine an important feature of the theory, 
according to which, the motion in the fifth dimension 
is identified with the electric charge. They tested for 
a time dilation effect on an electrically charged clock 
and provided an interpretation of the results in the 
context of Kaluza-Klein theory. According to their 
conclusions, a timelike signature in the five-
dimensional metric may be required for a classical, 
macroscopic explanation of the fifth dimension, and 
the associated absence of a rest frame along the fifth 
coordinate.

The findings of the article [ref. no. 28] that 
motivated us to carry out the present study do not 
show any change of sign of the deceleration 
parameter (𝑞𝑞𝑞𝑞) in its time-variation, in contrary to 
what is expected from the inferences of recent 
astrophysical observations [3-5]. The purpose of the 
present study is to find the characteristics of the 
expanding universe, in the presence of an anisotropic 
fluid, by determining the nature of time evolution of 
various cosmological quantities and examining their 
consistency with observations. The entire 
formulation has been carried out involving a 
dynamical cosmological term (Λ), in the framework 
of the anisotropic Kaluza-Klein metric. To obtain the 
field equations, we have used an empirical relation 
(𝑖𝑖𝑖𝑖. 𝑒𝑒𝑒𝑒. ,𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎𝑛𝑛𝑛𝑛) between the normal scale factor (𝑎𝑎𝑎𝑎)
and the scale factor associated with the extra 
dimension (𝐴𝐴𝐴𝐴). An ansatz for a hybrid scale factor 
(i.e., 𝑎𝑎𝑎𝑎 = 𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼𝑒𝑒𝑒𝑒𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽) has been used to find the solutions 
of the field equations. This scale factor ensures that, 
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the deceleration parameter (𝑞𝑞𝑞𝑞 = −�̈�𝑎𝑎𝑎𝑎𝑎𝑎𝑎/�̇�𝑎𝑎𝑎2) undergoes 
a signature flip from positive to negative as it 
evolvers with time, in consistency with astrophysical 
observations that suggest that the cosmic expansion 
process has undergone a change of phase from 
deceleration to acceleration [3-5]. Based on the 
hybrid scale factor and the field equations, we have 
derived expressions for the Hubble parameter (𝐻𝐻𝐻𝐻), 
deceleration parameter (𝑞𝑞𝑞𝑞), energy density (𝜌𝜌𝜌𝜌), 
cosmological constant (Λ), equation of state (EoS) 
parameter (𝜔𝜔𝜔𝜔), skewness parameter (𝛿𝛿𝛿𝛿) and the 
anisotropy factor (𝜎𝜎𝜎𝜎2 𝜃𝜃𝜃𝜃⁄ ). We have showed their time 
dependence graphically by plotting them with respect 
to the relative cosmic time (i.e., 𝑡𝑡𝑡𝑡/𝑡𝑡𝑡𝑡0) where 𝑡𝑡𝑡𝑡0 stands 
for the present age of the universe which is nearly 
13.7 × 109 years. 

It is observed from the behaviours of both 
skewness parameter (𝛿𝛿𝛿𝛿) and the anisotropy factor 
(𝜎𝜎𝜎𝜎2 𝜃𝜃𝜃𝜃⁄ ) that, the universe has a small anisotropy in its 
present space-time composition and it is on its path 
towards a greater isotropy in future. The dynamical 

cosmological term (Λ), which is treated as the natural 
and the most obvious candidate for dark energy, is 
found to be negative with a very slow rate of change 
at the present time, although it is found to rise very 
steeply in the early universe, implying probably a rise 
in the content of dark energy which is widely held 
responsible for the accelerated expansion of the 
universe.

This article is divided into six sections including 
the introduction. It is followed by sections 2 and 3 
dealing with the field equations and their solutions 
respectively. Section 4 deals with the determination 
of cosmological quantities. Sections 5 and 6 are 
regarding the results of the study (graphical depiction 
and interpretation) and the conclusions respectively.

Metric and Field equations

In order to obtain the cosmological field 
equations, we have used the Kaluza-Klein space-time
[34] which is expressed as,

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑2 = −𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡2 + 𝑎𝑎𝑎𝑎2(𝑡𝑡𝑡𝑡) � 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑2

1−𝑘𝑘𝑘𝑘𝑑𝑑𝑑𝑑2
+ 𝑟𝑟𝑟𝑟2𝑑𝑑𝑑𝑑𝜃𝜃𝜃𝜃2 + 𝑟𝑟𝑟𝑟2𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑠𝑠𝑠𝑠2𝜃𝜃𝜃𝜃𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑2� + 𝐴𝐴𝐴𝐴2(𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑2               (1)

In equation (1), 𝑎𝑎𝑎𝑎(𝑡𝑡𝑡𝑡) and 𝐴𝐴𝐴𝐴(𝑡𝑡𝑡𝑡) are the fourth and 
fifth-dimension scale factors respectively. The 
symbol k is a measure of the spatial curvature, having 
the values −1, +1 and 0 respectively for the open, 

closed and flat universes. The energy-momentum 
tensor �𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖�, for the anisotropic space-time metric
represented by equation (1), is given below
[35].

𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑(𝑇𝑇𝑇𝑇00,𝑇𝑇𝑇𝑇11,𝑇𝑇𝑇𝑇22,𝑇𝑇𝑇𝑇33,𝑇𝑇𝑇𝑇44) = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑(−𝜌𝜌𝜌𝜌,𝑝𝑝𝑝𝑝, 𝑝𝑝𝑝𝑝,𝑝𝑝𝑝𝑝,𝑝𝑝𝑝𝑝𝜓𝜓𝜓𝜓)                                  (2)

In equation (2), 𝑝𝑝𝑝𝑝 and 𝜌𝜌𝜌𝜌 are respectively the 
pressure and energy density of the cosmic fluid (dark 
energy) pervading the universe. The symbol 𝑝𝑝𝑝𝑝𝜓𝜓𝜓𝜓
denotes the pressure corresponding to the extra 
dimension. The barotropic equation of state (EoS) 
parameter for the normal dimensions is 𝜔𝜔𝜔𝜔 = 𝑝𝑝𝑝𝑝/𝜌𝜌𝜌𝜌.
Based on some studies on anisotropy, in the 
framework of Kaluza-Klein theory, we have used the
equation, 𝑝𝑝𝑝𝑝𝜓𝜓𝜓𝜓 = (𝛿𝛿𝛿𝛿 + 𝜔𝜔𝜔𝜔)𝜌𝜌𝜌𝜌, as the directional equation 
of state for the fifth dimension, where 𝛿𝛿𝛿𝛿 is the 
skewness parameter which represents the deviation 
from the normal equation-of-state parameter 𝜔𝜔𝜔𝜔 [28, 
36-41]. The parameter 𝛿𝛿𝛿𝛿 serves as measure of 
deviation from isotropy. Thus, the energy-
momentum tensor of equation (2) can be rewritten as,

𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑(−𝜌𝜌𝜌𝜌,𝜔𝜔𝜔𝜔𝜌𝜌𝜌𝜌,𝜔𝜔𝜔𝜔𝜌𝜌𝜌𝜌,𝜔𝜔𝜔𝜔𝜌𝜌𝜌𝜌, (𝜔𝜔𝜔𝜔 + 𝛿𝛿𝛿𝛿)𝜌𝜌𝜌𝜌) (3)

The time dependence of 𝜔𝜔𝜔𝜔 and 𝛿𝛿𝛿𝛿 has been 
investigated in the present study.

Gravitational field equations are obtained from 
the following equation. 

