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Abstract. The early Universe has been a subject of research for many cosmologists and it is reviewed and 
analyzed rigorously in cosmology recently. Thermal history and theory of phase transition coordinate us 
to elucidate the evolution of the Universe at its early stages and is interesting to get a gist of early universe 
behavior. At phase transition, effective potential plays a significant role for the kinds of transition that 
occurred during the evolution.  The temperature, at which phase transition occurs, can be determined at 
minimum effective potential.  It is also known fact that temperature of the Universe has changed considerably 
with its evolution.  The present work investigates the time-temperature relation in four- dimensional and 
five-dimensional cosmological models.  A comparison of time- temperature relation in FRW model with that 
of Kaluza-Klein (K-K) model demonstrates that temperature decreases faster in Kaluza-Klein model. The 
investigation demonstrates the important role played by extra dimension in the study of time-temperature 
relation at the early Universe scenario. 
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Introduction 
 
Man is always curious about secrets of the 

Universe. Birth of the Universe, Origin, its behavior 
at early stages are long standing issues which are still 
being explored by researchers. In this regard, major 
revolution is caused by Big-Bang theory which is the 
most successful yet incomplete, as it is unable to 
explain certain features of the Universe, such as, 
presence of Dark Matter, Dark Energy, Large Scale 
Structure, Accelerated Expansion etc. Emergence of 
the universe from nothing has been an amazing 
situation. In this regard, Lamaitre has proposed 
‘hypothesis of primeval atom’ in 1927 [1]. The 
theory has also predicted that just after 10-37 second 
when the temperature and pressure had been very 
high enough to cause cosmic inflation [2]. The 
Universe was in the soup of matter and radiation 
which were in thermal equilibrium with each other. 
Thermal history of the Universe revealed that it had 
undergone several phase transitions during its 
evolutions. In this regard, a detail information with 
deep theoretical analysis have been provided by the 
published literature [3 – 5]. It is interesting to note 
that theoretical analysis of thermal history have been 
done by mechanism of Higg’s boson [3] which has 

been discovered recently [4]. Weinberg [5] has 
ingeniously elucidated various stages of phase 
transitions at the early era of the universe. 

First order phase transition is similar to process 
of thermal equilibrium at bubble walls [6]. If pressure 
difference across the bubble wall is different than 
bubble wall can be broken and energy is released 
which can be in other forms. Consequences of First 
order transition give rise to formation of domain 
walls, generation of gravitational waves and other 
certain topological defects. Cosmic strings are also 
topological defects which came into existence before 
the Electro – Weak Transition.  

Second Phase transition [7] occurred which 
resulted in Quark-Gluon -Plasma State at 10-6 sec. 
After Big-Bang, although temperature was not so 
high, pair production and annihilation was happening 
that resulted into production of quarks and leptons. 
Today quarks and leptons are basic building blocks 
for elementary particles. Baryogenesis [8], i.e. 
generation of Baryons continued with the evolution 
of the Universe. It has also seen that Baryogenesis 
even violated the conservation of baryon number in 
the process of matter creation so as to have some 
structure for the Universe. Although matter creation 
at early stages of the Universe sounds to be appealing 
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but it is found that the natur has preferred matter 
generation over antimatter creation. In the Universe, 
matter-antimatter ratio is unequal. This Problem is 
yet to be solved.  

With the time evolution of the Universe, due to 
pair annihilation it was filled with photons, neutrinos, 
electrons, protons. The Second Order phase 
transitions are also called crossover transition that 
took place at time 106 sec where the temperature is 
about 1 GeV. As Universe expanded, it cooled down 
so the quarks- Hadron interaction resulted into its 
appearance in bound form in baryons and mesons. 
Before this transition, quarks were free to move in 
space which is called as Quark -Gluon plasma state 
[9]. The impact of the transition on quarks is to 
interact in such a way that led to the formations of 
baryons and mesons. In this way, they became 
building blocks for Hadrons or baryons. In other 
words, Second Order Transition led to confinement 
of Quarks, so also the formation of Hadrons. The 
inflation caused the Universe to expand 
continuously. As a result, the temperature of the 
Universe has fallen to several Kelvin. It had been 
predicted by several workers [10, 11, 12] that the 
Universe at very early stages was initially 
anisotropic, later due to its expansion it becomes 
isotropic.   

