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Companions of fields of rational and real algebraic numbers 
 

 
Abstract. Companions of the field of rational numbers and a real-closed algebraic expansion of the field 

of rational numbers are studied. The description of existentially closed companions of a real-closed algebraic 
expansion of a field of rational numbers refers to the field of study of classical algebraic structures. The general 
theory of companions and existentially closed companions, built on the basis of Fraisse's classes in the works 
of A.T. Nurtazin, is included in the classical field of existentially closed theories in model theory. The basic 
concept of a companion: two models of the same signature are called companions if for any finite submodel 
of one of them, there is an isomorphic finite submodel in the other. This approach, applied to specific classical 
structures and their theories, provides new tools for the study of these objects. The study of the companion 
class of rational and algebraic real number fields reveals companion fields containing transcendental and 
possibly algebraic elements with special properties of polynomials defining these elements. 
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Introduction 
 
The theory of existential closure arose in the 

middle of the twentieth century in the works of one 
of the recognized classics of model theory Abraham 
Robinson [1], [2], as well as in the works [3] – [8]. 
Currently, it is one of the most significant and most 
developed areas of modern model theory. In previous 
studies, the most basic form of the concept of 
companion theory, widely known in the theory of 
existential closure, is introduced and studied. The 
criterion of the countable categoricity of this 
companion theory was found. Some properties of 
existentially closed and forcing companions have 
been studied [3] – [9]. Another promising approach 
to constructing the theory of existentially closed 
structures based on Fraisse's works [6] is developed 
in [9] – [16]. 

Naturally, the development of the general theory 
of existentially closed companions should be 
accompanied by the study of classical structures and 
theories. Historically, one of the classical 
mathematical objects is the field of rational numbers 
and the field of all algebraic real numbers. The work 
studies companion extensions of the named fields. 

This study is an example of studying a classical 
object through an approach developed by Nurtazin 
A.T. and based on Fraisse classes. 

 
The aim and objectives of the study 
 
The purpose of the work is to describe the 

companions of the fields of rational and real 
numbers. For this, for each of the named fields, 
companions of two types are described, namely, 
purely transcendental extensions and subsequent 
algebraic extensions of purely transcendental 
extensions. 

 
Literature review and problem statement 
 
Let:   be the field of rational numbers;   is a 

real closed algebraic extension of the field  ; [ ]x
, ( )x  are, respectively, the ring of polynomials and 
the field of quotients over the field   of independent 
variables 1=( ,..., )nx x x . All used and not given 
definitions and designations are taken from the 
monograph [15]. The basic concept of a companion: 
two models of the same signature are called 
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companions if for any finite submodel of one of them, 
there is an isomorphic finite submodel in the other. 
Consider some basic companions of the field  . The 
class of companions of the field   is denoted by

( )C  .  
Obviously, purely algebraic field extensions are 

not its companions. In turn, the following theorem is 
devoted to the first basic companions of the field, 
which are purely transcendental extensions. 

 
Materials and methods 
 
The work uses classical algebraic methods for 

constructing transcendental and algebraic extensions 
of this field. To describe a simple algebraic extension 

( )[ ] /x x f  a purely transcendental extension 
( )x of the field  , as a companion of f , the set 

of zeros of the polynomial n is studied and a method 
for recognizing the companions of the original field 
  is indicated. 

 
Results and Discussion 
 
COMPANIONS 
Field of quotients 
THEOREM 1. Let   have a field of 

characteristic 0. Then, the field of quotients ( )x  is 
a companion of the field   i.e. ( ) ( )x C∈   .  

Proof. Each finite submodel of the ring  is a 
submodel of the field ( )x . Conversely, let there be 
a finite submodel F  of the field ( )x  , we can 
assume that F  is given by a finite system of 
equalities and inequalities ( )≠ , the right and left 
parts of which contain elements F  and the operations 
of addition and multiplication of the field ( )x . We 
transform this system of equalities and inequalities 
into an equivalent system ( )x  

&( ) 0 ( ) 0& &i jS x T x= ≠ , where 𝑆𝑆𝑆𝑆𝑖𝑖𝑖𝑖(�̄�𝑥𝑥𝑥) =
𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(�̄�𝑥𝑥𝑥)
𝑔𝑔𝑔𝑔𝑖𝑖𝑖𝑖(�̄�𝑥𝑥𝑥)

,𝑇𝑇𝑇𝑇𝑗𝑗𝑗𝑗(�̄�𝑥𝑥𝑥) = 𝑢𝑢𝑢𝑢𝑗𝑗𝑗𝑗(�̄�𝑥𝑥𝑥)
𝑣𝑣𝑣𝑣𝑗𝑗𝑗𝑗(�̄�𝑥𝑥𝑥)

 here 𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(�̄�𝑥𝑥𝑥),𝑔𝑔𝑔𝑔𝑖𝑖𝑖𝑖(�̄�𝑥𝑥𝑥),𝑢𝑢𝑢𝑢𝑗𝑗𝑗𝑗(�̄�𝑥𝑥𝑥), 𝑣𝑣𝑣𝑣𝑗𝑗𝑗𝑗(�̄�𝑥𝑥𝑥) ∈

