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Numerical study of flow structure (mixing process and reactivity) of diluted hydrogen non-
premixed supersonic combustion system

Abstract. Numerical simulation of supersonic combustion with transverse hydrogen injection is performed 
by solving the three-dimensional Favre-averaged Navier–Stokes equations coupled by the k ω−  
turbulence model. These equations are solved using an algorithm that is based on the third-order essentially 
nonoscillatory scheme. Several cases of the jet compositions (pure hydrogen and hydrogen diluted by 
nitrogen in 50:50 mol%) are considered to study the influence of the composition onto the structure and 
reactivity of the supersonic combustion systems. Seven step modified version of Spark model developed 
by Jachimowski is implemented to model chemical reaction of hydrogen combustion, which performs quite 
well in the considered relatively high temperatures. The simulation revealed that the jet penetration heights 
are equal for both cases, and the hydrodynamic fields looked similar except for the temperatures of the 
zones located ahead and behind the jet injection. The chemical reaction zone, indicated by OH radicals, 
was more intense for the pure hydrogen case, occupying a narrow region along the oblique shock wave 
line. In contrast, the use of a hydrogen/nitrogen jet mixture resulted in a significantly wider flame front 
zone. This suggests that the presence of nitrogen in the mixture diluted the hydrogen concentration, leading 
to slower combustion. The study shows that the flow properties and reactivity of the mixture significantly 
changing with the dilutions of the fuel composition.
Key words: Supersonic combustion, hydrogen combustion, transverse injection, multicomponent gas, 
Navier - Stokes equations.

1. Introduction

The perpendicularly Jet in Cross-Flow (JICF) 
plays an important role in many technical 
applications, in industry (for example, industrial flare 
stack), in rocket propulsion systems. Many studies 
have been carried out to study the performance of this 
system at both essentially subsonic and supersonic 
flows, especially in non-reactive regimes. At 
supersonic flows, cross-flow jets have been used as a 
simple fuel delivery configuration in supersonic 
internal combustion engines [1-2] Various 
configurations of single or staggered nozzles have 
been proposed and studied as fuel delivery for air-
breathing high-speed scramjet propulsion systems. 
Limitations in flame retention, penetration and 
mixing performance in these configurations have 
been identified and various strategies have been 
considered to improve mixing [3].

Figure 1 shows the flow structure in the plane of 
symmetry from [4-8]. When a supersonic flow 
impinges on the jet, the pressure in front of the jet 
increases due to flow deceleration, and a head shock 
occurs, (1 in Figure 1). An oblique shock wave 2 departs 
from it upstream, behind which, in addition to the 
separation zone, there is also a zone of supersonic flow. 
The subsequent deceleration of the flow is accompanied 
by the appearance of a second shock wave, the closing 
shock wave 3 parallel to the jet axis. As can be seen 
from the figure, the outgoing shock wave 1, the oblique 
shock wave 2, and the closing shock wave 3 intersect at 
one point and form a complex λ-shaped structure of 
shock waves 4. The pressure at the front boundary of 
the jet is not constant. It follows from the experiment 
[9] that its maximum value falls on the region beyond 
the point of intersection of shock waves, namely, the 
pressure maximum is located behind the lower part of 
the closing shock wave.
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It is known that the interaction properties of a 
transverse jet and flow are described by the ratio of 
the jet momentum to the flow momentum both for 
subsonic flows [10-11] and for the supersonic case 
[12]. This parameter expressed as the density of the 
jet multiplied by the square of the jet velocity, 
divided by the density of the crossflow multiplied by 
the square of the crossflow velocity. In particular, 
properties such as jet penetration height, velocity 
damping and concentration are assumed to scale only 
with the parameter J. This fact has been confirmed in 
experimental works in the supersonic flows 
represented e.g. in [13-14]. Therefore, according to 
this conclusion, two JISCFs with the same J value but 
different density ρ and velocity u values must be 
the same. In particular, they must have the same 
cross-jet penetration, which means they are subjected 
to the same mixing process. For example, the outflow 
of a light or heavy gas in such a way that the values 
of u (and hence ρ ) are different, but the values of J
are the same leads to the same structure of interaction 
with a supersonic transverse flow. At the same time, 
it must be said that less attention has been paid to 
reacting transverse jets in a supersonic air flow, partly 
because of the stringent requirements for the 
initiation and maintenance of combustion in a 