There are several effects of the phase transitions 
in the normal matter. The major effect of the Phase 
transition is the symmetry breaking. In normal 
matter, it is observed that water is more symmetric 
than ice, steam is more symmetric than water. From 
here, we also observe that symmetry of the matter is 
related to the temperature. There is more symmetry 
for high temperature. Thus, for the Universe, a 
fraction of second after its birth, it was highly 
symmetric as its temperature was very high. Phase 
transition is well understood from thermal history of 
the Universe. Evolution of the Universe with its 
thermal history has been discussed by Prokopec [13]. 
Besides phase transition, attempt has been made to 
unite all forces as it is believed that just before the 
Big-Bang all forces except gravity are together as per 
Grand Unified Theory (GUT) which had been first 
forth by Guth [14-15]. Weinberg [16] has 
indigenously illustrated these forces which had been 
later put together as standard model in particle 
physics. Later on Kaluza in 1921[17] and Klein in 
1926 [18] have made indigenous effort for it and 
propounded Kaluza-Klein theory which proved a 
milestone for the further development in the early 
Universe cosmology.  

Thermal history successfully depicts evolution of 
the Universe [19] but the cause of phase transition 
cannot be understood by it. Theoretical aspects of 
phase transition have been explained by Toy model 
[20, 21] which illuminates phase transition by 
inclusion of effective potential. The theory of phase 
transition [19-21] provides the relation between 
effective potential and critical temperature and it has 
been given by  

𝑉𝑉𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(𝜑𝜑𝜑𝜑,𝑇𝑇𝑇𝑇) =  
𝜆𝜆𝜆𝜆
4
𝜑𝜑𝜑𝜑4 +

𝑔𝑔𝑔𝑔3𝑇𝑇𝑇𝑇
4𝜋𝜋𝜋𝜋

𝜑𝜑𝜑𝜑3 + 

+ 1
2
��𝜆𝜆𝜆𝜆
3

+ 𝑔𝑔𝑔𝑔2

4
� 𝑇𝑇𝑇𝑇2 − 𝜆𝜆𝜆𝜆𝜈𝜈𝜈𝜈2� 𝜑𝜑𝜑𝜑2                (1) 

 
where λ, ν, are constants.  g is the charge, φ is gauge 
potential and T is the temperature. It is also found that 
effective potential is minimized at critical 
temperature. There are three minima of potentials 
observed at different temperatures which are termed 
as critical temperatures. The order of phase transition 
depends upon these temperatures. As discussed 
previously, structure, geometry and present universe 
scenario are the consequences of phase transitions. 
The effective potential and critical temperature can 
be obtained from Friedmann-Robertson-Walker 
(FRW) model also. The FRW model is also called as 
steady state model under certain conditions.  

Big Bang model had been challenged by ‘Steady 
state model’ (FRW) [22]. The Steady state model of 
the Universe explained the Universe and its behavior 
with the help of ‘Cosmological Principle’ which is 
termed as perfect Cosmological principle. The 
expansion of the Universe, its isotropic nature, matter 
creation etc. are well explained by the steady state 
model. However certain observations created a major 
setback to steady state model. In this regard, Big-
Bang model is proved to be more successful than 
Steady state model. The observations by Deep space 
radio telescope indicated that the Universe at its early 
stages was quite different than the present Universe 
[23, 24]. Cosmic microwave background for the 
Universe as per COBE satellite [25, 26] was inferred 
by which the Universe appeared to be permeated 
uniformly by Cosmic radiation in background, thus, 
it appears to be isotropic in present time. Apart from 
Big-Bang model, higher dimension theory as a 
consequence of string theory in the field of 
Cosmology brought a revolution which can be 
mainly applied in the study of the early Universe 
[27,28]. Many researchers worked on Kaluza-Klein 
theory [29-31] and set up the model so as to study the 
early universe. 
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Motivated with the above discussion, time-
temperature relations have been obtained in 
Friedmann Robertson Walker (FRW) and Kaluza- 
Klein (KK) cosmological models in this paper. We 
have also studied effective potential for four 
dimensional and five dimensional models.  It is 
observed that with evolution, temperature is 
decreased. The present study also emphasizes the 
implication of extra dimension on time temperature.  