ℙ[�̄�𝑥𝑥𝑥],𝑔𝑔𝑔𝑔𝑖𝑖𝑖𝑖(�̄�𝑥𝑥𝑥), 𝑣𝑣𝑣𝑣𝑗𝑗𝑗𝑗(�̄�𝑥𝑥𝑥) ≠ 0 
The latter system is equivalent in [ ]x  system 

of equations and one inequality &(𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(�̄�𝑥𝑥𝑥) =
0)&𝑇𝑇𝑇𝑇(�̄�𝑥𝑥𝑥) = ∏𝑔𝑔𝑔𝑔𝑖𝑖𝑖𝑖(�̄�𝑥𝑥𝑥)𝑢𝑢𝑢𝑢𝑗𝑗𝑗𝑗(�̄�𝑥𝑥𝑥)𝑣𝑣𝑣𝑣𝑗𝑗𝑗𝑗(�̄�𝑥𝑥𝑥) ≠ 0, where

( ), ( ), ( ), ( ) [ ], ( ), ( ) 0i i j j i jf x g x u x v x x g x v x∈ ≠ . 

Let us prove the existence of a set 

1=( ,..., )na a a ∈ , such that in   is fulfilled 
&(𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(�̄�𝑎𝑎𝑎) = 0)&𝑇𝑇𝑇𝑇(�̄�𝑎𝑎𝑎) ≠ 0 (ℙ|=&(𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(�̄�𝑎𝑎𝑎) =

0)&𝑇𝑇𝑇𝑇(�̄�𝑎𝑎𝑎) ≠ 0). For any choice of �̄�𝑎𝑎𝑎 = (𝑎𝑎𝑎𝑎1, . . . ,𝑎𝑎𝑎𝑎𝑛𝑛𝑛𝑛) ∈
ℙ, the equality &𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(�̄�𝑎𝑎𝑎) = 0is obvious, since all the 
coefficients of the variables and the free terms in 

( )& if x  are equal to zero. By induction on the 
number of variables n , we prove the existence of 
�̄�𝑎𝑎𝑎 = (𝑎𝑎𝑎𝑎1, . . . ,𝑎𝑎𝑎𝑎𝑛𝑛𝑛𝑛) ∈ ℙ, which is fulfilled 

| ( ) 0T a= ≠ . For 1n =  we choose 1a ∈  
which is not a root 1( )T x . 

Step of induction. Let �̄�𝑎𝑎𝑎𝑛𝑛𝑛𝑛−1 = (𝑎𝑎𝑎𝑎1, . . . ,𝑎𝑎𝑎𝑎𝑛𝑛𝑛𝑛−1) ∈ ℙ 
be such that the higher coefficient of the polynomial 

( )T x considered as a polynomial of 1x  over the ring 

1[ ]nx −  is not zero. Then, the polynomial 

𝑇𝑇𝑇𝑇(�̄�𝑎𝑎𝑎𝑛𝑛𝑛𝑛−1, 𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛) ≠ 0 and hence there is na ∈ , such that 
ℙ| = 𝑇𝑇𝑇𝑇(�̄�𝑎𝑎𝑎) ≠ 0 is satisfied. So  |=&(𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(�̄�𝑎𝑎𝑎) =
0)&𝑇𝑇𝑇𝑇(�̄�𝑎𝑎𝑎) ≠ 0 is done.  

 The theorem has been proved. 
 
CONSEQUENCE 1. Let ( ), ( ) ( )i jR x S x x∈ , 

here   is formally a real field. The system 
&( ) 0 ( ) 0& &i jx S xR = ≠  is equivalent in ( )x  

system of one equation and one inequality 

1 2( ) 0& ( ) 0P x P x= ≠  where 1 2( ), ( ) [ ]P x P x x∈ . 
Simple algebraic extensions 
Let 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓 = { (�̄�𝑎𝑎𝑎,𝑎𝑎𝑎𝑎)|𝑓𝑓𝑓𝑓(�̄�𝑎𝑎𝑎,𝑎𝑎𝑎𝑎) = 0, �̄�𝑎𝑎𝑎,𝑎𝑎𝑎𝑎 ∈ ℙ}be an 

annihilator f , where ( , ) ( )[ ]f x x x x∈ . When 
considering algebraic extensions of the field ( )x  
by means of an irreducible polynomial 

( , ) ( )[ ]f x x x x∈ , we will assume that 
( , ) [ , ]f x x x x∈  and has content 1, as a polynomial 

in x  over the ring [ ]x . 
Then, the divisibility of any polynomial 

( , ) ( )[ ]g x x x x∈  by ( , )f x x  is equivalent to the 
divisibility of a polynomial [ , ] ( )[ ]g x x x x′ ∈ such 

that 
( )( , ) ( , )
( )

p xg x x g x x
q x

′= , where [ , ]g x x′ is a 

polynomial with content 1 over the ring [ ]x , and 
( )q x  is the least common multiple of the 

denominators of the coefficients in ( , ).g x x  
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Next, the field   is one of the fields ,  . 
Consider a simple algebraic extension 

( )[ ] /x x f  of the field that is the companion of 
the field  .  