supersonic flow. Several studies, however, have 
focused on developing the ability to investigate the 
flow field of supersonic reactant streams [15-16] and 
to investigate the ignition characteristics of 
transverse hydrogen jets [17-21]. Moreover, the 
study of the effect of different compositions of the 
blown jet on the characteristics, mixing, and structure 
of these transverse jets in a supersonic transverse 
flow is rather limited, and the presented work is 
aimed at further study this subject.

Several cases of varying inflow jet compassions 
are considered, which have the same ratio of jet 
momentum of a transverse jet and flow such that the 
changing composition should not significantly 
change the flow structure and, thus, one can single 
out and investigate the influence of composition on 
the properties of chemical reaction and mixing within
a supersonic combustion flow.

2. Mathematical models

2.1 Governing Equations
The dynamics of supersonic turbulent flow is 

described by the three-dimensional Favre-averaged 
Navier-Stokes equations of a compressible reacting
multispecies gas mixture:

                                    
( ) ( ) ( )

,
v v vE E F F G GU S

t x y z

∂ − ∂ − ∂ −∂
+ + + =

∂ ∂ ∂ ∂

     





                                     (1)
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t iU = ρ,ρu,ρv, ρw,E , Y ρk ρρ ω



Figure 1 - Scheme of transverse gas injection (Gruber et al. [4])
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Here, t is time; , ,u v w are the flow velocity 
components in the , ,x y z directions respectively; ρ
is the density, T is the temperature, P is the 
pressure, tE is the total energy, kY is the mass 
concentration of k component, 

, , , , ,xx yy zz xz xy yzτ τ τ τ τ τ are the viscous stress 
tensor; , , , , ,x y z xk yk zkq q q J J J are the thermal 
and the diffusive fluxes (diffusive fluxes are 
calculated by the Fick’s law); vc is the heat capacity 
at constant volume; γ is the adiabatic exponent; W
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is molecular weight of mixture, kW
•

is the source 
term for mass fraction equations describing chemical 
reactions, M∞ is the Mach number of the flow; 
subscripts “0” and “∞” will mark the jet and flow 
parameters, tµ is the turbulent viscosity [22], and lµ

is laminar viscosity [23], k is the turbulent kinetic 
energy, ω is specific dissipation rate, kP is the term 

defining the turbulence generation, Rе , Pr , Sc
are Reynolds, Prandtl and Schmidt numbers 
respectively.

Table 1 – 2H /air combustion mechanism (units: s, mole, cm3, cal, K) [25].

№ Reaction

1 0.170E+14 0.0 24233

2 0.142E+15 0.0 8254

3 0.316E+08 1.8 1525

4 0.207E+15 0.0 6920

5 0.550E+14 0.0 3523

6 0.221E+23 -2.0 0

7 0.653E+18 -1.0 0

The molar specific heats pkC are determined
from the experimental data by means of polynomial 
interpolation of the fourth order in temperature. 
Numerical values of empirical constants jka are 
taken from the table JANAF [24] at normal pressure 
( 1p atm= ) and temperature 0 293 .T K=

The system of equations (1) is written in 
dimensionless form, the flow parameters
u ,ρ ,T ,W∞ ∞ ∞ ∞ are taken as reference values, for the 

pressure P and the total energy tE the reference 

value are 2ρ u∞ ∞ , for the specific enthalpy kh are
0 /R T W∞ ∞ , for the molar specific heats pkC are 0R

, and the radius of circular orifice of jet injection 0r
is chosen as the reference length scale.

2.2 Combustion model
The source terms for mass fraction equations 

describing chemical reactions are defined as:
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                 (2)

Here kW is the molecular weight of k
component, '

kjν is the stoichiometric coefficient of 

the reactants, ''
kjν is the stoichiometric coefficient of 

the products, nr is the total number of species 
involved.