The organization of the paper is in five sections. 
We began with Introduction in first section followed 
by discussion on determination of time-temperature 
relation in FRW metric in section 2 and in K-K model 
in section 3. Section 4 comprises of discussion 
followed by conclusion in the 5th section.   

Time-Temperature relation in FRW metric 

Friedmann derived field equations in 1922 with 
the help of Einstein’s general theory of relativity in 
the context of expansion of the universe, assuming 
homogeneous and isotropic. Universe. These 
equations are called as Friedmann equations. In 1926 
Lemaitre independently carried out the similar work 
explaining expansion of the universe. Later in 1930s, 
Robertson and Walker independently obtained metric 
equation in order to explain complete geometrical 
properties of the universe. Using Robertson-Walker 
metric, the Einstein Field Equations (EFE) have been 
derived which resembled the equations obtained by 
Friedmann, The cosmological model representing 
Friedmann equations thus named as Friedmann-
Lemaitre-Robertson-Walker cosmological model 
(FLRW), or FRW model in more general form. The 
FRW model is also called standard model as it can 
explain most of the features of the universe as 
discussed in previous section. Here, let us have a 
glance at FRW model for the study of time-
temperature relation, which will enable us to set up a 
new model in higher dimension, to be discussed in 
next section. 

Consider FRW metric [32,33] as given below, 

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑2 = −𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑2 + 
+𝑅𝑅𝑅𝑅2(𝑑𝑑𝑑𝑑) � 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑2

1−𝑘𝑘𝑘𝑘𝑑𝑑𝑑𝑑2
+ 𝑟𝑟𝑟𝑟2𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑2 + 𝑟𝑟𝑟𝑟2𝑑𝑑𝑑𝑑𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠2𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝜑𝜑𝜑𝜑2�      (2)

Let x0 = -t, x1= r, x2 = θ, x3 = ϕ are space –time 
coordinates. In a curved space time, the line element 
is given as, 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑2 = 𝑔𝑔𝑔𝑔𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖 where gij is a 4×4 
metric tensor. k is a curvature constant, k = 0 for flat 
universe, k =1 for closed universe and      k = -1 for 

open universe. The Einstein field equations can be 
obtained from the following Eq. (3) 

𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 −
1
2
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = −8𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝑇𝑇𝑇𝑇𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 + Λ𝑔𝑔𝑔𝑔𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖     (3) 

Ri
j – Ricci tensor, R – Ricci scalar, T i

j – nergy-
momentum tensor, Λ – Cosmological constant and G 
– gravitational constant. Field Equations (Eq. 3) can 
also be written as,

𝜋𝜋𝜋𝜋𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = −8𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋
𝑐𝑐𝑐𝑐2

𝑇𝑇𝑇𝑇𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 + Λ𝑔𝑔𝑔𝑔𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖      (4) 

where 𝜋𝜋𝜋𝜋𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑅𝑅𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 −
1
2
𝑅𝑅𝑅𝑅𝑔𝑔𝑔𝑔𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 . 

Energy momentum tensor Ti
j is represented as 

given below. 

𝑇𝑇𝑇𝑇𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = (𝑝𝑝𝑝𝑝 + 𝜌𝜌𝜌𝜌)𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖 + 𝑔𝑔𝑔𝑔𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑝𝑝𝑝𝑝          (5) 

𝑢𝑢𝑢𝑢𝑖𝑖𝑖𝑖 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

is the 4 – vector velocity component such that uiuj = 
-1, when i = 0,1,2,3 (space-time coordinates); p and
ρ are pressure and density of matter distribution of
the universe, respectively. Hence, from above
equation, the energy momentum   tensor is given by
Ti

j = (-ρ, p, p, p). We have assumed ћ = c= 1 for
deriving field equations in accordance with the
cosmological principle.  Field equations for FRW
cosmological model are obtained by solving Eqs (2-
5) as follows,

3 �̇�𝑅𝑅𝑅2

𝑅𝑅𝑅𝑅2
+ 3 𝑘𝑘𝑘𝑘

𝑅𝑅𝑅𝑅2
= 8𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌 + Λ              (6) 

2 �̈�𝑅𝑅𝑅
𝑅𝑅𝑅𝑅

+ �̇�𝑅𝑅𝑅2

𝑅𝑅𝑅𝑅2
+ 𝑘𝑘𝑘𝑘

𝑅𝑅𝑅𝑅2
= −8𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝑝𝑝𝑝𝑝 + Λ           (7) 