 
THEOREM 2. Let ( , )f x x  be an irreducible 

polynomial over the field ( )x . Then, the algebraic 
extension ( )[ ] /x x f  of the field ( )x  is a 
companion   if and only if the condition is met: if an 
arbitrary polynomial ( , )g x x  is not divisible by 

( , )f x x  , then there is a tuple ( , )a a ∈  such that 
( , ) \f gg a a A A∈  is satisfied.  

Proof. Necessity. Let 1{ ,..., }kc c ∈  be all 
coefficients of polynomials ( , )g x x and ( , )f x x . By 
the primitive element theorem, there exists an 
irreducible polynomial ( ) [ ]p y y∈  and an element 

*с ∈  such that *( ), ( ) [ ]i i ic q c q y y= ∈ . 
Let us replace each of the elements 1,..., kc c  by 

*( )iq c  in the polynomials ( , )g x x  and ( , )f x x  , 
and obtain *( , ) ( , )g x x g x x= and 𝑓𝑓𝑓𝑓∗(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) =
𝑓𝑓𝑓𝑓(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥),𝑔𝑔𝑔𝑔∗(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥), 𝑓𝑓𝑓𝑓∗(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) ∈ ℚ(�̄�𝑥𝑥𝑥)[𝑥𝑥𝑥𝑥]. 

We have that *( , )g x x  is not divisible by 
𝑓𝑓𝑓𝑓∗(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) in ( )[ ]x x (ℙ(�̄�𝑥𝑥𝑥)[𝑥𝑥𝑥𝑥]| =
𝑓𝑓𝑓𝑓∗(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) | 𝑔𝑔𝑔𝑔∗(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥))⇔ ℙ(�̄�𝑥𝑥𝑥)[𝑥𝑥𝑥𝑥]| =
𝑓𝑓𝑓𝑓∗(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) | 𝑔𝑔𝑔𝑔∗(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) ⇒  there is (�̄�𝑎𝑎𝑎,𝑎𝑎𝑎𝑎) ∈ ℙ such that 
𝑔𝑔𝑔𝑔∗(�̄�𝑎𝑎𝑎,𝑎𝑎𝑎𝑎) ∈ 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓∗\𝐴𝐴𝐴𝐴𝑔𝑔𝑔𝑔∗⇔ 𝑔𝑔𝑔𝑔(�̄�𝑎𝑎𝑎, 𝑎𝑎𝑎𝑎) ∈ 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓\𝐴𝐴𝐴𝐴𝑔𝑔𝑔𝑔 is satisfied. 
The necessity has been proved. 

Sufficiency. By virtue of consequence 1, we can 
assume that the existential sentence is true in

( )[ ] /x x f , after substituting solutions in it is one 
equality and one inequalityℙ(�̄�𝑥𝑥𝑥)[𝑥𝑥𝑥𝑥]/𝑓𝑓𝑓𝑓 |=ℎ1(�̄�𝑥𝑥𝑥,𝑦𝑦𝑦𝑦𝑓𝑓𝑓𝑓) =
0&ℎ2(�̄�𝑥𝑥𝑥,𝑦𝑦𝑦𝑦𝑓𝑓𝑓𝑓) ≠ 0, where ℎ1(�̄�𝑥𝑥𝑥,𝑦𝑦𝑦𝑦), ℎ2(�̄�𝑥𝑥𝑥,𝑦𝑦𝑦𝑦) ∈
ℙ[�̄�𝑥𝑥𝑥,𝑦𝑦𝑦𝑦].  

Then there is a tuple ( , )a a ∈  such that 

1 2( , ) , ( , ) \f f gh a a A h a a A A∈ ∈  is satisfied. Thus, 

 |=ℎ1(�̄�𝑥𝑥𝑥,𝑦𝑦𝑦𝑦𝑓𝑓𝑓𝑓) = 0&ℎ2(�̄�𝑥𝑥𝑥,𝑦𝑦𝑦𝑦𝑓𝑓𝑓𝑓) ≠ 0 is satisfied. 
Sufficiency, and with it the theorem has been proved.  

Let 𝐼𝐼𝐼𝐼(𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓) = { 𝑔𝑔𝑔𝑔|𝑔𝑔𝑔𝑔 ∈ ℙ(�̄�𝑥𝑥𝑥)[𝑥𝑥𝑥𝑥],𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓 ⊆ 𝐴𝐴𝐴𝐴𝑔𝑔𝑔𝑔}, where 
( )[ ]f x x∈ . 

PROPOSITION 1. Let ( , )f x x  be an irreducible 
polynomial over a field ( )x . Then the following 

two properties of the polynomial 𝑓𝑓𝑓𝑓(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) are 
equivalent: 

a) If an arbitrary polynomial ( , )g x x  is not 
divisible by ( , )f x x  then there is a tuple ( , )a a ∈  
that satisfies ( , ) \f gg a a A A∈ ;  

b) The equality 𝐼𝐼𝐼𝐼(𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓) = (𝑓𝑓𝑓𝑓) is fulfilled.  
Proof. ) )a b⇒ . Definitely, ( ) ( )fI A f⊇ . Let 

( )fg I A∈  and ( )fg ∈ , moreover, n, then by 

assumption )a  there is a set ( , ) fa a A∈  such that 

( , ) 0g a a ≠  is a contradiction. So, ( ) ( )fI A f⊆ .  

