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Numerical Simulation of Particle Dynamics in the Hydrogen-Air Mixing Layer 

Abstract. In this paper, supersonic plane turbulent mixing layer of gases with injection of solid 
particles is studied numerically. The gas phase are determined by DNS solving the multi-species Navier-
Stokes equations in the Eulerian approach , and the dynamic of solid particles  are traced in the Lagrangian 
approach. The dynamics of hydrogen – air mixing and the formation of the vortex system in the mixing 
layer and its effect on the distribution of solid particles in the two free-flow speeds are investigated. The 
study focuses on detailed analysis an influence of the vortex system in the supersonic turbulent mixing 
layer on the dispersion solid particles with different size. The results show that heavy particles almost do 
not react to vortex structures. It is revealed that medium particles tend to accumulate along the 
circumference of the vortex and along the braid between the two vortices. A quasi-equilibrium state with a 
gas flow of light particles is established.

Key words: two-phase flow, solid particles, multicomponent gas, mixing layer, Navier - Stokes 
equations.

Introduction

The understanding of the physics of mixing 
properties, ignition, and combustion, which are 
related to the turbulent supersonic mixing layer flow 
in the presence of particles, is strongly needed for 
the optimal design and operation of scramjet 
combustors. 

The two-phase flows involving solid, droplet, or 
suspensions are investigated intensively both 
experimentally [1-3] and numerically [4-13]. Quite a 
lot of research have been devoted to the study of 
particle dynamics in subsonic flows [7–10]. In [7] 
with a two-way coupling way. It was revealed in the 
process of vortex rolling up and vortices pairing, the 
particles with different Strouhal numbers have a very 
different pattern of dispersion. In [9] using DNS was 
found that the asymmetry of the developing mixing
layer leads to an increase in the number of particles 
moving from the upper faster flow to the lower flow. 
Authors [10] used two-way coupled Eulerian–
Lagrangian approach have been studied the particle 
dynamics in a turbulent boundary layer via DNS. 
They found the influence of the wall on the particle 

velocity and distribution is significant in the near wall 
region but is little in the outer region.

Limited number studies of particle dispersion in 
a supersonic flow have been performed [11-13]. For 
example, authors [11] showed the particle dispersion 
in a spatially developing compressible mixing layer. 
The direct numerical simulations were performed 
with different Stokes numbers. It has been shown the 
particles tend to accumulate in the peripheries of the 
vortical structures with high density, low vorticity 
inside the mixing layer, as well as the high-density 
regions behind the shocklets outside the mixing layer.

The Eulerian-Lagrangian approach is used for 
high-speed shear layers with monodisperse, 
adiabatic, inertial particles in the [12] to study the 
interactions of particles and flow turbulence and their 
effect on pressure fluctuations. It was found the 
particle–turbulence interactions change the local 
pressure intensity due to the displacement of the flow
(due to the particles) and significant turbulence 
changes.

In accordance with the above, the numerically 
detailed analysis and discuss the influence the vortex 
system in the turbulent supersonic multispecies 

https://orcid.org/0000-0001-7301-2035
https://orcid.org/0000-0003-1548-7061
https://orcid.org/0000-0003-4360-3728
mailto:gulzana.ashyrova@yandex.ru


31G.A. Ashirova et al.

International Journal of Mathematics and Physics 13, №1, 30 (2022)                                   Int. j. math. phys. (Online)

mixing layers on the dispersion solid particles with 
different size will be performed via DNS numerical 

simulation applying a high-order essentially 
nonoscillatory (ENO) scheme (Figure 1). 

Figure 1 – Scheme of the development of the mixing layer

Model of gaseous phase 

The basic equations are the system of two-
dimensional Navier−Stokes equations for 

a multispecies gaseous mixture, which is written 
in the Cartesian coordinate system in the 
conservative form:
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where ρ is the density, u and w are the velocity 
components, р is the pressure, tE is the total energy, 

kY is the mass fraction of the kth species, Wk is the 
molecular weight of the kth species ( 1,..., ,k N= N
is the number of species in the gas mixture), Re is the 
Reynolds number, Pr is the Prandtl number, Sc is the 
Schmidt number.