𝐺𝐺𝐺𝐺𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 = 𝑅𝑅𝑅𝑅𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 −
1
2
𝑅𝑅𝑅𝑅𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 = −8𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 + Λ𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖          (4)

To formulate the field equations, we have used an
ansatz for the fifth-dimension scale factor (𝐴𝐴𝐴𝐴), 
which is 𝐴𝐴𝐴𝐴 = 𝑎𝑎𝑎𝑎𝑛𝑛𝑛𝑛 [42]. We have also used 
8𝜋𝜋𝜋𝜋𝐺𝐺𝐺𝐺 = 𝑐𝑐𝑐𝑐 = 1. Equation (4) leads to the following 
field equations. 
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𝐺𝐺𝐺𝐺00 = 3(𝑠𝑠𝑠𝑠 + 1) �̇�𝑎𝑎𝑎
2

𝑎𝑎𝑎𝑎2
+ 3 𝑘𝑘𝑘𝑘

𝑎𝑎𝑎𝑎
= 𝜌𝜌𝜌𝜌 + Λ          (5)

𝐺𝐺𝐺𝐺11 = (𝑠𝑠𝑠𝑠 + 2)
�̈�𝑎𝑎𝑎
𝑎𝑎𝑎𝑎

+

+(𝑠𝑠𝑠𝑠2 + 𝑠𝑠𝑠𝑠 + 1) �̇�𝑎𝑎𝑎
2

𝑎𝑎𝑎𝑎2
+ 𝑘𝑘𝑘𝑘

𝑎𝑎𝑎𝑎2
= −𝑝𝑝𝑝𝑝 + Λ (6)

𝐺𝐺𝐺𝐺44 = 3 �̈�𝑎𝑎𝑎
𝑎𝑎𝑎𝑎

+ 3 �̇�𝑎𝑎𝑎2

𝑎𝑎𝑎𝑎2
+ 3 𝑘𝑘𝑘𝑘

𝑎𝑎𝑎𝑎2
= −𝑝𝑝𝑝𝑝𝜓𝜓𝜓𝜓 + Λ (7)

Substituting 𝑝𝑝𝑝𝑝 = 𝜔𝜔𝜔𝜔𝜌𝜌𝜌𝜌, 𝑝𝑝𝑝𝑝𝜓𝜓𝜓𝜓 = (𝜔𝜔𝜔𝜔 + 𝛿𝛿𝛿𝛿)𝜌𝜌𝜌𝜌 and 𝑘𝑘𝑘𝑘 = 0
(i.e., flat space) in equations (5), (6) and (7), we get, 
respectively, the equations (8). (9) and (10), as given 
below.

                3(𝑠𝑠𝑠𝑠 + 1) �̇�𝑎𝑎𝑎
2

𝑎𝑎𝑎𝑎2
= 𝜌𝜌𝜌𝜌 + Λ                 (8)

(𝑠𝑠𝑠𝑠 + 2) �̈�𝑎𝑎𝑎
𝑎𝑎𝑎𝑎

+ (𝑠𝑠𝑠𝑠2 + 𝑠𝑠𝑠𝑠 + 1) �̇�𝑎𝑎𝑎
2

𝑎𝑎𝑎𝑎2
= −𝜔𝜔𝜔𝜔𝜌𝜌𝜌𝜌 + Λ (9)

            3 �̈�𝑎𝑎𝑎
𝑎𝑎𝑎𝑎

+ 3 �̇�𝑎𝑎𝑎2

𝑎𝑎𝑎𝑎2
= −(𝜔𝜔𝜔𝜔 + 𝛿𝛿𝛿𝛿)𝜌𝜌𝜌𝜌 + Λ             (10)

Divergence of Einstein’s tensor can be expressed 
as,

�𝑅𝑅𝑅𝑅𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 −
1
2
𝑅𝑅𝑅𝑅𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖�;𝑗𝑗𝑗𝑗

= �−𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 + Λ𝛿𝛿𝛿𝛿𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖�;𝑗𝑗𝑗𝑗
= 0 (11)

Based on equation (11), the equation 
representing energy conservation [35] is given by, 

�̇�𝜌𝜌𝜌 + 3(𝜌𝜌𝜌𝜌 + 𝑝𝑝𝑝𝑝) �̇�𝑎𝑎𝑎
𝑎𝑎𝑎𝑎

+ 𝑠𝑠𝑠𝑠�𝜌𝜌𝜌𝜌 + 𝑝𝑝𝑝𝑝𝜓𝜓𝜓𝜓�
�̇�𝑎𝑎𝑎
𝑎𝑎𝑎𝑎

+ Λ̇ = 0 (12)

Substituting the equations of state for the normal 
dimension and the extra dimension [i.e., 𝑝𝑝𝑝𝑝 = 𝜔𝜔𝜔𝜔𝜌𝜌𝜌𝜌 and 
𝑝𝑝𝑝𝑝𝜓𝜓𝜓𝜓 = (𝜔𝜔𝜔𝜔 + 𝛿𝛿𝛿𝛿)𝜌𝜌𝜌𝜌 respectively] in equation (12), we
get,

�̇�𝜌𝜌𝜌 + (3 + 𝑠𝑠𝑠𝑠)(1 + 𝜔𝜔𝜔𝜔)𝜌𝜌𝜌𝜌 �̇�𝑎𝑎𝑎
𝑎𝑎𝑎𝑎

+ 𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿𝜌𝜌𝜌𝜌 �̇�𝑎𝑎𝑎
𝑎𝑎𝑎𝑎

+ Λ̇ = 0 (13)

Equation (13) can be written as a sum of two 
equations which are equations (14) and (15), as given 
below.

�̇�𝜌𝜌𝜌 + (3 + 𝑠𝑠𝑠𝑠)(1 + 𝜔𝜔𝜔𝜔)𝜌𝜌𝜌𝜌 �̇�𝑎𝑎𝑎
𝑎𝑎𝑎𝑎

= 𝑄𝑄𝑄𝑄              (14)

                𝑠𝑠𝑠𝑠𝛿𝛿𝛿𝛿𝜌𝜌𝜌𝜌 �̇�𝑎𝑎𝑎
𝑎𝑎𝑎𝑎

+ Λ̇ = −𝑄𝑄𝑄𝑄                    (15)

In equations (14) and (15), 𝑄𝑄𝑄𝑄 is an arbitrary 
parameter.

Subtracting equation (10) from equation (9), we 
get,

(𝑠𝑠𝑠𝑠 − 1) �̈�𝑎𝑎𝑎
𝑎𝑎𝑎𝑎

+ (𝑠𝑠𝑠𝑠2 + 𝑠𝑠𝑠𝑠 − 2) �̇�𝑎𝑎𝑎
2

𝑎𝑎𝑎𝑎2
= 𝛿𝛿𝛿𝛿𝜌𝜌𝜌𝜌           (16)

Substituting for 𝛿𝛿𝛿𝛿𝜌𝜌𝜌𝜌 in equation (16) from 
equation (15), we get,

(𝑠𝑠𝑠𝑠 − 1) �̈�𝑎𝑎𝑎
𝑎𝑎𝑎𝑎

+ (𝑠𝑠𝑠𝑠2 + 𝑠𝑠𝑠𝑠 − 2) �̇�𝑎𝑎𝑎
2

𝑎𝑎𝑎𝑎2
= − 𝑄𝑄𝑄𝑄+Λ̇

𝑛𝑛𝑛𝑛(�̇�𝑎𝑎𝑎/𝑎𝑎𝑎𝑎) (17)

Solution of Field Equations
To solve the field equations, we have used the 

following ansatz for the scale factor.

𝑎𝑎𝑎𝑎 = 𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼𝑒𝑒𝑒𝑒𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽                      (18)

where, the constant parameters 𝐵𝐵𝐵𝐵,𝛼𝛼𝛼𝛼,𝛽𝛽𝛽𝛽 > 0.
The empirical scale factor, expressed by equation 

(18), is a hybrid of power-law and exponential 
functions of time. It has been used in several recent 
cosmological studies [43-49]. The reason for using 
this scale factor is that it leads to a deceleration 
parameter (given by equation no. 20) which (with 
suitable parameter values) undergoes a change of 
sign (as a function of time) from positive to negative 
which is in accordance with the recent astrophysical 
observations [ref. nos. 3-5] demonstrating a change 
of phase of the expanding universe from deceleration 
to acceleration. If we choose a scale factor of either 
the exponential form (i.e., 𝑎𝑎𝑎𝑎 = 𝐵𝐵𝐵𝐵𝑒𝑒𝑒𝑒𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽) or the power 
law form (i.e., 𝑎𝑎𝑎𝑎 = 𝐵𝐵𝐵𝐵𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼), the deceleration parameters 
obtained from them do not have the required property 
of signature flip. There are some studies where 
hyperbolic functions of time have been used as 
empirical scale factors [50-55], having the same 
property (i.e., deceleration-to-acceleration transition) 
of cosmic expansion. The parameter 𝐵𝐵𝐵𝐵 in the 
expression for the scale factor (eqn. 18) does not 
appear in the expressions for the Hubble parameter 
(eqn. 19) and deceleration parameter (eqn. 20) 
because of their expressions, i.e., 𝐻𝐻𝐻𝐻 = �̇�𝑎𝑎𝑎