Let 𝐻𝐻𝐻𝐻 = �̇�𝑅𝑅𝑅
𝑅𝑅𝑅𝑅
 then Eq. (6) and (7) are modified as: 

3𝐻𝐻𝐻𝐻2 + 3 𝑘𝑘𝑘𝑘
𝑅𝑅𝑅𝑅2

= 8𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌 + Λ            (8) 

(1 − 2𝑞𝑞𝑞𝑞)𝐻𝐻𝐻𝐻2 + 3 𝑘𝑘𝑘𝑘
𝑅𝑅𝑅𝑅2

= −8𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝑝𝑝𝑝𝑝 + Λ     (9) 

In Eq. (9), q is deceleration parameter defined as, 

𝑞𝑞𝑞𝑞 = − �
𝑅𝑅𝑅𝑅�̈�𝑅𝑅𝑅
�̇�𝑅𝑅𝑅2
�
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Here Λ the Cosmological constant plays a 
significant role in the study of early Universe as it 
represents Vacuum Energy. At the early stage of the 
Universe k can be taken zero (k = 0) i.e. the universe 
at its early stage can be assumed to be flat. In order 
to find TC, Λ is assumed to be constant factor at the 
early universe although it is not really constant which 
was inferred through the observations recently [34, 
35]. To determine TC, we consider energy 
conservation ; 0i

j jT =  which gives the following 
equation. 

 �̇�𝜌𝜌𝜌 + (𝜌𝜌𝜌𝜌 + 𝑝𝑝𝑝𝑝)3H = 0                   (10) 
 
Substituting k=0 and constant Λ in equation (4) 

and solving it with Eq. (10) we get, 
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑅𝑅𝑅𝑅

(𝜌𝜌𝜌𝜌𝑅𝑅𝑅𝑅3) + 3𝑝𝑝𝑝𝑝𝑅𝑅𝑅𝑅2 = 0                   (11) 
 
For radiation dominated Universe , p = 1/3ρ, 

substituting p in above equation and solving it, we get 
ρ ∝ R-4. let us consider radiation density ρ = U for 
past epoch in the early era. The radiation density for 
past epoch R is given by 𝑈𝑈𝑈𝑈 = 𝑈𝑈𝑈𝑈0

𝑅𝑅𝑅𝑅04

𝑅𝑅𝑅𝑅4
  (where U0, R0 

are the initial radiation energy density and initial 
epoch at t=0 respectively.   

If we consider the early universe as perfect black 
body then Energy density in the perfect black body is 
given by  

U= σT4 ,where σ is radiation constant and T is the 
Temperature of it . In this situation we obtain = 𝐾𝐾𝐾𝐾

𝑅𝑅𝑅𝑅
 , 

where K is constant depending upon σ  and constant 
of proportionality. At very early epoch we neglect Λ 
as compared to very high temperature. Substituting ρ 
= U =σT4 , Eq.(6) is  rewritten as, 

   
�̇�𝑅𝑅𝑅2

𝑅𝑅𝑅𝑅2
= 8𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝑇𝑇𝑇𝑇4

3
                          (12) 

 
On substitution of T = A/R and assuming at t=0 

R=0,  

𝑅𝑅𝑅𝑅 = 𝐴𝐴𝐴𝐴 � 3
32𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋

�
−1
4 �𝑡𝑡𝑡𝑡

1
2�                    (13) 

So, 

𝑇𝑇𝑇𝑇 = 𝐴𝐴𝐴𝐴 � 3
32𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋

�
1
4 �𝑡𝑡𝑡𝑡−

1
2�                     (14) 

 
Above equation gives direct relation between T 

and t. It is known to us that at early stage of the  
 

Universe, the particles are relativistic and it is 
assumed to behave as relativistic gas at high 
temperature. If particle interaction is slower than 
expansion rate H [20,21], density is modified as  

 
𝜌𝜌𝜌𝜌 = 𝜋𝜋𝜋𝜋2

30
𝑔𝑔𝑔𝑔∗𝑇𝑇𝑇𝑇4                           (15) 

  
From Eq. (8) considering k=0 and neglecting  Λ , 

we write Eq. (8) as  
 

3𝐻𝐻𝐻𝐻2 = 8𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌(𝑇𝑇𝑇𝑇)                        (16) 
 