The equation of state for the mixture of perfect 
gases may be written as
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ρ
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The equations for the total energy have the 
following form:
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The specific heats at constant pressure are 

computed for each component cpk via the molar 
specific heats Cpk by the formula / ,pk pkc C W=
where Cpk are determined from experimental data 
with the aid of the fourth-order polynomial 
interpolation in temperature:
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The numerical values of empirical constants jka
have been taken from the table JANAF [28] at normal 
pressure ( ) 1 p atm= and standard temperature 

293T K= .
The mixture molecular viscosity is determined by 

Wilke’s formula [14]
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iµ is the molecular viscosity of the thi
component, it is calculated by the formula 
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thi component, the values of components are 
presented in the work [14]: σ1 = 2.63, σ2 =
= 3.30, σ3 = 3.5, σ4 = 3.050, σ5 = 0.50, σ6 = 0.560, σ7

= 3.50, (2.2)*
iΩ is the integral of collisions for the 

momentum transfer, *
i iT kT ε= is the reference 

temperature, /i kε is the parameter of the potential 
function of the intermolecular interaction. According 
to the work [15], ( )(2.2)* * 1.i iTΩ =

The turbulent flow is assumed quasi-two-
dimensional, and the system of the Navier−Stokes 
equations is solved with the aid of the two-dimensional 
DNS approach without using the additional closing 
turbulence models.

Disperse phase model

The following assumptions are adopted for the 
dynamic particles: the particles are the spheres of the 
same size; the interaction of particles with one 
another is not taken into account; the particles motion 
does not affect the gas flow; the forces of Saffman 
and Magnus do not consider hence the small 
aluminum particles are considered. In accordance 
with these assumptions, the equations for the motion 
trajectory ( )px and the velocity ( )pu of particles are 

written as follows:

                    ,p p
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solid particle, pρ is the density of the solid particle 
of the pth component, Fp is the drag force acting from 
the gas side on the particle of radius rp which is 
determined as

( )2
D
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p pp pF C r u u u uπ ρ= − −
   



here CD is the drag coefficient, µ is the coefficient of 
the gas dynamic viscosity.

For the case of a turbulent flow around a particle 
at 1Re > , different formulas are used for the drag 
coefficient CD (based on the Stokes formula 

D 24 Re)C = with regard for gas properties and 
motion regime. The most known formula is the one 
proposed in the [16], which is also used in the present 
work in the form:
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built in terms of the particle radius rp.
The governing equations (1)−(3) are written in 

dimensionless form. As the non-dimensionalization 
parameters, the following reference values of the 
upper flow have been taken: , , , ;ku T Yρ∞ ∞ ∞ ∞ the 
pressure and total energy are related to the value 
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defined as .t uωδ ∞≈ The same parameters as for 
the gaseous phase are taken for disperse phase at the 
non-dimensionalization.

Initial and boundary conditions 

The parameters of gas flows are specified at the 
inlet as follows:

the upper flow
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Hz is the height and Hx – the length of the region 
under consideration.

At the inlet, the particle velocities are set equal to 
the flow velocities at the injection point. In a thin 
mixing layer, the initial velocity u are determined by 
the hyperbolic tangent function
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( )xθδ is the thickness of the momentum loss, 

( )u u u u∞= − ∆ is the gas mean velocity, 

0( )u u u∞∆ = − is the difference of inlet velocities. 
The initial conditions are set in the same way as the 
inlet boundary conditions. The non-reflecting 
boundary conditions are specified at the outlet, 
bottom, and top boundaries, where the gas fluxes and 
perturbations pass through the boundary and do not 
reflect back [17]. The inflow perturbation at the inlet 
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here ( )u z is the hyperbolic tangent function defined 
by formula (4). The Am is the perturbation ampli-
tude, which is satisfying the condition that the gi-
ven product AmΔu must be equal to 0.1−0.2% of the 
maximum velocity of gases at the inlet. The perturb-

bation frequency mω are taken: 2 2
18 10m
π πω≤ ≤ The 

( )Gaussian z is the Gauss function the maximum 
value of which is equal to unity at z = 0and α is a 
random number.

Method of solution

Numerical solution of the system of equations 
(1), i.e., the gaseous phase, is carried out in two 
stages. At the first stage, one computes the vector of 
the thermodynamic parameters U



and at the second 
stage, the mass fraction of the thk species 1,7.kY =
For a more detailed consideration of the flow at the 
inlet of the mixing layer, the grid clustering is intro-
duced with the aid of the following transformations:  
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generalized coordinates is written as:
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– Jacobian transformation.