The generalized law of mass action provides for 
the rates of individual chemical reactions
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Here jω is the mass reaction rate of kth species 

per unit volume. Index of mass concentration kY
when 1k = corresponds to 2H , 22 ,k = O−

23 ,k = H O− 4 ,k = OH− 5 ,k = H−

6 ,k = O− 27 ;k N= − 7ns = is the number of 
components of gases.

To determine the rate of formation of the gas 
mixture component in the diffusion equation, it 

A b
aT

OHOHOH +→+ 22

OOHOH +→+ 2

HOHHOH +→+ 22

HOHHO +→+ 2

OOHOHOH +→+ 2

MOHMOHH +→++ 2

MHMHH +→++ 2

jω
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is necessary to determine the chemical kinetics of the 
hydrogen-air mixture combustion. This requires a 
mechanism of chemical reactions. In this work, the
abridged Spark chemistry model [25] (Tab.1) is 
considered. Six reacting species and an inert species 

2N participate in a 7-step mechanism (7-species/7-
step). The expressions for forward reactions rate
constants , 1,...,7f

jk j = are taken in the standard 
Arrhenius form:

expj jf
j j

E
k A T

RT
β  

= − 
 

.

Here jA is the pre-exponential factor, jβ is 

temperature exponent, jE is the activation energy.
Once provided and present the inverse reaction rate
coefficients are defined via equilibrium constant:

( )
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j c
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using the Gibbs energies 0 j
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and ,i iH S – molar enthalpy and entropy of the i-th
component, which can be determined from the 
JANAF table [24]. Consider separately the chemical 
reaction rates for each of the seven components

2
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The sixth and seventh reactions, as shown in table 
1, have a third body, M, which is modeled by the 
following expression:

1
, 6,7.

K
m k
j ki

kk

Yf j
W

α ρ
=

 
= = 

 
∑

where collision coefficients / efficiencies are taken as

2
1,Hα =

2
3.5,Oα =

2
6.5,H Oα = 0,OHα =

0,Hα = 0,Oα =
2

0.5Nα = respectively. Here 
' '',ij ijν ν – stoichiometric coefficients of the forward 

and inverse j-th reaction, respectively; '' 0ijν < , if the 

i component is considered in the j- reaction as a 
reagent, '' 0ijν > – as a product.

In dimensionless chemical reactions, there are 
two types of Damkohler numbers are introduced and 
used in the dimensionless form in the equations (1), 
namely,

( )' 0 ; 1, 2,3, 4,5,i
i i

rD A T i
u W

β ρ∞
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∞ ∞

  = ⋅ ⋅ =  
 

( )
2
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u W
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∞

∞ ∞
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,

where the index i indicates the reaction number.

2.3 Initial and boundary conditions
The initial conditions coincide with the boundary 

conditions at the flowfield entrance.
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- at the channel entrance

1, 0, 0, 1, 1u v w Tρ= = = = =
0, 0 , 0y zx y H z H= ≤ ≤ ≤ ≤

- on the lower wall,

0, 0, 0, 0, 0,T Pu v w
z z

∂ ∂
= = = = =

∂ ∂
0, 0 , 0x yz x H y H= < ≤ ≤ ≤

At the entrance ,k ω are determined using the 
Baldwin–Lomax algebraic model of turbulence on 
the base of the known averaged physical parameters 
of the free stream. Owing to the relation 

kP kβ ρω∗= the initial distribution of the turbulent 
parameters takes the form:

k k∞= , where
Re

tB L k

tB L

Pk µ
µρ β

−
∞ ∗ −
=

⋅ ⋅
,

ω ω∞= , where
RetB L

kρω
µ∞

−
=

⋅
.

The conditions for k and ω on the wall are

2
1

60,
0.075 ( )

k
z

µω
ρ

= =
∆

here 1z∆ - is the distance from the wall to the first 
node.