Assuming Plank’s mass 𝑀𝑀𝑀𝑀𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 1

√8𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋
 

 

𝐻𝐻𝐻𝐻 = �̇�𝑅𝑅𝑅
𝑅𝑅𝑅𝑅

= �𝜋𝜋𝜋𝜋
2

90
�
1
2  (𝑔𝑔𝑔𝑔∗)

1
2  𝑇𝑇𝑇𝑇

2

𝑀𝑀𝑀𝑀𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
2                 (17) 

 
As found earlier T∝ 1/R and we can get an 

expression, 
 

𝑅𝑅𝑅𝑅�̇�𝑅𝑅𝑅 = �𝜋𝜋𝜋𝜋
2

90
�
1
2  (𝑔𝑔𝑔𝑔∗)

1
2  1
8𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋

                  (18) 
 
Assuming 8πG =1, integrating and rearranging 

the terms in above equation, we get, 
Solving above equation we obtain the following 

relation between time and temperature 
 

𝑡𝑡𝑡𝑡 = �90
𝜋𝜋𝜋𝜋2

1
�𝑔𝑔𝑔𝑔∗

� 1
𝑇𝑇𝑇𝑇2
�                         (19) 

 
In above equation, g* is number of degrees of 

freedom of the particles. 
Direct information of the critical temperature 

could not be revealed from Eq.(14) and (19), but 
Calculations of TC can be made simple by knowing 
g* at the phase transitions. Consider the GUT 
transition, g* =gb +gf where gb and gf are internal 
degrees of freedom for bosons and fermions 
respectively. From the Particle Data group [36,37] g* 
is calculated as 106.75 at the time of GUT transition 
while g* = 17.25 at QCD transition. For different g* 
at the phase transitions, temperature TC’s are 
calculated which are different at GUT, electroweak 
and QCD transitions. The relation (14) is not obeyed 
strictly at the transitions as it represents continuous t-
T variations. In the next section, we obtain the 
relation between time and temperature for Kaluza-
Klein cosmological model. 
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Time – Temperature relation in Kaluza- Klein 
Cosmological model 

 
The Kaluza-Klein metric is the 5D FRW metric 

i.e. four dimensional FRW metric with an extra 
dimension [38,39] which is as given below: 

 
𝑑𝑑𝑑𝑑𝑠𝑠𝑠𝑠2 = −𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡2 + 

+𝑅𝑅𝑅𝑅2(𝑡𝑡𝑡𝑡) �
𝑑𝑑𝑑𝑑𝑟𝑟𝑟𝑟2

1 − 𝑘𝑘𝑘𝑘𝑟𝑟𝑟𝑟2
+ 𝑟𝑟𝑟𝑟2𝑑𝑑𝑑𝑑𝜃𝜃𝜃𝜃2 + 𝑟𝑟𝑟𝑟2𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃𝜃𝜃𝑑𝑑𝑑𝑑𝜑𝜑𝜑𝜑2� + 

+𝐴𝐴𝐴𝐴2(𝑡𝑡𝑡𝑡)𝑑𝑑𝑑𝑑𝜓𝜓𝜓𝜓2                             (20) 
 

where, k is a curvature constant equal to 0, 1 , -1 for 
flat , closed and open universe, respectively.  R(t) and 
A(t) are fourth and fifth dimensional scale factors. 
The five-dimensional coordinates in above equation 
are given by x0 = t, and x1, x2, x3, x4 = r, θ, ϕ, ψ, 
respectively. Following the Eqs. (3-5) for Kaluza-
Klein metric, the field equations are obtained as given 
below. 