The numerical solution algorithm is based on a 
finite-difference third-order ENO scheme, which 
have been described in detail in the work [18-21].

Using the known values of the original variables 
and equation (2), the temperature field is computed 
with the aid of the equation

( ) ( )( )

( )

2

2 2

M
1 0,
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tf T E H T R T
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u w
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where H is the molar enthalpy of the gas mixture. 
The solution of the algebraic equation (8) for 
temperature is found by the Newton−Raphson 
iteration method [15].

The system of the ordinary differential equations 
(3) for the particles is solved with the explicit second 
order Euler method. 

Results and Discussion

For the verification of the numerical method, the 
test problem of the shear flow of the multispecies 
gases without particles is solved. The numerical 
results are compared with computations of the [22]. 
For that the test problem is performed with follows 
conditions: the inflow lower air are a mixture of 
nitrogen (N2) and oxygen (O2) 2

0.232,OY =

2
0.768NY = ; the inflow upper flow the mixture of 

nitrogen (N2) and hydrogen (H2) 2
0.1,HY =

2
0.9NY = .The flow parameters for air – M∞ = 2.1,

T∞ = 2000K, p∞ = 101321Pa, for nitrogen-hydrogen 
mixture – M∞ = 2, T∞ = 2000K, p∞ = 101321Pa. The 
convective Mach number ( ) / ,c cM u u a∞ ∞= −

( ) ( )0 0 0/cu a u a u a a∞ ∞ ∞= + + , amounted here to 
Mc = 0.38. The dimensionless length and height of the 
domain are Hx = 350, Hz = 120. The geometric 
parameters of the problem under consideration are 
dimensioned to the initial thickness of the momentum 
loss which at the entrance is 9.35x105m. For 
numerical simulation, the finest grid spacing is
specified as non-dimensional 0.03 around the mixing 
layer center and the cell numbers in the x and z 
directions are 626x241.

Figure 2 shows turbulent shear stresses 

и in the 
sections x = 320. Turbulent characteristics, such as 
the intensity of turbulence and Reynolds stresses 
have quantitatively small discrepancies. 

uuuu ∆′′= /2σ uwuuw ∆′′′′= /σ
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Figure 2 - Comparison of the calculated data obtained by the ENO scheme (solid line) 
and the numerical results of Martinez et al. [22] (circle points) for the profiles 

of turbulent shear stresses at section 0320x ωδ= , a) uuσ , b) uwσ

The numerical simulation of the posed problem 
was carried out for the dimensionless domain 

320, 80.x zH H= = The inflow lower air with

2 2
0.232, 0.768O NY Y= = and upper flow (the 

mixture of nitrogen (N2) and hydrogen (H2)) with 

2
1,HY =

2
0NY = are taken. The Mach number of 

injected upper hydrogen-nitrogen mixture is M0 = 2
and for lower air 1.5M∞ = . The gas flow tempera-

ture is adopted equal T0 = 600, 1200T∞ = , the 

pressure 0 1p p atm∞= = . The aluminum particles 
of the three sizes of diameters   95 ,d mµ=

  9,5 ,d mµ=   1,9d mµ= are injected from five 
holes at the entrance simultaneously which is located 
near the center of the mixture layer
( 0, 20, 30, 40, 50, 60).x z= =

The graphs below show non-stationary vortex 
system obtained by numerical simulation. The 

dynamics of hydrogen – air mixing are illustrated in 
Figure 3 by instantaneous hydrogen concentration 
and streamlines at different time: 

,) 100a t = ,) 200b t = ,) 400c t = ,) 600d t =
 1) 000.te =
As follows from figures, a significant 

curvature of the streamlines begins at time 
100t = , in the cross section 50x = as a result of 

flow instability (Figure 3a). It is confirmed by the 
distribution of hydrogen contours, where 
formation of vortices begins in this section 
(Figure 3a) and the whirling vortex captures the 
airflow and simultaneously the hydrogen mixture 
takes out leading to the mixing layer expands. 
Over time, the number of arising vortices 
increases conducting to a considerable growth of 
the mixing layer in the hydrogen-air mixture. 
Therefore, the intensification of vortex twisting
closed hydrogen zones are formed in the centers
of their rotation (Figure 3d)

b)a)
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Figure 3–Distribution of the hydrogen mass concentration (left) and distribution 
of streamlines (right) at different time:  100,   200,   4) ) ) )00 ,   600,  e  1000)a t b t c t d t t= = = = =