The boundary layer is given near to the wall too, 
where the longitudinal velocity component in the 
viscous sublayer [26] is determined by

2

2 2
0.1 0.9 ,z zu = +

δ δ

            
   

20, 0 ,0yx = y H z δ≤ ≤ ≤ ≤ ,

where 2 10.1δ = δ is the viscous sublayer 

thickness [27], ( )-0.2
1 0.37 Reδ = x x is the boundary 

layer thickness [28].
In the turbulent boundary layer, the 1/7th power 

law is used 

1
7

1
,zu =

δ
 
 
 

2 10, 0 , yx y H δ z δ= ≤ ≤ < ≤

The profile of temperature and density values are 
taken as suggested and presented in [26]. The 
remaining boundary conditions are imposed in the 
following manner:

- the conditions at the entrance of the jet are

0
0 00, 0, , ,Mu v T T w T

M∞
= = = =

2 20,z x y R= + ≤

where 0 /n P P∞= is the jet pressure ratio and 0M
is the jet Mach number.

- the condition of symmetry is imposed on the 
upper boundary

0, 0, 0, 0, 0,u v T kw
z z z z
∂ ∂ ∂ ∂

= = = = =
∂ ∂ ∂ ∂

0, , 0 ,0z x yz H x H y H
z
ω∂
= = < ≤ ≤ ≤

∂

- the conditions on the side boundaries are

0u v w k
y y y y y y

ρ ω∂ ∂ ∂ ∂ ∂ ∂
= = = = = =

∂ ∂ ∂ ∂ ∂ ∂

0, , 0 , 0y x zy y H x H z H= = < ≤ ≤ ≤

The NSCBC-like non-reflecting condition is 
imposed on the output boundary [29]. Here

, ,x y zH H H are length, width and height of the 

computational domain, respectively, and R is the 
radius of the circular orifice.

2.4 Method of solution
The methodology of the numerical solution of the 

system of equations (1) can be found in [5, 26]. For 
the approximation of the convective terms, the ENO 
scheme of the third order is applied. The central 
differences of the second order of accuracy have been 
used for the approximation of the diffusion terms. 
The obtaining system of equations is solved by the 
factorization using the matrix sweep method for the 
vector of the thermodynamic parameters.
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Figure 2 – Distribution of pressure coefficient pC the symmetry axis 

for 6Re 1.87 10 ,= ⋅ Pr 0.72,= 282,n = 0 1,M = 4M∞ = « – » (solid curve) numerical results;

«■■■»  (symbols) experiment [30]; and «---» (dashed curve) results obtained in [30].

The numerical calculations are performed with 
following parameters: the computational domain is

20, 15, 10x y zH H H= = = calibers, slot radius 

is 0 0.5r = , the jet center is located at the point with 
the coordinates 0 010, 7.5x y= = . The calculations 
are performed on the grid 161 101 101× × with the 
steps over the spatial coordinates.

3. Results and Discussion

The comparison of the computational results with 
the experimental data [30] is performed for the 
problem of the supersonic turbulent airflow with 
transverse air jet injection for validation the 
numerical model. In Fig. 2, the numerical results for 
pressure coefficient pC at the wall in the symmetry 
plane are compared with the results obtained in [30]. 
As can be seen, numerical results are in good
agreement with experimental data.

Numerical simulations of supersonic combustion 
process using two different mixtures of fuel injected 
(pure hydrogen and hydrogen diluted 50:50 by 
nitrogen) as a transverse sound jet from bottom wall 
of the channel (see Fig. 1). A detailed comparison 
will be conducted between these two cases having 
different composite but same momentum ratio to 
ensure no much influences come from different 
supersonic flow interactions between streams.