𝑎𝑎𝑎𝑎
and 𝑞𝑞𝑞𝑞 =

−𝑎𝑎𝑎𝑎 ̈ 𝑎𝑎𝑎𝑎
�̇�𝑎𝑎𝑎2

respectively. All functions of 𝐻𝐻𝐻𝐻 and 𝑞𝑞𝑞𝑞 are 
therefore independent of 𝐵𝐵𝐵𝐵. The left-hand sides of 
equations (8), (9) and (10) are such functions of the 
scale factor (𝑎𝑎𝑎𝑎) and its derivatives that they are also 
independent of the parameter 𝐵𝐵𝐵𝐵. This is the reason 
why the parameter 𝐵𝐵𝐵𝐵 is not found any expression of 
the present article except that of the scale factor (eqn. 
18).
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Using equation (18) we get the following 
expression for the Hubble parameter (𝐻𝐻𝐻𝐻).

𝐻𝐻𝐻𝐻 = �̇�𝑎𝑎𝑎
𝑎𝑎𝑎𝑎

= 𝛼𝛼𝛼𝛼𝑡𝑡𝑡𝑡−1 + 𝛽𝛽𝛽𝛽                  (19)

Using equation (18) we get the following 
expression for the deceleration parameter (𝑞𝑞𝑞𝑞).

𝑞𝑞𝑞𝑞 = −𝑎𝑎𝑎𝑎 ̈ 𝑎𝑎𝑎𝑎
�̇�𝑎𝑎𝑎2

= 𝛼𝛼𝛼𝛼
(𝛼𝛼𝛼𝛼+𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽)2 − 1           (20)

Combining equation (19) with equation (20) we 
get,

𝑞𝑞𝑞𝑞 = 𝛼𝛼𝛼𝛼
(𝐻𝐻𝐻𝐻𝛽𝛽𝛽𝛽)2 − 1                      (21)

Putting 𝑡𝑡𝑡𝑡 = 𝑡𝑡𝑡𝑡0, 𝑞𝑞𝑞𝑞 = 𝑞𝑞𝑞𝑞0 and 𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻0 in equation 
(21) and rearranging the terms we get,

𝛼𝛼𝛼𝛼 = (𝑞𝑞𝑞𝑞0 + 1)(𝐻𝐻𝐻𝐻0𝑡𝑡𝑡𝑡0)2               (22)

The symbols, 𝑞𝑞𝑞𝑞0 and 𝐻𝐻𝐻𝐻0, denote respectively the 
values of 𝑞𝑞𝑞𝑞 and 𝐻𝐻𝐻𝐻 at the present time (i.e., 𝑡𝑡𝑡𝑡 = 𝑡𝑡𝑡𝑡0).
Here 𝑡𝑡𝑡𝑡0 stands for the present age of the universe 
which is nearly 13.7 × 109 years.

Putting 𝑡𝑡𝑡𝑡 = 𝑡𝑡𝑡𝑡0 and 𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻0 in equation (19) we 
get,

𝑡𝑡𝑡𝑡0 = 𝐻𝐻𝐻𝐻0𝛽𝛽𝛽𝛽0−𝛼𝛼𝛼𝛼
𝛽𝛽𝛽𝛽

                         (23)

Using equation (22) in equation (23), one obtains,

𝑡𝑡𝑡𝑡0 = 𝐻𝐻𝐻𝐻0𝛽𝛽𝛽𝛽0−(𝑞𝑞𝑞𝑞0+1)(𝐻𝐻𝐻𝐻0𝛽𝛽𝛽𝛽0)2

𝛽𝛽𝛽𝛽
             (24)

Both 𝑞𝑞𝑞𝑞0 and 𝐻𝐻𝐻𝐻0𝑡𝑡𝑡𝑡0 are dimensionless quantities. 𝛼𝛼𝛼𝛼
and 𝑡𝑡𝑡𝑡0 are expressed in terms of these quantities in 
equations (22) and (24) respectively. 𝛽𝛽𝛽𝛽 has the 
dimension of time inverse (i.e., 1/Time).

Determination of Cosmological Parameters
Using equations (18) in equation (17), we get,

Λ̇ = −𝑄𝑄𝑄𝑄 + (−𝑠𝑠𝑠𝑠3 − 2𝑠𝑠𝑠𝑠2 + 3𝑠𝑠𝑠𝑠)(𝛼𝛼𝛼𝛼3𝑡𝑡𝑡𝑡−3 + 3𝛼𝛼𝛼𝛼2𝛽𝛽𝛽𝛽𝑡𝑡𝑡𝑡−2 + 3𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽2𝑡𝑡𝑡𝑡−1 + 𝛽𝛽𝛽𝛽3) + (𝑠𝑠𝑠𝑠2 − 𝑠𝑠𝑠𝑠)(𝛼𝛼𝛼𝛼2𝑡𝑡𝑡𝑡−3 + 𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽𝑡𝑡𝑡𝑡−2) (25)

Solving equation (25) we get,

Λ = −𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡 − 𝑠𝑠𝑠𝑠(𝑠𝑠𝑠𝑠 − 1)(𝑠𝑠𝑠𝑠 + 3)�−
𝛼𝛼𝛼𝛼3𝑡𝑡𝑡𝑡−2

2
− 3𝛼𝛼𝛼𝛼2𝛽𝛽𝛽𝛽𝑡𝑡𝑡𝑡−1 + 3𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽2 ln 𝑡𝑡𝑡𝑡 + 𝛽𝛽𝛽𝛽3𝑡𝑡𝑡𝑡� +

+𝑠𝑠𝑠𝑠(𝑠𝑠𝑠𝑠 − 1) �− 𝛼𝛼𝛼𝛼2𝛽𝛽𝛽𝛽−2

2
− 𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽𝑡𝑡𝑡𝑡−1� + 𝐶𝐶𝐶𝐶                                                   (26)

where 𝐶𝐶𝐶𝐶 is the constant of integration.
Using equations (18) and (26) in equation (8) we get the following expression for the energy density.

𝜌𝜌𝜌𝜌 = 3(𝑠𝑠𝑠𝑠 + 1)(𝛼𝛼𝛼𝛼𝑡𝑡𝑡𝑡−1 + 𝛽𝛽𝛽𝛽)2 + 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡 − 𝑠𝑠𝑠𝑠(𝑠𝑠𝑠𝑠 − 1)(𝑠𝑠𝑠𝑠 + 3)�−
𝛼𝛼𝛼𝛼3𝑡𝑡𝑡𝑡−2

2
− 3𝛼𝛼𝛼𝛼2𝛽𝛽𝛽𝛽𝑡𝑡𝑡𝑡−1 + 3𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽2 ln 𝑡𝑡𝑡𝑡 + 𝛽𝛽𝛽𝛽3𝑡𝑡𝑡𝑡� −

−𝑠𝑠𝑠𝑠(𝑠𝑠𝑠𝑠 − 1) �− 𝛼𝛼𝛼𝛼2𝛽𝛽𝛽𝛽−2

2
− 𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽𝑡𝑡𝑡𝑡−1� − 𝐶𝐶𝐶𝐶                                                 (27)

Using equations (18), (26) and (27) in equation 
(10), we get,

𝜔𝜔𝜔𝜔 = 𝑓𝑓𝑓𝑓1(𝛽𝛽𝛽𝛽)+𝑓𝑓𝑓𝑓2(𝛽𝛽𝛽𝛽)+𝐶𝐶𝐶𝐶
𝑓𝑓𝑓𝑓3(𝛽𝛽𝛽𝛽)−𝑓𝑓𝑓𝑓1(𝛽𝛽𝛽𝛽)−𝑓𝑓𝑓𝑓2(𝛽𝛽𝛽𝛽)−𝐶𝐶𝐶𝐶

+ 𝑓𝑓𝑓𝑓4(𝛽𝛽𝛽𝛽)+𝑓𝑓𝑓𝑓5(𝛽𝛽𝛽𝛽)
𝑓𝑓𝑓𝑓3(𝛽𝛽𝛽𝛽)−𝑓𝑓𝑓𝑓1(𝛽𝛽𝛽𝛽)−𝑓𝑓𝑓𝑓2(𝛽𝛽𝛽𝛽)−𝐶𝐶𝐶𝐶

(28)