) )b a⇒ . Let ( , )g x x  not be divisible by
( , )f x x . According to the condition ( )=( )fI A f . 

From here ( , ) ( )fg x x I A∈  and hence there is a 

tuple ( , )a a ∈ , which is done ( , ) \f gg a a A A∈ . 
The proposition has been proved. 

Here is one necessary property of the companion 
( )[ ]/x x f  of the field  . 
 
PROPOSITION 2. Let ( , )f x x  be an irreducible 

polynomial over a field ( )x . Then, if the 
algebraic extension ( )[ ]/x x f  of the field 

( )x  is a companion of  ,then each projection 
of the annihilator fA  is an infinite set. 

Proof. Assume the opposite, and let the projection 
fA  be, for example, finite in the variable 1x , i.e.𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓1 =

{(с1, . . . , с𝑘𝑘𝑘𝑘)|∃�̄�𝑏𝑏𝑏1, . . . , �̄�𝑏𝑏𝑏𝑘𝑘𝑘𝑘)|(с1, �̄�𝑏𝑏𝑏1), . . . , (с𝑘𝑘𝑘𝑘 , �̄�𝑏𝑏𝑏𝑘𝑘𝑘𝑘) ∈
𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓 , �̄�𝑏𝑏𝑏𝑖𝑖𝑖𝑖 = (𝑏𝑏𝑏𝑏1𝑖𝑖𝑖𝑖 , . . . , 𝑏𝑏𝑏𝑏𝑛𝑛𝑛𝑛𝑖𝑖𝑖𝑖), 𝑏𝑏𝑏𝑏𝑗𝑗𝑗𝑗𝑖𝑖𝑖𝑖 , с𝑖𝑖𝑖𝑖 ∈ ℙ}Then it is fulfilled: 
ℙ(�̄�𝑥𝑥𝑥)[𝑥𝑥𝑥𝑥]

𝑓𝑓𝑓𝑓
| = ∃𝑢𝑢𝑢𝑢1, . . . ,𝑢𝑢𝑢𝑢𝑛𝑛𝑛𝑛𝑢𝑢𝑢𝑢(𝑓𝑓𝑓𝑓(𝑢𝑢𝑢𝑢1,𝑢𝑢𝑢𝑢2, . . . ,𝑢𝑢𝑢𝑢𝑛𝑛𝑛𝑛,𝑢𝑢𝑢𝑢) =

0&&
𝑖𝑖𝑖𝑖
𝑢𝑢𝑢𝑢1 ≠ 𝑐𝑐𝑐𝑐𝑖𝑖𝑖𝑖) but the same sentence is false in  . 

Contradiction. In the case when fA  is empty, the 

same proposition is true in ( )[ ]/x x f  but false in 
 . The proposition is proved. 

In the case of a simple algebraic extension

1( )[ ]/x x f  of the field 1( )x , Proposition 2 
is inverted. 

 
PROPOSITION 3. Let 1( , )f x x  be an irreducible 

polynomial over a field 1( )x . Then, an algebraic 

extension 1( )[ ]/x x f  from the field 1( )x is 
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a companion of  , if and only if each projection of 
the annihilator fA  onto each of the coordinate axes 

1,Ox Ox is an infinite set. 
Proof. The necessity was proved in Proposition 2.  
Sufficiency. By Proposition 1 and Theorem 2, it 

suffices to prove the equality ( )=( )fI A f . It's 

obvious that ( ) ( )fI A f⊇ . Let us prove the 

inclusion ( ) ( )fI A f⊆  

Suppose, ( ) ( )fI A f⊆ , and 

1( , ) ( ) \ ( )fg x x I A f∈ . Let 1( , )d x x  be the greatest 

common divisor of polynomials 1( , )g x x  and 

1( , )f x x  over a field 1( )x . Note that due to the 

fact 1( , )f x x  that the irreducible polynomial 

1( , )d x x  is an element of the field 1( )x ,we denote 

it by 1( )d x . There are polynomials 

1 1 1( , ), ( , ) ( )[ ]p x x q x x x x∈  , such that the 

equality 1 1 1 1 1( , ) ( , ) ( , ) ( , ) ( )p x x g x x q x x f x x d x+ =  

is satisfied in the ring 1( )[ ]x x . Since 𝐴𝐴𝐴𝐴𝑔𝑔𝑔𝑔 ⊇ 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓, 

and by condition, the projection of fA  onto the 

coordinate axis 1Ox  is an infinite set, it follows from 

the last representation of the polynomial 1( )d x  in the 

variable 1x  that it has an infinite set of zeros. 
Contradiction, sufficiency and with it the proposition 
have been proved. 

Let us give a criterion for the mismatch of the 
ideals ( )fI A  and ( )f .  

 
PROPOSITION 4. Let ( )[ ]f x x∈  be an 

irreducible polynomial over a field ( )x . The ideals 
( )fI A  and ( )f  do not match with ( )( )f fI A ≠  if 

and only if there exists a polynomial ( ) [ ]с x x∈ 
such that, to the Cartesian power 1n+  

( ) ( )fc x I A∈  is satisfied, i.e. the cylindrical 

surface cA  in affine space 1n+  contains fA . 
Proof. Necessity. Let be ( )( )f fI A ≠ . Since 

( )( )f fI A ⊇  is always satisfied, then 

( )( )f fI A ⊆  takes place. Then let be

( , ) ( )( )\fg x x fI A∈ . 