3 �̇�𝑅𝑅𝑅2

𝑅𝑅𝑅𝑅2
+ 3 𝑅𝑅𝑅𝑅�̇̇�𝐴𝐴𝐴

𝑅𝑅𝑅𝑅𝐴𝐴𝐴𝐴
+ 3 𝑘𝑘𝑘𝑘

𝑅𝑅𝑅𝑅2
= 8𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜌𝜌𝜌𝜌 + Λ           (21) 

 

2 �̈�𝑅𝑅𝑅
𝑅𝑅𝑅𝑅

+ �̇�𝑅𝑅𝑅2

𝑅𝑅𝑅𝑅2
+ 𝑘𝑘𝑘𝑘

𝑅𝑅𝑅𝑅2
+ 2 𝑅𝑅𝑅𝑅�̇̇�𝐴𝐴𝐴

𝑅𝑅𝑅𝑅𝐴𝐴𝐴𝐴
+ �̈�𝐴𝐴𝐴

𝐴𝐴𝐴𝐴
= −8𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝑝𝑝𝑝𝑝 + Λ     (22) 

 
3 �̈�𝑅𝑅𝑅
𝑅𝑅𝑅𝑅

+ 3 �̇�𝑅𝑅𝑅2

𝑅𝑅𝑅𝑅2
+ 3 𝑘𝑘𝑘𝑘

𝑅𝑅𝑅𝑅2
= −8𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝑝𝑝𝑝𝑝 + Λ             (23) 

 
In above field equations A is the extra dimension. 

For early Universe k can be taken as zero as The 
Universe is almost flat at very early Universe and 
assuming Λ is constant, Field equations can easily be 
solved to get the relation between R and A. In order 
to get an expression for density, we consider five 
dimensional energy momentum tensor as Ti

j = (-ρ, p, 
p, p,p). Energy conservation relation hence obtained 
as given below.  

 
�̇�𝜌𝜌𝜌 + (𝜌𝜌𝜌𝜌 + 𝑝𝑝𝑝𝑝) �3 Ṙ

𝑅𝑅𝑅𝑅
+ �̇�𝐴𝐴𝐴

𝐴𝐴𝐴𝐴
� = 0              (24) 

 
As per Cosmological Principal the Universe is 

filled with perfect fluid so Equation of State for it is 
given by p= (γ-1) ρ  so we get an expression as 
follows 

 
𝜌𝜌𝜌𝜌 = 𝜌𝜌𝜌𝜌0𝑅𝑅𝑅𝑅−3𝛾𝛾𝛾𝛾𝐴𝐴𝐴𝐴−𝛾𝛾𝛾𝛾                       (25) 

 
Here, we assume ansatz A = Rn (‘n’ is constant ) 

[The universe is anisotropic at its early stages, so  
σ2 ∝ θ , where σ is shear scalar and θ is expansion  
 

scalar. Due to this the metric potentials are related by 
power relations [40]]. Substituting A in Eq. (25), we 
get,  

 
𝜌𝜌𝜌𝜌 = 𝜌𝜌𝜌𝜌0𝑅𝑅𝑅𝑅−𝛾𝛾𝛾𝛾(𝑛𝑛𝑛𝑛+3)                       (26) 

 
In this case Temperature dependence on scale 

will be given by 
 

𝑇𝑇𝑇𝑇 = 𝑇𝑇𝑇𝑇0𝑅𝑅𝑅𝑅
−𝛾𝛾𝛾𝛾(𝑛𝑛𝑛𝑛+3)

4                         (27) 
 

[[𝑇𝑇𝑇𝑇0 = �𝜌𝜌𝜌𝜌0
𝜋𝜋𝜋𝜋
�
1
4� ], σ is the Stefan’s constant.] 

 Assuming 8πG =1 and neglecting Λ as compared 
to density and pressure of the universe, Solving field 
equations (21) – (23) we get,  

 

𝑅𝑅𝑅𝑅 = 𝑑𝑑𝑑𝑑 �𝛾𝛾𝛾𝛾(𝑛𝑛𝑛𝑛+3
2

𝑡𝑡𝑡𝑡 − 𝐶𝐶𝐶𝐶�
2

𝛾𝛾𝛾𝛾(𝑛𝑛𝑛𝑛+3)                 (28) 
 
If we assume initial conditions i.e. at t = t0, R= 

R0, H=H0 we obtain 
 

𝐶𝐶𝐶𝐶 = 𝛾𝛾𝛾𝛾(𝑛𝑛𝑛𝑛+3)
2

𝑡𝑡𝑡𝑡0 −
1
𝐻𝐻𝐻𝐻0

, 
 

𝑑𝑑𝑑𝑑 = (𝐻𝐻𝐻𝐻0)
2

𝛾𝛾𝛾𝛾(𝑛𝑛𝑛𝑛+3) 𝑅𝑅𝑅𝑅0 
 
So time-temperature relation can be obtained as, 
 

𝑇𝑇𝑇𝑇 = 𝑇𝑇𝑇𝑇0 �
𝛾𝛾𝛾𝛾(𝑛𝑛𝑛𝑛+3)

2
𝐻𝐻𝐻𝐻0(𝑡𝑡𝑡𝑡 − 𝑡𝑡𝑡𝑡0) + 1�

− 2
𝛾𝛾𝛾𝛾(𝑛𝑛𝑛𝑛+3)    (29) 

 
From above equation, temperatures at Radiation 

dominated phase, matter dominated phase can be 
determined. 