Using equations (18) and (27) in equation (16) we 
get,

𝛿𝛿𝛿𝛿 = (𝑛𝑛𝑛𝑛−1)�−𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽−2�+�𝑛𝑛𝑛𝑛2+2𝑛𝑛𝑛𝑛−3��𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽−1+𝛽𝛽𝛽𝛽�2

𝑓𝑓𝑓𝑓3(𝛽𝛽𝛽𝛽)−𝑓𝑓𝑓𝑓1(𝛽𝛽𝛽𝛽)−𝑓𝑓𝑓𝑓2(𝛽𝛽𝛽𝛽)−𝐶𝐶𝐶𝐶
(29)

The expressions for the functions (i.e., 𝑓𝑓𝑓𝑓1, 𝑓𝑓𝑓𝑓2, 𝑓𝑓𝑓𝑓3,
𝑓𝑓𝑓𝑓4, 𝑓𝑓𝑓𝑓5) used in equations (28) and (29) are given 
below.
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𝑓𝑓𝑓𝑓1(𝑡𝑡𝑡𝑡) = −𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡 − 𝑠𝑠𝑠𝑠(𝑠𝑠𝑠𝑠 − 1)(𝑠𝑠𝑠𝑠 + 3) �− 𝛼𝛼𝛼𝛼3𝛽𝛽𝛽𝛽−2

2
− 3𝛼𝛼𝛼𝛼2𝛽𝛽𝛽𝛽𝑡𝑡𝑡𝑡−1 + 3𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽2 ln 𝑡𝑡𝑡𝑡 + 𝛽𝛽𝛽𝛽3𝑡𝑡𝑡𝑡�,

𝑓𝑓𝑓𝑓2(𝑡𝑡𝑡𝑡) = 𝑠𝑠𝑠𝑠(𝑠𝑠𝑠𝑠 − 1) �− 𝛼𝛼𝛼𝛼2𝛽𝛽𝛽𝛽−2

2
− 𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽𝑡𝑡𝑡𝑡−1�, 

 
𝑓𝑓𝑓𝑓3(𝑡𝑡𝑡𝑡) = 3(𝑠𝑠𝑠𝑠 + 1)(𝛼𝛼𝛼𝛼𝑡𝑡𝑡𝑡−1 + 𝛽𝛽𝛽𝛽)2, 

 
𝑓𝑓𝑓𝑓4(𝑡𝑡𝑡𝑡) = −(𝑠𝑠𝑠𝑠 + 2)(−𝛼𝛼𝛼𝛼𝑡𝑡𝑡𝑡−2), 

 
𝑓𝑓𝑓𝑓5(𝑡𝑡𝑡𝑡) = −(𝑠𝑠𝑠𝑠2 + 2𝑠𝑠𝑠𝑠 + 3)(𝛼𝛼𝛼𝛼𝑡𝑡𝑡𝑡−1 + 𝛽𝛽𝛽𝛽)2. 

 

The expansion scalar (𝜃𝜃𝜃𝜃) and the shear scalar (𝜎𝜎𝜎𝜎2)
are given by the following equations.

𝜃𝜃𝜃𝜃 = 3 �̇�𝑎𝑎𝑎
𝑎𝑎𝑎𝑎

+ �̇�𝐴𝐴𝐴
𝐴𝐴𝐴𝐴

= (𝑠𝑠𝑠𝑠 + 3)𝐻𝐻𝐻𝐻           (30)

𝜎𝜎𝜎𝜎2 = 3
8
��̇�𝑎𝑎𝑎
𝑎𝑎𝑎𝑎
− �̇�𝐴𝐴𝐴

𝐴𝐴𝐴𝐴
�
2

= 3
8

(1 − 𝑠𝑠𝑠𝑠)2𝐻𝐻𝐻𝐻2 (31)

Using equations (30) and (31), the anisotropy 
factor (𝜎𝜎𝜎𝜎2/𝜃𝜃𝜃𝜃) can be expressed as,

𝜎𝜎𝜎𝜎2

𝜃𝜃𝜃𝜃
= 3(1−𝑛𝑛𝑛𝑛)2

8(𝑛𝑛𝑛𝑛+3) 𝐻𝐻𝐻𝐻 = 3(1−𝑛𝑛𝑛𝑛)2

8(𝑛𝑛𝑛𝑛+3)
[𝛼𝛼𝛼𝛼𝑡𝑡𝑡𝑡−1 + 𝛽𝛽𝛽𝛽] (32)

Equation (32) shows that, 𝜎𝜎𝜎𝜎2/𝜃𝜃𝜃𝜃 decreases with 
time.

Results and Discussion

In the present study, we have investigated the 
characteristics of the expanding universe for 
directional EoS parameters for the normal and extra 
dimensions, given by 𝑝𝑝𝑝𝑝 = 𝜔𝜔𝜔𝜔𝜌𝜌𝜌𝜌 and 𝑝𝑝𝑝𝑝𝜓𝜓𝜓𝜓 = (𝜔𝜔𝜔𝜔 + 𝛿𝛿𝛿𝛿)𝜌𝜌𝜌𝜌
respectively. We have graphically depicted the time 
dependence of various cosmological quantities for 
𝑠𝑠𝑠𝑠 = 0.5, 𝐵𝐵𝐵𝐵 = 1, 𝛽𝛽𝛽𝛽 = 0.04, 𝑄𝑄𝑄𝑄 = 0 and 𝐶𝐶𝐶𝐶 = −0.3.
There are restrictions regarding the value of the 
parameter 𝑠𝑠𝑠𝑠. For 𝑠𝑠𝑠𝑠 = 0 & 1, the cosmological term 
(Λ) becomes independent of time. For 𝑠𝑠𝑠𝑠 = −1, the 
energy density (𝜌𝜌𝜌𝜌) increases with time which is not 
admissible in an expanding universe. 

Figure 1 depicts the time dependence of the scale 
factor (𝑎𝑎𝑎𝑎). It increases monotonically with time, 
which is natural for an expanding universe. 

Figure 2 shows the time dependence of the 
Hubble parameter (𝐻𝐻𝐻𝐻) which is found to be positive 
in this plot and it is decreasing gradually with time. 
Its positive value is consistent with the characteristics 
of an expanding universe. Its decrease with time 

indicates that the scale factor (𝑎𝑎𝑎𝑎) increases faster with 
time in comparison to the expansion rate (�̇�𝑎𝑎𝑎). One can 
also say that, the time-rate of fractional change of the 
scale factor (𝑎𝑎𝑎𝑎) decreases with time.

Figure 3 depicts the variation of the deceleration 
parameter (𝑞𝑞𝑞𝑞) as a function of time. The sign of this 
parameter changes from positive to negative,
implying a change of phase of the universe from 
decelerated expansion to accelerated expansion, in 
complete agreement with the conclusions drawn from 
recent astrophysical observations [3-5]. 

Figure 4 shows the time evolution of the energy 
density (𝜌𝜌𝜌𝜌). It is found to be decreasing with time, 
which is consistent with the fact that the universe is 
expanding with time. 

Figure 5 depicts the time dependence of the 
cosmological constant (Λ), which represents the dark 
energy which is regarded as playing the major role in 
causing the accelerated expansion of the universe. It 
rises very fast in the early universe from a large 
negative value to a smaller negative value and 
continues to be less negative with time. This 
behaviour is similar to the findings of some recent 
studies [48, 56-58].