Since ( , )f x x  the field ( )x , is irreducible, the 
greatest common divisor c  of polynomials f  and g  
can be represented as 𝑢𝑢𝑢𝑢(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥)𝑓𝑓𝑓𝑓(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) +
𝑣𝑣𝑣𝑣(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥)𝑔𝑔𝑔𝑔(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) = 𝑐𝑐𝑐𝑐(�̄�𝑥𝑥𝑥), where𝑢𝑢𝑢𝑢(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥), 𝑣𝑣𝑣𝑣(�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥) ∈
ℙ[�̄�𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥], 𝑐𝑐𝑐𝑐(�̄�𝑥𝑥𝑥) ∈ ℙ[�̄�𝑥𝑥𝑥] . From the last relation we 
deduce that ( ) ( )fc x I A∈ . The necessity has been 
proved. 

Sufficiency. Let be ( ) ( )fc x I A∈ and 𝐼𝐼𝐼𝐼(𝐴𝐴𝐴𝐴𝑐𝑐𝑐𝑐) ⊇

𝐼𝐼𝐼𝐼(𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓). We have a polynomial ( )c x  as a polynomial 
of zero degree in x  is not divisible by a polynomial 

( , )f x x  of degree not less than the first in the same 
variable, therefore ( ) ( ) \ ( )c fc x I IA A∈ . 

Sufficiency has been proved.  
Consider an example of the mismatch of ideals 

( )fI A and ( )f . 

EXAMPLE 1. An example of a simple algebraic 
extension of the non-companion field of rational 
numbers. Consider in an affine space 3  the curve 
S , given by the intersection of the cylinder 𝑥𝑥𝑥𝑥2 +
𝑦𝑦𝑦𝑦2 − 1 = 0 and the plane𝑥𝑥𝑥𝑥 + 𝑦𝑦𝑦𝑦 + 𝑧𝑧𝑧𝑧 = 0.  

The curve S  over the field   can be 
equivalently given as the annihilator of 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓 =
{ (𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐)|𝑓𝑓𝑓𝑓(𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐) = 0,𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐 ∈ ℚ}, of the 
polynomial 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = (𝑥𝑥𝑥𝑥2 + 𝑦𝑦𝑦𝑦2 − 1)2 + (𝑥𝑥𝑥𝑥 + 𝑦𝑦𝑦𝑦 +
𝑧𝑧𝑧𝑧)2 over the field  . Let us write the polynomial 
𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥, 𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) in powers of the variable z :𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) =
𝑧𝑧𝑧𝑧2 + 2(𝑥𝑥𝑥𝑥 + 𝑦𝑦𝑦𝑦)𝑧𝑧𝑧𝑧 + 𝑥𝑥𝑥𝑥4 + 𝑦𝑦𝑦𝑦4 + 2𝑥𝑥𝑥𝑥2𝑦𝑦𝑦𝑦2 − 𝑥𝑥𝑥𝑥2 − 𝑦𝑦𝑦𝑦2 +
2𝑥𝑥𝑥𝑥𝑦𝑦𝑦𝑦 + 1. Let us prove that ( , , )f x y z  is irreducible. 
Suppose that 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) = (𝑧𝑧𝑧𝑧 − 𝑝𝑝𝑝𝑝(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦))(𝑧𝑧𝑧𝑧 −
𝑞𝑞𝑞𝑞(𝑥𝑥𝑥𝑥,𝑦𝑦𝑦𝑦)) . Obviously ( , ) ( , )p x y q x y≠ , , then for a 
pair ( , )a b ∈  such that ( , ) ( , )p a b q a b≠  is 
fulfilled by ( , , ( , )) 0f a b p a b =  and 
𝑓𝑓𝑓𝑓(𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏, 𝑞𝑞𝑞𝑞(𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏)) = 0. Since from the equation 

0x y z+ + = , the value of c a b= − −  is uniquely 
determined, then ( , ) ( , )p a b q a b= . A contradiction, 
thus ( , , )f x y z  is irreducible. 

Thus, the cylindrical surface gA  where 𝑔𝑔𝑔𝑔 = 𝑥𝑥𝑥𝑥2 +

𝑦𝑦𝑦𝑦2 − 1 in the affine space 3 contains fA , 
therefore, 𝐼𝐼𝐼𝐼(𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓) ≠ (𝑓𝑓𝑓𝑓) and by Proposition 1 and 
Theorem 2, we obtain a simple extension 

( , )[ ] /x y z f of the field ( , )x y  that is not a 
companion of the field  .  

An immediate consequence of Proposition 1 and 
Theorem 2 is the following description, in terms of 
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ideals, of a simple algebraic extension ( )[ ] /x x f  
of the field ( )x , that is a companion of the field ℙ. 

 
THEOREM 3. Let ( , )f x x  be an irreducible 

polynomial over a field ( )x . An algebraic 
extension ( )[ ] /x x f of the field ( )x  is a 
companion   if and only if the ideal ( )fI A  is the 

same as the ideal ( )f . 
 