The flow parameters are as following

64, 1200 , 10 ,M T K p Pa∞ ∞ ∞= = =

2 2
0.2221, 0.7779,O NY Y= =

4Re 6.31 10 ,= ⋅ Pr 0.9, 1,Sc= = 15.61.n =

The hydrogen jet parameters are:

20 01, 860.5 , 1.0.HM T K Y= = =

The hydrogen/nitrogen jet parameters are:

2 20 01, 800 , 0.5, 0.5.H NM T K Y Y= = = =

The parameters of the two jets are set up in a way 
that the momentum flux ratio is equivalent. The 
simulation is able to isolate the effects of the jet 
mixture composition on the flow behavior, mixing 
and combustion process by keeping same momentum 
flux ratio. The momentum flux ratio [1] is defined as

2
0 0

2 ,uJ
u

ρ
ρ∞ ∞

=

where 0u and u∞ are jet and flow velocity 
respectively. The momentum flux ratio is

1.02362.J =

-12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12

0

0.1

0.2

0.3

0.4

0.5

X

Cp
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The isobar levels / lines are shown in Fig. 3. The 
well-known and widely studied shock wave structure 
ahead of the jet injection is visible for two cases of 
fuel injection. It can be observed from Fig. 3(a) and 
3(b) that the flow structures are the same because the 
momentum flux ratio is chosen to be equal.

The behavior of interaction between the jet and 
flow field are presented by the iso-Mach line 
contours in the jet injection region in Fig. 4. The
identical jet penetration heights are revealed for both 
cases. The sonic jet accelerates as it penetrates into 
the high-speed cross-stream and becomes essentially 
supersonic. Then the supersonic zone is closed 
forming the barrel structure. Behind the Mach disk 

the flow decelerates and becomes subsonic, and then 
the jet flow accelerates again to the main flow speed.
The temperature distribution can be seen in Fig. 5 for 
two different jet mixtures. Because the rate of 
chemical reactions follows the Arrhenius equation, 
and thus, it is very sensitive to the temperature. Sharp 
changes in temperature occur in the region of 
formation of the λ- shock waves and subsonic zones 
due to the transverse jet injection, which creates an 
obstacle in the flow and additionally due to chemical 
reactions. The temperature values in these regions 
exceed the initial temperature of the jet and the flow. 
Increasing the temperature on shock waves promotes 
rapid combustion. In the region of intersection of the 

(a) (b)

Figure 3 – Distribution of isobars in symmetry section, normal to y-axis in a) hydrogen jet, b) hydrogen/nitrogen jet.

(a) (b)

Figure 4 – Local Mach number distribution in symmetry section, normal
to y-axis in a) hydrogen jet, b) hydrogen/nitrogen jet.
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jet with the main flow, the dimensionless temperature 
is approximately 2.5 (T=3000 K). This temperature 
is significantly higher than the initial maximum 
temperature of the main flow, which is 1200 K. 
Comparing Figs 5(a) and 5(b), it can be observed that 
temperature field is same except zones ahead and 
behind jet injection. In these zones temperature in 
case of hydrogen/nitrogen jet mixture is higher than 

in pure hydrogen jet mixture injection due to nitrogen 
presence. In spite of that, the maximum value of 
dimensionless temperature is equal 3.285 (T=3942 
K). in both cases. This means the reaction takes plays 
and contributes to the energy of the system 
considerably. Though without much of differences 
between the cases with respect to the maximal values 
of the temperature.

The instantaneous OH distribution between 
hydrogen and hydrogen/nitrogen jets at different X 
planes (x/d = 10, 14 and 18) and the symmetry section 
Y with the plane section Z=0 are presented in Figs. 6
and 7. OH radical is frequently used as a reactive 
front indicator due to its significant role as an 

intermediate specie in chemical reactions. A bow 
shock forms ahead of each 2H injector: the 
interaction between bow shocks and boundary layers 
leads to separation zones where 2H recirculates. In 
these recirculation zones, ОН radicals are produced, 
indicating that a flame already starts upstream of the 

(a) (b)

Figure 6 – Comparisons of the instantaneous OH distribution between (a) 
hydrogen and (b) hydrogen/nitrogen jets at different planes (x/d = 10, 14 and 18).

(a) (b)

Figure 5 – Temperature distribution in symmetry section, normal to y-axis in a) hydrogen jet, b) hydrogen/nitrogen jet.
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injectors and downstream of the flow separation. The 
peak value of OH mass fractions is approximately
0.0432 when hydrogen is used as the fuel. However, 
when the fuel mixture contains both hydrogen and 
nitrogen, the peak value of OH mass fractions is 
about 0.0400.