Figure 6 shows the variation of the EoS 
parameter (𝜔𝜔𝜔𝜔) with time. It is negative and it becomes
more negative with time at a gradually decreasing 
rate. Its values show that the universe is dominated 
by quintessence dark energy (i.e., 𝜔𝜔𝜔𝜔 > −1) at the 
early stage and also at the present time (i.e., 𝑡𝑡𝑡𝑡 = 𝑡𝑡𝑡𝑡0),
but it will be dominated by vacuum fluid (i.e., 𝜔𝜔𝜔𝜔 =
−1) at a later stage [59]. This is consistent with the 
findings of some studies based on four-dimensional 
space-time geometries which are completely 
different from the Kaluza-Klein metric used for the 
present study [60, 61]. As per SN Ia data we have
−1.67 < 𝜔𝜔𝜔𝜔 <  −0.6237 while the range obtained
by a combination of galaxy clustering statistics and
SN Ia data (with CMB anisotropy) and is −1.33 <



83S. Roy et al.

International Journal of Mathematics and Physics 14, №1 (2023)                                         Int. j. math. phys. (Online)

𝜔𝜔𝜔𝜔 <  −0.79 [62, 63]. The values of 𝜔𝜔𝜔𝜔 at 𝑡𝑡𝑡𝑡 = 𝑡𝑡𝑡𝑡0, as 
obtained from equation (28), are consistent with these 
ranges obtained experimentally. 

Figure 7 depicts the time-variation of delta (𝛿𝛿𝛿𝛿).
Its value is negative and it approaches zero with time.
Its present value is sufficiently small (−0.02
approximately), indicating a small anisotropy in the 
present universe, which becomes smaller with time. 
This behaviour is consistent with the observation of 
a recent study on anisotropic dark energy model in 
the Kaluza-Klein framework [28].

Figure 8 shows the variation of the ratio 𝜎𝜎𝜎𝜎2 𝜃𝜃𝜃𝜃⁄
(anisotropy factor) as a function of time. Its present 
value is small and it is found to decrease with time, 
indicating the fact that the present universe has a 
small anisotropy which is gradually becoming 
smaller with time. Thus, the condition for isotropy, 
i.e., 𝜎𝜎𝜎𝜎2 𝜃𝜃𝜃𝜃 → 0⁄ as 𝑡𝑡𝑡𝑡 → ∞, is satisfied. This 
observation is consistent with the findings by Shamir 
et al, based on Bianchi type III space-time [64, 65]. 

To express some of the cosmological parameters 
(depicted in the above-mentioned figures) in proper 
units, scaling constants (constant multipliers) are 
needed, and they can be determined by using the 
values (obtained from observations) of these
parameters at the present time (i.e., at 𝑡𝑡𝑡𝑡 = 𝑡𝑡𝑡𝑡0). Based 
on recent scientific literature [66-72], we have 
obtained the following values of Hubble parameter, 
deceleration parameter and energy density: 𝐻𝐻𝐻𝐻0 =
72.20 𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 𝑑𝑑𝑑𝑑−1 𝑀𝑀𝑀𝑀𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐−1, 𝑞𝑞𝑞𝑞0 = −0.55, 𝜌𝜌𝜌𝜌0 = 9.83 ×
10−27 𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 𝑘𝑘𝑘𝑘−3. Figure 2 (i.e., Hubble parameter 
versus time) is based on equations (19) and (24). The 
value of 𝐻𝐻𝐻𝐻 for 𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡0 = 1⁄ , as per these equations, is 
0.075. The scaling constant for Figure 2 is thus, 
𝐻𝐻𝐻𝐻0/0.075 whose value comes out to be 962.67 
𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 𝑑𝑑𝑑𝑑−1 𝑀𝑀𝑀𝑀𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐−1. The data along the vertical axis of 
Figure 2 have to be multiplied by this constant to 
obtain the Hubble parameter values in proper units.
Figure 4 (i.e., energy density versus time) is based on 
equations (24) and (27). The value of 𝜌𝜌𝜌𝜌 for 𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡0 = 1⁄ ,
as per these equations, is 0.321. The scaling constant 
for Figure 4 is thus, 𝜌𝜌𝜌𝜌0/0.321 whose value comes out 
to be 3.062 × 10−26 𝐾𝐾𝐾𝐾𝑑𝑑𝑑𝑑 𝑘𝑘𝑘𝑘−3. The data along the 
vertical axis of Figure 4 have to be multiplied by this 
constant to obtain the energy density values in proper 
units. Figure 8 shows the time-variation of 𝜎𝜎𝜎𝜎2 𝜃𝜃𝜃𝜃⁄
(anisotropy factor) which has the dimension of the 
Hubble parameter (𝐻𝐻𝐻𝐻) according to equation (32). 
The value of 𝜎𝜎𝜎𝜎2 𝜃𝜃𝜃𝜃⁄ for 𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡0 = 1⁄ , based on equations
(24) and (32), is 0.002. Based on equation (32), the 
scaling constant for Figure 8 is therefore, 3(1−𝑛𝑛𝑛𝑛)2

8(𝑛𝑛𝑛𝑛+3)
𝐻𝐻𝐻𝐻0

0.002

which is 13.4 𝐻𝐻𝐻𝐻0 having the value of 966.96
𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 𝑑𝑑𝑑𝑑−1 𝑀𝑀𝑀𝑀𝑝𝑝𝑝𝑝𝑐𝑐𝑐𝑐−1. The data along the vertical axis of 
Figure 8 have to be multiplied by this constant to 
obtain the values of the anisotropy factor in the 
standard units of Hubble parameter. Figure 5 (i.e., 
cosmological parameter Λ versus time) is based on 
equations (24) and (26). The value of Λ for 𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡0 = 1⁄ ,
as per these equations, is −0.296. One of the values 
of Λ, estimated from observational data, is 1.25 ×
10−52 𝑘𝑘𝑘𝑘−2, according to recent scientific literature 
[73-76]. But its theoretical and observational 
estimates lie over a very long range of values spread 
over several orders of magnitude [76-78]. So, it has 
not been possible for us to calculate a scaling constant 
for Λ. The purpose of calculating Λ in our study is to 
find its nature of time-variation for the present 
formulation which involves an anisotropic Kaluza-
Klein model where a hybrid scale factor (eqn. 18) has 
been used for calculations. Our findings in this regard 
are consistent with the nature of time-variation of Λ
obtained from some recent studies based on various 
theoretical models [48, 56-58]. Due to constraints of 
various natures, time-variations of different
cosmological parameters have been shown 
graphically in arbitrary units in most of the articles 
that we have gone through and cited in the present 
study.

The scale factor (𝑎𝑎𝑎𝑎) is proportional to the 
parameter 𝐵𝐵𝐵𝐵 according to equation (18). If we change 
the value of the parameter 𝐵𝐵𝐵𝐵 from 1 to 2, the values 
of the scale factor (𝑎𝑎𝑎𝑎) and its time derivative (𝑑𝑑𝑑𝑑𝑎𝑎𝑎𝑎/𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡)
become twice their values (for 𝐵𝐵𝐵𝐵 = 1) of 𝑎𝑎𝑎𝑎 and 
𝑑𝑑𝑑𝑑𝑎𝑎𝑎𝑎/𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡 respectively, without affecting the values of 
the Hubble parameter (𝐻𝐻𝐻𝐻 = �̇�𝑎𝑎𝑎