Algebraic extensions 
Let ( )[ ]x y f  and ( )[ ]x y f g  (here

( )[ ] ( ( )[ ] )[ ]x y f g x y f z g=   be simple 
algebraic extensions of the fields ( )x  and 

( )[ ]x y f  respectively, and be irreducible 

polynomials over the fields ( )x  and ( )[ ]x y f  
respectively. Let be 𝐼𝐼𝐼𝐼(𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑔𝑔𝑔𝑔) = { ℎ|ℎ ∈
ℙ(𝑥𝑥𝑥𝑥𝑥)[𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧],𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑔𝑔𝑔𝑔 ⊆ 𝐴𝐴𝐴𝐴ℎ}, 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑔𝑔𝑔𝑔 = {(𝑎𝑎𝑎𝑎𝑥 , 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐) ∈ ℙ|(𝑎𝑎𝑎𝑎𝑥 , 𝑏𝑏𝑏𝑏) ∈
𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓 , (𝑎𝑎𝑎𝑎𝑥 , 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐) ∈ 𝐴𝐴𝐴𝐴𝑔𝑔𝑔𝑔}  

It is obvious that ( )fgI A  is an ideal in the ring 

( )[ , ]x y z , generated by polynomials ( , )f x y  и 
( , , )g x y z  i.e. 𝐼𝐼𝐼𝐼(𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑔𝑔𝑔𝑔) = (𝑓𝑓𝑓𝑓,𝑔𝑔𝑔𝑔). 

Consider now an algebraic extension of a simple 
algebraic extension of the field ( )x . 

 
THEOREM 4. The algebraic extension 

( )[ ]x y f g  of the field ( )[ ]x y f  is a 
companion   if and only if, for any polynomial 

( , , ) ( )[ , ]h x y z x y z∈  such that 

( , , ) ( , )h x y z f g∈  there is a tuple ( , , )a b c ∈ , 
such that ( \, , ) fg ha b c A A∈ . 

Proof. Necessity. In the algebraic extension 
( )[ ]x y f g  of the field ( )x , the system 
( , ) 0 & ( , , )=0& ( , , ) 0f f g f gf x y g x y z h x y z= =  

is satisfied; therefore, there is a tuple ( , , )a b c ∈  
( \, , ) fg ha b c A A∈ .  

Sufficiency. Let 
( )[ ] |= ... ( , , , ,..., )f gx y f g u v x y z u v∃ ∃ ϕ be 

fulfilled. Since ,..., ( )[ ]u v x y f g∈  we assume 
that this formula is equivalent in the algebraic 
extension ( )[ ]x y f g  of the field ( )x  to the 

system 1 2( , , )=0& ( , , ) 0f g f gh x y z h x y z = . Then, 
there is a tuple (𝑎𝑎𝑎𝑎𝑥 , 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐) ∈ ℙ such that (𝑎𝑎𝑎𝑎𝑥 , 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐) ∈
𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑔𝑔𝑔𝑔\𝐴𝐴𝐴𝐴ℎ. The necessity, and with it the theorem, has 
been proved. 

 
THEOREM 5. An algebraic extension 

( )[ ]x y f g  of a field ( )[ ]x y f  is a 
companion of   if and only if the ideal 𝐼𝐼𝐼𝐼(𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑔𝑔𝑔𝑔) is the 
same as the ideal (𝑓𝑓𝑓𝑓,𝑔𝑔𝑔𝑔). 

Proof. Necessity. Let be ( , , ) ( , )h x y z f g∈ . 
Then, in the algebraic extension ( )[ ]x y f g  of 

the field ( )x  the system 𝑓𝑓𝑓𝑓(𝑥𝑥𝑥𝑥𝑥 ,𝑦𝑦𝑦𝑦𝑓𝑓𝑓𝑓) =
0&𝑔𝑔𝑔𝑔(𝑥𝑥𝑥𝑥𝑥 ,𝑦𝑦𝑦𝑦𝑓𝑓𝑓𝑓 , 𝑧𝑧𝑧𝑧𝑔𝑔𝑔𝑔)=0&ℎ(𝑥𝑥𝑥𝑥𝑥 ,𝑦𝑦𝑦𝑦𝑓𝑓𝑓𝑓 , 𝑧𝑧𝑧𝑧𝑔𝑔𝑔𝑔) ≠ 0 is satisfied. 
Hence, in the companion   there is a tuple (𝑎𝑎𝑎𝑎𝑥 , 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐) ∈
ℙ, so that (𝑎𝑎𝑎𝑎𝑥 , 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐) ∈ 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑔𝑔𝑔𝑔\𝐴𝐴𝐴𝐴ℎ and ℎ(𝑎𝑎𝑎𝑎𝑥 , 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐) ∉ (𝑓𝑓𝑓𝑓,𝑔𝑔𝑔𝑔) 
hence. If ℎ(𝑥𝑥𝑥𝑥𝑥 ,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ∈ (𝑓𝑓𝑓𝑓,𝑔𝑔𝑔𝑔), then obviously 
ℎ(𝑥𝑥𝑥𝑥𝑥 ,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ∈ 𝐼𝐼𝐼𝐼(𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑔𝑔𝑔𝑔). The necessity has been proved. 