 
Discussion 
 
Comparing Eq. (14) and Eq. (29) it is observed 

that in FRW model T∝ t-1/2 while in K-K 
cosmological model, temperature of the universe 
depends upon n which is an index factor for extra 
dimension. Since early Universe is supposed to be in 
radiation dominated phase, so, for radiation 
dominated phase time-temperature expression 
depicts dependency of temperature on time. To 
determine it, consider  γ = 4/3 as universe is radiation 
dominated at its early stage, therefore equation (23) 
is modified in the following form. 
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𝑇𝑇𝑇𝑇 = 𝑇𝑇𝑇𝑇0 �
3(𝑛𝑛𝑛𝑛+3)

2
𝐻𝐻𝐻𝐻0(𝑡𝑡𝑡𝑡 − 𝑡𝑡𝑡𝑡0) + 1�

− 3
2(𝑛𝑛𝑛𝑛+3)      (30) 

 
Irrespective of constants in equations (14) and 

(29), it is observed that temperature in five 
dimensional model is lower than that four 
dimensional model. The temperature in FRW model 
is proportional to t-1/2 while it is proportional to t -

3/2(n+3). This can be due to the presence of extra 
dimension in the early Universe. We also observe that 
T depends upon γ. Hence at different phases, 
temperatures of the universe can be calculated. 
Although above expression explains Time-
temperature relation in higher dimension but it does 
not provide any clue to find critical temperature at the 
phase transition. To determine critical temperature in 
five-dimensional Universe, it is necessary to account 
number of degrees of freedom in five-dimension for 
both Fermions and Bosons which were supposed to 
be major Constituents at early stage of the Universe. 
The work by Dienes et.al, Emel’Yanov [37, 41] had 
explained the implications of extra dimension for t-T 
relation in higher dimension by calculating effective 
potential for four as well as in five-dimensional 
physics. They have shown that effective potential in 
four-dimensional has been quite different than that of 
five-dimensional models. Consequently, critical 
temperature in five dimensional model has been 
modified and can be compared with that of in five-
dimensional model. Critical temperatures in four-
dimensional model and in five-dimensional model 
have been obtained [41]as: 

 
(𝑇𝑇𝑇𝑇𝐶𝐶𝐶𝐶)𝐷𝐷𝐷𝐷=4 = 2 𝜇𝜇𝜇𝜇

√𝜆𝜆𝜆𝜆
                        (31) 

and, 

(𝑇𝑇𝑇𝑇𝐶𝐶𝐶𝐶)𝐷𝐷𝐷𝐷=5 = � 2𝜋𝜋𝜋𝜋
3𝜁𝜁𝜁𝜁(3)

𝜇𝜇𝜇𝜇2

𝜆𝜆𝜆𝜆𝑟𝑟𝑟𝑟
�
1
3                 (32) 

 
In above equations μ, and λ are the bare mass 

term for fermions and bosons and coefficient of 
quadratic quantum field associated with effective 
potential respectively. Above equations clearly 
demonstrates the difference in critical temperatures 
in four and five dimensional physics.  

  
Conclusions 
 
The Universe at early stages had gone through 

several phases. Phase transition and Critical 
temperature at different phases in four as well as five 
dimensional model are obtained and compared in this 
paper. It is observed that temperature decreases faster 
with time in Kaluza-Klein model. The extra 
dimension plays a very important role during phase 
transition.  It is also observed that that constant 
lambda Λ (cosmological constant) does not affect 
time-temperature relation as such at the early stage of 
the universe. It is well known that the present 
Universe is expanding and accelerating, so, 
determination of time – temperature relation for 
Kaluza-Klein cosmological model with variable 
cosmological constant can reveal the present universe 
scenario.  
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