𝑎𝑎𝑎𝑎
) and deceleration 

parameter (𝑞𝑞𝑞𝑞 = −𝑎𝑎𝑎𝑎 ̈ 𝑎𝑎𝑎𝑎
�̇�𝑎𝑎𝑎2

), because their expressions 
make them independent of 𝐵𝐵𝐵𝐵 for the scale factor that 
we have chosen. As per equation (19), 𝐻𝐻𝐻𝐻 has a linear 
dependence upon 𝛽𝛽𝛽𝛽. As 𝛽𝛽𝛽𝛽 increases, the deceleration 
parameter (𝑞𝑞𝑞𝑞) approaches the value of −1 faster, 
according to equation (20). Based on equation (22) 
we get 𝛼𝛼𝛼𝛼 = 0.484. Since the universe is undergoing 
an expansion, we must get 𝐻𝐻𝐻𝐻 > 0 from theoretical 
calculations. This requirement leads to 𝛽𝛽𝛽𝛽 > −𝛼𝛼𝛼𝛼/𝑡𝑡𝑡𝑡
(using eqn. 19), implying that 𝛽𝛽𝛽𝛽 has a negative 
limiting value. Taking 𝑡𝑡𝑡𝑡 = 𝑡𝑡𝑡𝑡0 = 13.7 × 109 years =
4.32 × 1017𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑐𝑐 here, we get 𝛽𝛽𝛽𝛽 > −1.12 ×
10−18 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑐𝑐−1. Since the universe is presently
expanding with acceleration, the expansion process 
will certainly continue beyond the present time (𝑡𝑡𝑡𝑡0). 
So, the negative limiting value of 𝛽𝛽𝛽𝛽 is surely closer to 
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zero than −1.12 × 10−18𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑−1. Thus, it would be 
theoretically logical to use positive values of  𝛽𝛽𝛽𝛽 for 
the present formulation. Calculations using equation 
(27) show that, if we choose 𝑄𝑄𝑄𝑄 to be negative, the 
energy density (𝜌𝜌𝜌𝜌) becomes negative beyond a 
certain time (𝑡𝑡𝑡𝑡) depending on the value of 𝑄𝑄𝑄𝑄. Thus, 
one should take 𝑄𝑄𝑄𝑄 ≥ 0, and we have used its lowest 
permissible value, i.e., zero, in the present study. In 
the expression for 𝜌𝜌𝜌𝜌 (eqn. 27), one of the terms has a 
linear dependence upon 𝑡𝑡𝑡𝑡, where the value of 𝑄𝑄𝑄𝑄
determines the degree of this time-dependence. 
Based on equation (8) we have, Λ = 3(𝑠𝑠𝑠𝑠 + 1)𝐻𝐻𝐻𝐻2 −
𝜌𝜌𝜌𝜌. Thus, Λ has a similar dependence upon 𝑄𝑄𝑄𝑄, which 
is also evident from equation (26). The larger the 
value of 𝑄𝑄𝑄𝑄, the faster would be the change in 𝑄𝑄𝑄𝑄𝑡𝑡𝑡𝑡
(which is present in both Λ and 𝜌𝜌𝜌𝜌) with time, but this 
effect is small in comparison to the effect of variation 
of other terms. The parameter 𝐶𝐶𝐶𝐶 is present in the 
expression for Λ (eqn. 26) as a constant of integration. 
Due to the inter-dependence of Λ and 𝜌𝜌𝜌𝜌 (through eqn. 
8), 𝐶𝐶𝐶𝐶 is also present in the expression for 𝜌𝜌𝜌𝜌 (eqn. 27). 
In order to keep 𝜌𝜌𝜌𝜌 positive for all values of 𝑡𝑡𝑡𝑡, one 

needs to choose a negative value for 𝐶𝐶𝐶𝐶. The time-
variations of 𝜔𝜔𝜔𝜔 and 𝛿𝛿𝛿𝛿 depend upon the parameters 𝛽𝛽𝛽𝛽,
𝑄𝑄𝑄𝑄 and 𝐶𝐶𝐶𝐶, governed by equations (28) and (29) 
respectively. If one increases the parameter 𝛽𝛽𝛽𝛽, it 
causes a faster change of the scale factor with time 
(as per eqn. 18), causing a faster change of all the 
cosmological quantities whose time-variations have 
been depicted graphically in the present study. The 
parameter values used for the present study are, 𝐵𝐵𝐵𝐵 =
1, 𝛽𝛽𝛽𝛽 = 0.04, 𝑄𝑄𝑄𝑄 = 0 and 𝐶𝐶𝐶𝐶 = −0.3. This combination 
of values is a result of an optimization carried out 
through trial and error to meet some requirements for 
ensuring the authenticity of predictions regarding 
anisotropy based on this model. These requirements 
are: 1) 𝑎𝑎𝑎𝑎, 𝐻𝐻𝐻𝐻 and 𝜌𝜌𝜌𝜌 are positive, 2) 𝜌𝜌𝜌𝜌 decreases with 
time, which is expected for an expanding universe, 3) 
𝑞𝑞𝑞𝑞 undergoes a change of sign from positive to 
negative to be consistent with the deceleration-to-
acceleration transition of cosmic expansion, 4) the 
values of 𝑞𝑞𝑞𝑞 and 𝜔𝜔𝜔𝜔, for 𝑡𝑡𝑡𝑡 𝑡𝑡𝑡𝑡0 = 1⁄ , are sufficiently 
consistent with those obtained from recent 
astrophysical observations.

Figure 1 – Plot of scale factor versus time Figure 2 – Plot of Hubble parameter versus time 

Figure 3 – Plot of deceleration parameter
versus time 

Figure 4 – Plot of energy density versus time 
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Figure 5 – Cosmological constant versus time Figure 6 – EoS parameter versus time 

Figure 7 – Delta versus time Figure 8 – 𝜎𝜎𝜎𝜎2 𝜃𝜃𝜃𝜃⁄ versus time

Conclusion

In the present study, we have carried out a 
theoretical investigation in flat space under the 
framework of Kaluza-Klein metric, with a dynamical 
cosmological constant (Λ), to find the time-variation 
of some cosmological quantities. It is observed that 
the Hubble parameter decreases with time, indicating 
that the time-rate of fractional change of the scale 
factor (𝑎𝑎𝑎𝑎) decreases with time. The deceleration 
parameter (𝑞𝑞𝑞𝑞) shows a signature flip as time goes on, 
indicating a change of phase from decelerated 
expansion to accelerated expansion, in agreement 
with astrophysical observations. The energy density 
decreases with time, indicating the effect of the 
expansion of the universe. The cosmological constant 

(Λ), which represents dark energy, rises very rapidly 
in the early universe but its change becomes 
extremely slow with time. The time-variation of the 
EoS parameter (𝜔𝜔𝜔𝜔) shows that the universe has been
in the quintessence regime (i.e., 𝜔𝜔𝜔𝜔 > −1) of dark 
energy since its early stage and it is gradually 
approaching a vacuum fluid dominated stage (i.e., 
𝜔𝜔𝜔𝜔 = −1). The parameter 𝛿𝛿𝛿𝛿 has a small negative value 
at the present time (𝑡𝑡𝑡𝑡0), showing the presence of 
anisotropy. Its value becomes closer to zero as times 
goes on, implying a decrease in cosmic anisotropy 
with time. This prediction regarding a gradual 
transition towards isotropy is also supported by the 
observation that, as 𝑡𝑡𝑡𝑡 → ∞, 𝜎𝜎𝜎𝜎2 𝜃𝜃𝜃𝜃 → 0⁄ . As a future 
extension of this work, we have plans to carry out the 
entire formulation with 𝑄𝑄𝑄𝑄 ≠ 0.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
-0.50

-0.45

-0.40

-0.35

-0.30

-0.25

Co
sm

ol
og

ica
l c

on
sta

nt
 (Λ

)

t / t0

0.0 0.5 1.0 1.5 2.0 2.5 3.0

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

Eo
S 

pa
ra

m
ete

r (
ω)

t / t0

0.0 0.5 1.0 1.5 2.0 2.5 3.0
-0.16

-0.12

-0.08

-0.04

0.00

De
lta

 (δ
)

t / t0

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.000

0.005

0.010

0.015

0.020

σ2  / 
θ

t / t0



86  Time evolution of an anisotropic universe under Kaluza-Klein framework with a dynamical cosmological constant

Int. j. math. phys. (Online)                                       International Journal of Mathematics and Physics 14, №1 (2023)

References

1. Riess, Adam G., Alexei V. Filippenko, Peter Challis, Alejandro Clocchiatti, Alan Diercks, Peter M. Garnavich, Ron L. 
Gilliland et al. "Observational evidence from supernovae for an accelerating universe and a cosmological constant." The astronomical 
journal 116, no. 3 (1998): 1009-1038.

2. Perlmutter, Saul, Goldhaber Aldering, Gerson Goldhaber, R. A. Knop, Peter Nugent, Patricia G. Castro, Susana Deustua et 
al. "Measurements of Ω and Λ from 42 high-redshift supernovae." The Astrophysical Journal 517, no. 2 (1999): 565-586.

3. Riess, Adam G., Peter E. Nugent, Ronald L. Gilliland, Brian P. Schmidt, John Tonry, Mark Dickinson, Rodger I. Thompson 
et al. "The farthest known supernova: support for an accelerating universe and a glimpse of the epoch of deceleration." The 
Astrophysical Journal 560, no. 1 (2001): 49-71.