Sufficiency. Let 
( )[ ] |= ... ( , , , ,..., )f gx y f g u v x y z u v∃ ∃ ϕ be 

fulfilled. Since ,..., ( )[ ]u v x y f g∈  we will 
assume that this formula is equivalent in the algebraic 
extension ( )[ ]x y f g of the field ℙ(𝑥𝑥𝑥𝑥𝑥) to the 
system ℎ1(𝑥𝑥𝑥𝑥𝑥 ,𝑦𝑦𝑦𝑦𝑓𝑓𝑓𝑓 , 𝑧𝑧𝑧𝑧𝑔𝑔𝑔𝑔)=0&ℎ2(𝑥𝑥𝑥𝑥𝑥 ,𝑦𝑦𝑦𝑦𝑓𝑓𝑓𝑓 , 𝑧𝑧𝑧𝑧𝑔𝑔𝑔𝑔) ≠ 0. By 
definition, it follows from ℎ2(𝑥𝑥𝑥𝑥𝑥 ,𝑦𝑦𝑦𝑦𝑓𝑓𝑓𝑓 , 𝑧𝑧𝑧𝑧𝑔𝑔𝑔𝑔) ≠ 0 that 
ℎ2(𝑥𝑥𝑥𝑥𝑥 ,𝑦𝑦𝑦𝑦, 𝑧𝑧𝑧𝑧) ∉ 𝐼𝐼𝐼𝐼(𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑔𝑔𝑔𝑔). Then it follows from the 
equality 𝐼𝐼𝐼𝐼(𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑔𝑔𝑔𝑔)  = (𝑓𝑓𝑓𝑓,𝑔𝑔𝑔𝑔), that there is a tuple 
(𝑎𝑎𝑎𝑎𝑥 , 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐) ∈ ℙ, such that (𝑎𝑎𝑎𝑎𝑥 , 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐) ∈ 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑔𝑔𝑔𝑔\𝐴𝐴𝐴𝐴ℎ and 
satisfies ℙ| = ℎ1(𝑎𝑎𝑎𝑎𝑥 , 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐)=0&ℎ2(𝑎𝑎𝑎𝑎𝑥 , 𝑏𝑏𝑏𝑏, 𝑐𝑐𝑐𝑐) ≠ 0. 
Sufficiency, and with it the theorem has been proved. 

 
Let us formulate a description of the companions 

of the field   in the general case. 
Let 𝐵𝐵𝐵𝐵 = {𝛽𝛽𝛽𝛽1,𝛽𝛽𝛽𝛽2, . . . . },𝑋𝑋𝑋𝑋 = {𝑥𝑥𝑥𝑥1, 𝑥𝑥𝑥𝑥2, . . . . } be 

countable sets of independent variables, �̄�𝛽𝛽𝛽 =
(𝛽𝛽𝛽𝛽1, . . . ,𝛽𝛽𝛽𝛽𝑚𝑚𝑚𝑚), 𝑥𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛 = (𝑥𝑥𝑥𝑥1, . . . , 𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛), �̄�𝑓𝑓𝑓𝑛𝑛𝑛𝑛 = (𝑓𝑓𝑓𝑓1, . . . , 𝑓𝑓𝑓𝑓𝑛𝑛𝑛𝑛), 
where 𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(�̄�𝛽𝛽𝛽, 𝑥𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖−1

�̄�𝑓𝑓𝑓𝑖𝑖𝑖𝑖−1 , 𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖) is irreducible in the ring 
ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖−1

�̄�𝑓𝑓𝑓𝑖𝑖𝑖𝑖−1][𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖] , where 𝑥𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖
�̄�𝑓𝑓𝑓𝑖𝑖𝑖𝑖 = (𝑥𝑥𝑥𝑥1

𝑓𝑓𝑓𝑓1 , . . . , 𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖
𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖), if

ix  is 

the root of the polynomial 𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(�̄�𝛽𝛽𝛽, 𝑥𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖−1
�̄�𝑓𝑓𝑓𝑖𝑖𝑖𝑖−1 , 𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖) ∈

ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖−1
�̄�𝑓𝑓𝑓𝑖𝑖𝑖𝑖−1][𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖] over the field 𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖(�̄�𝛽𝛽𝛽, 𝑥𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖−1

�̄�𝑓𝑓𝑓𝑖𝑖𝑖𝑖−1 , 𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖) ∈
ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖−1

�̄�𝑓𝑓𝑓𝑖𝑖𝑖𝑖 �̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖
�̄�𝑓𝑓𝑓𝑖𝑖𝑖𝑖] is defined as 

follows. Let's put ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥1
�̄�𝑓𝑓𝑓1] = ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥1]/𝑓𝑓𝑓𝑓1(�̄�𝛽𝛽𝛽, 𝑥𝑥𝑥𝑥1), 

ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥2
�̄�𝑓𝑓𝑓2] = ℙ[�̄�𝛽𝛽𝛽][𝑥𝑥𝑥𝑥𝑥1