Figure 7 demonstrates further that the flame front 
has a wider profile when a hydrogen / nitrogen jet 
mixture is used, compared to a pure hydrogen jet 
mixture. In case of hydrogen jet mixture, Fig. 7(a) 
shows that the concentration of OH radicals is very 

low near the wall in the vicinity of the jet. In contrast, 
Fig. 7(b) of the second case indicates that OH
radicals are mainly concentrated along the line of 
oblique shock wave.

Comparison of the instantaneous H2O distribu-
tion between hydrogen and hydrogen/nitrogen jets at 
different X planes and the symmetry section Y with 
the plane section Z=0 is shown in Figs. 8 and 9 
respectively. When hydrogen is used as the fuel in the 
combustion process, the peak value of H2O mass 
fraction value observed is around 0.220. 

(a) (b)

Figure 8 – Comparisons of the instantaneous H2O distribution between (a) 
hydrogen and (b) hydrogen/nitrogen jets at different planes (x/d = 10, 14 and 18).

(a) (b)

Figure 7 – The OH mass fraction in the symmetry section Y 
with the plane section Z=0 in two cases: a) hydrogen jet and b) hydrogen/nitrogen jet.
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On the other hand, if a mixture of hydrogen and 
nitrogen is used as fuel, maximum value observed for 
the H2O mass fraction is 0.207.

Figures 9(a) and 9(b) show that distribution of 
H2O mass fraction has similar structure but have 
significant differences in the quantity of water 
produced during the combustion process. It is visible 
from the Fig. 9(a) that, in the case of injection pure 
hydrogen jet mixture, the H2O mass fractions on the 
wall are observed to reach 

their maximum values in areas where OH mass 
fractions have very low values (as shown in Fig. 
7(a)).

It can be seen that for both cases of jet mixture 
injected in supersonic airflow, see all Figs. 6-9, in 
regions where the OH mass concentration is 
disappeared, the water mass fractions are produced 
during the combustion process. It can be assumed 
based on the comparisons and observations made, 
which are presented in Figs. 6-9, that in case of 
injecting pure hydrogen jet in supersonic airflow the 
combustion process concentrates in a narrow regions 
and reaction zone looks sharper than in case of 
hydrogen/nitrogen jet. In the latter case the reaction 
zone looks broader and penetrates closer to the 
boundary layer, which signifies that the mixing 
process takes in the large domains, which can 
positively influence the completeness of combustion 
process.

To clarify this additional study both on reaction 
zone structure, mixing between streams as well on 
completeness of combustion process need to be 

performed. This is the subject of ongoing our 
research and will be completed and published in the 
near future.

4. Conclusion

A numerical simulation of supersonic reactive 
flow with transverse jet injection in the channel is 
performed to compare the effect of two different jet 
mixtures - hydrogen and hydrogen/nitrogen - at the 
same momentum flux ratio - J. The simulation 
reveals that although the flow structure is similar in 
both cases, there are differences in the mixing, 
intensity and completeness of combustion processes.

The numerical results show as expected that the 
jet penetration heights are the same for both cases. 
Hydrodynamic fields (not a temperature) look also 
very similar. The small exception is observed for 
temperatures of the zones located ahead and behind 
jet injection. However, it is found that although the 
maximum temperature of the field is similar the 
chemical reaction, which is indicated by OH
radicals, proceeds more intense for pure hydrogen 
case though it

occupies a narrow region near the wall in the 
vicinity of jet and mainly concentrated along the 
oblique shock wave line. The use of a hydrogen / 
nitrogen jet mixture results in a significantly wider 
flame front zone. It is revealed that injecting pure 
hydrogen jet into supersonic reactive airflow leads to 
a more rapid combustion process compared to 
injecting a hydrogen/nitrogen jet.

(a) (b)

Figure 9. – The H2O mass fraction in the symmetry section Y
with the plane section Z=0 in two cases: a) hydrogen jet and b) hydrogen/nitrogen jet.
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