4. Padmanabhan, T., and T. Roy Choudhury. "A theoretician's analysis of the supernova data and the limitations in determining 
the nature of dark energy." Monthly Notices of the Royal Astronomical Society 344, no. 3 (2003): 823-834.

5. Amendola, Luca. "Acceleration at z> 1?." Monthly Notices of the Royal Astronomical Society 342, no. 1 (2003): 221-226.
6. Ratra, Bharat, and Philip JE Peebles. "Cosmological consequences of a rolling homogeneous scalar field." Physical Review 

D 37, no. 12 (1988): 3406-3427.
7. Chiba, Takeshi, Takahiro Okabe, and Masahide Yamaguchi. "Kinetically driven quintessence." Physical Review D 62, no. 2 

(2000): 023511.
8. Elizalde, Emilio, Shin’ichi Nojiri, and Sergei D. Odintsov. "Late-time cosmology in a (phantom) scalar-tensor theory: dark 

energy and the cosmic speed-up." Physical Review D 70, no. 4 (2004): 043539. 
9. Caldwell, Robert R. "A phantom menace? Cosmological consequences of a dark energy component with super-negative 

equation of state." Physics Letters B 545, no. 1-2 (2002): 23-29.
10. Janzen, Daryl. "Einstein's cosmological considerations." arXiv preprint arXiv:1402.3212 (2014).
11. Overduin, J. M., and F. I. Cooperstock. "Evolution of the scale factor with a variable cosmological term." Physical Review 

D 58, no. 4 (1998): 043506.
12. Nojiri, Shin’ichi, Sergei D. Odintsov, and Shinji Tsujikawa. "Properties of singularities in the (phantom) dark energy 

universe." Physical Review D 71, no. 6 (2005): 063004.
13. Nojiri, Shin’ichi, Sergei D. Odintsov, and Misao Sasaki. "Gauss-Bonnet dark energy." Physical Review D 71, no. 12 (2005): 

123509.
14. Harko, Tiberiu, Francisco SN Lobo, Shin’ichi Nojiri, and Sergei D. Odintsov. "f (R, T) gravity." Physical Review D 84, no. 

2 (2011): 024020.
15. Brans, Carl, and Robert H. Dicke. "Mach's principle and a relativistic theory of gravitation." Physical review 124, no. 3 

(1961): 925-935.
16. Saez, D., and V. J. Ballester. "A simple coupling with cosmological implications." Physics Letters A 113, no. 9 (1986): 467-

470. 
17. Kiran, M., D. R. K. Reddy, and V. U. M. Rao. "Minimally interacting holographic dark energy model in a scalar-tensor 

theory of gravitation." Astrophysics and Space Science 354 (2014): 577-581.
18. Aditya, Y., V. U. M. Rao, and M. Vijaya Santhi. "Bianchi type-II, VIII and IX cosmological models in a modified theory of 

gravity with variable Λ." Astrophysics and Space Science 361, no. 2 (2016): 56.
19. Rao, V. U. M., UY Divya Prasanthi, and Y. Aditya. "Plane symmetric modified holographic Ricci dark energy model in 

Saez-Ballester theory of gravitation." Results in Physics 10 (2018): 469-475.
20. Aditya, Y., and D. R. K. Reddy. "FRW type Kaluza–Klein modified holographic Ricci dark energy models in Brans–Dicke 

theory of gravitation." The European Physical Journal C 78 (2018): 1-19. 
21. Kaluza, Th. "On the unification problem in physics." International Journal of Modern Physics D 27, no. 14 (2018): 1870001.
22. Klein, Oskar. "Quantentheorie und fünfdimensionale Relativitätstheorie." Zeitschrift für Physik 37, no. 12 (1926): 895-906.
23. Chodos, Alan, and Steven Detweiler. "Where has the fifth dimension gone?." Physical Review D 21, no. 8 (1980): 2167.
24. Witten, Edward. "Some properties of O (32) superstrings." Physics Letters B 149, no. 4-5 (1984): 351-356.
25. Appelquist, Thomas, Alan Chodos, and Peter George Oliver Freund. "Modern Kaluza-Klein Theories." Addison-Wesley 

Pub. Co., Menlo Park, Calif (1987). http://pi.lib.uchicago.edu/1001/cat/bib/719574
26. Appelquist, Thomas, and Alan Chodos. "Quantum effects in Kaluza-Klein theories." Physical Review Letters 50, no. 3 

(1983): 141-145.
27. Marciano, William J. "Time variation of the fundamental" constants" and Kaluza-Klein theories." Physical Review Letters 52, 

no. 7 (1984): 489-491.
28. Jain, Namrata Indrakumar. "Dark energy cosmological model with anisotropic fluid and time varying lambda in Kaluza-

Klein metric." International Journal of Mathematics and Physics 14, no. 1 (2023): 95-103.
29. Ferrari, José A. "On an approximate solution for a charged object and the experimental evidence for the Kaluza-Klein 

theory." General Relativity and Gravitation 21 (1989): 683-695.
30. Kalligas, D., Paul S. Wesson, and C. W. F. Everitt. "The classical tests in Kaluza-Klein gravity." The Astrophysical Journal, 

Part 1 (ISSN 0004-637X), vol. 439, no. 2, p. 548-557 439 (1995): 548-557. hhh
31. Dzhunushaliev, V., and D. Singleton. "Experimental Test for Extra Dimensions in Kaluza–Klein Gravity." General Relativity 

and Gravitation 32 (2000): 271-280.
32. Mbelek, Jean Paul. "Experimental tests of an improved 5D Kaluza-Klein theory." International Journal of Modern Physics 

A 35, no. 02n03 (2020): 2040027.
33. Tajmar, Martin, and Lance L. Williams. "An experimental test of the classical interpretation of the Kaluza fifth 

dimension." Physics 2, no. 4 (2020): 587-595.



87S. Roy et al.

International Journal of Mathematics and Physics 14, №1 (2023)                                         Int. j. math. phys. (Online)

34. Jain, Namrata I., and Shyamsunder S. Bhoga. "Kaluza-Klein bulk viscous cosmological model with time dependent 
gravitational constant and cosmological constant." International Journal of Theoretical Physics 54 (2015): 2991-3003.

35. Katore, S., M. Sancheti, and N. Sarkate. "Kaluza-Klein Anisotropic Magnetized Dark Energy Cosmological Model in Brans-
Dicke Theory of Gravitation." Astrophysics 57, no. 3 (2014): 384-400.

36. Adhav, K. S., A. S. Bansod, R. P. Wankhade, and H. G. Ajmire. "KALUZA–KLEIN COSMOLOGICAL MODELS WITH 
ANISOTROPIC DARK ENERGY." Modern Physics Letters A 26, no. 10 (2011): 739-750.

37. Reddy, D. R. K., and R. Santhi Kumar. "Kaluza-Klein dark energy cosmological model in scale Co-variant Theory of 
Gravitation." Astrophysics and Space Science 349 (2014): 485-489.

38. Naidu, R. L., Y. Aditya, and D. R. K. Reddy. "Bianchi type-V dark energy cosmological model in general relativity in the 
presence of massive scalar field." Heliyon 5, no. 5 (2019).

39. Katore, S. D., and S. P. Hatkar. "Kaluza Klein universe with magnetized anisotropic dark energy in general relativity and 
Lyra manifold." New Astronomy 34 (2015): 172-177.

40. Aditya, Y., K. Deniel Raju, V. U. M. Rao, and D. R. K. Reddy. "Kaluza-Klein dark energy model in Lyra manifold in the 
presence of massive scalar field." Astrophysics and Space Science 364 (2019): 1-8.

41. Mishra, Ambuj Kumar, Umesh Kumar Sharma, and Anirudh Pradhan. "A comparative study of Kaluza–Klein model with 
magnetic field in Lyra manifold and general relativity." New Astronomy 70 (2019): 27-35.

42. Jain, Namrata I., S. S. Bhoga, and G. S. Khadekar. "Implications of time varying cosmological constant on Kaluza-Klein 
cosmological model." International Journal of Theoretical Physics 52, no. 12 (2013): 4416-4426.