�̄�𝑓𝑓𝑓1][𝑥𝑥𝑥𝑥2]/𝑓𝑓𝑓𝑓2(�̄�𝛽𝛽𝛽, 𝑥𝑥𝑥𝑥𝑥1
�̄�𝑓𝑓𝑓1 , 𝑥𝑥𝑥𝑥2). We 

define ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛
�̄�𝑓𝑓𝑓𝑛𝑛𝑛𝑛] = ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛−1

�̄�𝑓𝑓𝑓𝑛𝑛𝑛𝑛−1][𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛]/
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𝑓𝑓𝑓𝑓𝑛𝑛𝑛𝑛(�̄�𝛽𝛽𝛽, 𝑥𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛−1
�̄�𝑓𝑓𝑓𝑛𝑛𝑛𝑛−1 , 𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛) by induction. Thus, in the sequence 

ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥1
�̄�𝑓𝑓𝑓1],ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥2

�̄�𝑓𝑓𝑓2], . . . , ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛
�̄�𝑓𝑓𝑓𝑛𝑛𝑛𝑛] – each 

subsequent field ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖+1
�̄�𝑓𝑓𝑓𝑖𝑖𝑖𝑖+1] is a simple algebraic 

extension of the previous field by means of an 
irreducible polynomial 𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖+1(�̄�𝛽𝛽𝛽, 𝑥𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖

�̄�𝑓𝑓𝑓𝑖𝑖𝑖𝑖 , 𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖+1). We define 
the corresponding ideals 𝐼𝐼𝐼𝐼(𝐴𝐴𝐴𝐴�̄�𝑓𝑓𝑓𝑛𝑛𝑛𝑛) = { ℎ ∈

ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛
�̄�𝑓𝑓𝑓𝑛𝑛𝑛𝑛]|𝐴𝐴𝐴𝐴�̄�𝑓𝑓𝑓𝑛𝑛𝑛𝑛 ⊆ 𝐴𝐴𝐴𝐴ℎ},𝐴𝐴𝐴𝐴�̄�𝑓𝑓𝑓𝑛𝑛𝑛𝑛 = {(𝑎𝑎𝑎𝑎𝑥 , �̄�𝑏𝑏𝑏𝑛𝑛𝑛𝑛) ∈

ℙ�|(𝑎𝑎𝑎𝑎𝑥 , 𝑏𝑏𝑏𝑏,1) ∈ 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓1 , . . . , (𝑎𝑎𝑎𝑎𝑥 , 𝑏𝑏𝑏𝑏1, . . . , 𝑏𝑏𝑏𝑏𝑛𝑛𝑛𝑛) ∈ 𝐴𝐴𝐴𝐴𝑓𝑓𝑓𝑓𝑛𝑛𝑛𝑛 , �̄�𝑏𝑏𝑏𝑛𝑛𝑛𝑛 =
(𝑏𝑏𝑏𝑏1, . . . , 𝑏𝑏𝑏𝑏𝑛𝑛𝑛𝑛)}, where each 𝑓𝑓𝑓𝑓𝑖𝑖𝑖𝑖 ∈ ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖−1

�̄�𝑓𝑓𝑓𝑖𝑖𝑖𝑖−1][𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖], 𝑖𝑖𝑖𝑖 =
1, . . . ,𝑛𝑛𝑛𝑛 is irreducible over the corresponding field 

1
1( )[ ]if

ix −
−β .  

Let us give a general description of the 
companions of the field . 

 
THEOREM 6. An algebraic extension 

ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛
�̄�𝑓𝑓𝑓𝑛𝑛𝑛𝑛] = ℙ(�̄�𝛽𝛽𝛽)[𝑥𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛−1

�̄�𝑓𝑓𝑓𝑛𝑛𝑛𝑛−1][𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛]/𝑓𝑓𝑓𝑓𝑛𝑛𝑛𝑛(�̄�𝛽𝛽𝛽, 𝑥𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛−1
�̄�𝑓𝑓𝑓𝑛𝑛𝑛𝑛−1 , 𝑥𝑥𝑥𝑥𝑛𝑛𝑛𝑛) of a 

field ( )β  is a companion  if and only if the ideal 
𝐼𝐼𝐼𝐼(𝐴𝐴𝐴𝐴�̄�𝑓𝑓𝑓𝑛𝑛𝑛𝑛) coincides with the ideal (𝑓𝑓𝑓𝑓1, . . . , 𝑓𝑓𝑓𝑓𝑛𝑛𝑛𝑛). 

The proof is a general reproduction of the proof 
of Theorem 5. 

 
Discussion of results 
 
The above results give a fairly complete 

description of the companions of the fields of rational 

and real numbers. Construction methods can be used 
for further studies of field companions and their 
classes. 

 
Conclusion 
 
The general theory of Fraisse's companion 

classes and their theories, developed by A.T. 
Nurtazin, constitutes a separate new area in model 
theory. This approach, applied to specific classical 
structures and their theories, provides new tools for 
the study of these objects. The study of the 
companion class of rational and algebraic real 
number fields reveals companion fields containing 
transcendental and possibly algebraic elements with 
special properties of polynomials defining these 
elements. The companions of each of the above-
named fields are algebraic extensions of the fields of 
quotients of a certain set of independent variables 
over the corresponding field, using mutually agreed 
polynomials. 
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