43. Mishra, B., S. K. Tripathy, and Sankarsan Tarai. "Accelerating models with a hybrid scale factor in extended gravity." Journal 
of Astrophysics and Astronomy 42 (2021): 1-15.

44. Mishra, B., S. K. Tripathy, and Pratik P. Ray. "Bianchi-V string cosmological model with dark energy 
anisotropy." Astrophysics and Space Science 363 (2018): 1-7.

45. Mishra, B., S. K. Tripathy, and Sankarsan Tarai. "Cosmological models with a hybrid scale factor in an extended gravity 
theory." Modern Physics Letters A 33, no. 09 (2018): 1850052.

46. Tripathy, S. K., B. Mishra, Maxim Khlopov, and Saibal Ray. "Cosmological models with a hybrid scale factor." International 
Journal of Modern Physics D 30, no. 16 (2021): 2140005.

47. Pradhan, Anirudh, Bijan Saha, and Victor Rikhvitsky. "Bianchi type-I transit cosmological models with time dependent 
gravitational and cosmological constants: reexamined." Indian Journal of Physics 89 (2015): 503-513.

48. Hossain, Mohammud Amjad, Mohammad Moksud Alam, and A. H. M. M. Rahman. "Kaluza-Klein cosmological models 
with barotropic fluid distribution." Physics & Astronomy International Journal 1, no. 3 (2017): 98-103.

49. Ahmed, Nasr, and Sultan Z. Alamri. "Cosmological determination to the values of the pre-factors in the logarithmic corrected 
entropy-area relation." Astrophysics and Space Science 364, no. 6 (2019): 100.

50. Mishra, B., S. K. Tripathy, and Saibal Ray. "Cosmological models with squared trace in modified gravity." International 
Journal of Modern Physics D 29, no. 15 (2020): 2050100.

51. Esmaeili, Fakhereh Md. "Anisotropic Behavior of Cosmological Models with Exponential and Hyperbolic Scale 
Factors." Journal of High Energy Physics, Gravitation and Cosmology 4, no. 2 (2018): 223-235.

52. Chand, Avtar, R. K. Mishra, and Anirudh Pradhan. "FRW cosmological models in Brans-Dicke theory of gravity with 
variable q and dynamical Λ-term." Astrophysics and Space Science 361, no. 2 (2016): 81.

53. Pradhan, Anirudh. "Two-fluid atmosphere from decelerating to accelerating Friedmann–Robertson–Walker dark energy 
models." Indian Journal of Physics 88 (2014): 215-223.

54. Chawla, Chanchal, R. K. Mishra, and Anirudh Pradhan. "String cosmological models from early deceleration to current 
acceleration phase with varying G and." The European Physical Journal Plus 127, no. 11 (2012): 137.

55. Ahmed, Nasr, and Tarek M. Kamel. "Note on dark energy and cosmic transit in a scale-invariance cosmology." International 
Journal of Geometric Methods in Modern Physics 18, no. 05 (2021): 2150070.

56. Tiwari, R. K., Farook Rahaman, and Saibal Ray. "Five Dimensional Cosmological Models in General 
Relativity." International Journal of Theoretical Physics 49, no. 10 (2010): 2348-2357.

57. Pradhan, Anirudh. "Anisotropic Bianchi type-I magnetized string cosmological models with decaying vacuum energy density 
Λ (t)." Communications in Theoretical Physics 55, no. 5 (2011): 931-941.

58. Yadav, Anil Kumar. "Bianchi type V matter filled universe with varying Lambda term in general relativity." arXiv preprint 
arXiv:0911.0177 (2009).

59. Yadav, Anil Kumar, Farook Rahaman, and Saibal Ray. "Dark energy models with variable equation of state 
parameter." International Journal of Theoretical Physics 50 (2011): 871-881.

60. Pradhan, Anirudh. "Accelerating dark energy models with anisotropic fluid in Bianchi type VI0 space-time." Research in 
Astronomy and Astrophysics 13, no. 2 (2013): 139-158.

61. Mukhopadhyay, Utpal, Saibal Ray, and Farook Rahaman. "Dark Energy Models With Variable Equation Of State 
Parameter." International Journal of Modern Physics D 19, no. 04 (2010): 475-487.

62. Knop, Robert A., G. Aldering, Rahman Amanullah, P. Astier, G. Blanc, M. S. Burns, A. Conley et al. "New constraints on 
ΩM, ΩΛ, and w from an independent set of 11 high-redshift supernovae observed with the Hubble Space Telescope." The Astrophysical 
Journal 598, no. 1 (2003): 102.

63. Tegmark, Max, Michael R. Blanton, Michael A. Strauss, Fiona Hoyle, David Schlegel, Roman Scoccimarro, Michael S. 
Vogeley et al. "The three-dimensional power spectrum of galaxies from the sloan digital sky survey." The Astrophysical Journal 606, 
no. 2 (2004): 702.

64. Shamir, M. Farasat. "Plane symmetric vacuum Bianchi type III cosmology in f (R) gravity." International Journal of 
Theoretical Physics 50 (2011): 637-643.



88  Time evolution of an anisotropic universe under Kaluza-Klein framework with a dynamical cosmological constant

Int. j. math. phys. (Online)                                       International Journal of Mathematics and Physics 14, №1 (2023)

65. Shamir, Muhammad Farasat, and Akhlaq Ahmad Bhatti. "Anisotropic dark energy Bianchi type III cosmological models in 
the Brans–Dicke theory of gravity." Canadian Journal of Physics 90, no. 2 (2012): 193-198.

66. Pradhan, Anirudh, Priyanka Garg, and Archana Dixit. "FRW cosmological models with cosmological constant in f (R, T) 
theory of gravity." Canadian Journal of Physics 99, no. 999 (2021): 741-753.

67. Goswami, Gopi Kant. "Cosmological parameters for spatially flat dust filled Universe in Brans-Dicke theory." Research in 
Astronomy and Astrophysics 17, no. 3 (2017): 27.

68. Thakur, Rahul Kumar, Shashikant Gupta, Rahul Nigam, and P. K. Thiruvikraman. "Investigating The Hubble Tension 
Through Hubble Parameter Data." Research in Astronomy and Astrophysics (2023).

69. Bhardwaj, Vinod Kumar, Archana Dixit, Rita Rani, G. K. Goswami, and Anirudh Pradhan. "An axially symmetric 
transitioning models with observational constraints." Chinese Journal of Physics 80 (2022): 261-274.

70. Myrzakulov, N., M. Koussour, Alnadhief HA Alfedeel, and E. I. Hassan. "Impact of dark energy on the equation of state in 
light of the latest cosmological data." Progress of Theoretical and Experimental Physics 2023, no. 9 (2023): 093E02.

71. Riess, Adam G., Wenlong Yuan, Lucas M. Macri, Dan Scolnic, Dillon Brout, Stefano Casertano, David O. Jones et al. "A 
comprehensive measurement of the local value of the Hubble constant with 1 km s− 1 Mpc− 1 uncertainty from the Hubble Space 
Telescope and the SH0ES team." The Astrophysical journal letters 934, no. 1 (2022): L7.

72. Wu, Q., Hai Yu, and F. Y. Wang. "A new method to measure Hubble parameter H (z) using fast radio bursts." The 
Astrophysical Journal 895, no. 1 (2020): 33.

73. Singh, K. K. "An interpretation of the Cosmological Constant from the Physical Constants." BARC Newsletter (2021): 22-
25.

74. Leonhardt, Ulf. "Lifshitz theory of the cosmological constant." Annals of Physics 411 (2019): 167973.
75. Gueorguiev, Vesselin G., and Andre Maeder. "Revisiting the Cosmological Constant Problem within Quantum 

Cosmology." Universe 6, no. 8 (2020): 108.
76. Köhn, Christoph. "A Solution to the Cosmological Constant Problem in Two Time Dimensions." Journal of High Energy 

Physics, Gravitation and Cosmology 6, no. 4 (2020): 640-655.
77. Abbott, Larry. "The mystery of the cosmological constant." Scientific American 258, no. 5 (1988): 106-113.
78. Weinberg, Steven. "The cosmological constant problem." Reviews of modern physics 61, no. 1 (1989): 1.