The dynamics of vortex bubbles and entrained 
particles (particle dispersion over time) is shown in 
Figure 4, which illustrates instantaneous vorticity 
contours and particle trajectories at various moments 

100, 200,) ) 0 ,) 4 0a t b t c t= = =
0) 6 0,d t = ) 1000.e t =

Numerical experiments reveal that neighboring 
vortices merge (pair) and form larger ones at 
moments of time = = =t 200,t 400,t 600 (Figure 3 
b – d). Apparently, each such merging lead to the 
entrainment of the non-whirling gas in the mixing 
layer thereby to the thickening of mixing layer. The 
generation of three vortex systems is observed at a 
distance from =x 40 to =x 180 by the moment 
of time =t 200 in Figure 4b and the number of 
vortices grow to 4 and 5 at times =t 400 and 

=t 600 , respectively. A stable turbulent vortex 
structure forming with time =( t 1000 ) and 
consisting of seven vortices is shown in Figure 4 e. 

The particle distribution provided in the same 
figure demonstrate that particles injected into the 
rapid upper flow move much faster compared to 
particles injected into the slower lower flow at the 

initial time 100t = . Hence, for example, the 
particles that started moving from the inlet point 

0x = and injected at the height =z 50,60
propagate by the moment of time until the cross 
section =x 200 .Part of them gets into the vortex 
zone = ÷( x 80 160 ) and the trajectories of these 
particles become circular. 

However, the slow moving particles (the particles 
injected from lower stream at height 

= =( z 20,z 30 ) are still not captured by vortices 
and continue moving along their own trajectories and 
reach the position =x 80 by the moment of time 

=t 100 . It follows from Figure 4 b – d, e that the 
particles are entrained completely into the vortex 
zone of the mixing layer over time, despite that 
dispersion of particles injected into the slower flow is 
much less compared to the particles which move in 
the faster flow.

As you can see from numerical experiments, that 
particles have tendency to accumulate in the 
periphery of vortex structures, which is visible from 
Figure 4, therefore, they are captured by vortices 
practically uniformly.

a)

b)

c)

d)

e)
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Figure 4–Distribution of vorticity contours (left) and distribution of particles (right) at different time
 100,   200,   4) ) ) )00 ,   600,  e  1000)a t b t c t d t t= = = = =

The above result shows that particles injected 
into the faster flow are more dispersed than 
particles injected into the slow flow, which are in 
qualitative agreement with the observed behavior 
of particles in the developing mixing layer.
Despite that, the mixing of particles 

between the two flows is shifted towards low 
velocity. It is confirmed in Figure 5, where 
presented the quantitative distribution of particles 
in the upper (Figure 5a) and in the low (Figure 5 
b) mixing layers along the centerline of the x –
axis at time =t 1000 .

Figure 5 – Quantitative distribution of particles of the upper (a) 
and lower (b) flows over the cross section x at time 1000t = .

0 40 80 120 160 200 240 280

10

20

30

40

50

60

320X
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0 40 80 120 160 200 240 280
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e)

a)
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The number of particles is determined as follows:

( )cp
1 22

rms
cp1

( ) ,
N

i

i

N x
N x

N=

 
 =
 
 
∑

here cpN is the total number of grid cells, iN ( x ) is 

the number of particles in the thi cell. As is seen in 
the Figure 5, the number of particles in the lower 
airflow is larger in comparison with their number in 
the upper flow of the hydrogen-nitrogen mixture.

Figures 6-7 provide numerical results with three 
different particle sizes of ) 95a d mkm= (heavy),

=b )d 9.5 mkm (medium), =c )d 1.85 mkm
(light). The following shows an analysis of the in-
fluence of particle sizes on the dispersion of particles 
and their location in the turbulent mixing layer.

Figure 6 shows the motion pattern of particles 
with different diameters ) 95,a d = ) 9.5,b d =  

) 1.85c d = at the time points 100t = (left) and 
200t = (right). Fluid flow practically does not affect 

the distribution of heavy particles due to the absence 
of large stable structures at the time 100t = (Figure 
6a).

However, medium and light particles are already 
transported through the first vortices, which leads to 
a curvature of the particle’s trajectories, which can be 
observed in Figure 6 b, c. It can be seen here that the 
particles are moving away from the vortex cores, 
accumulating in the areas surrounding the vortices 
and in the areas of the braid. The trajectories of heavy 
particles do not change at time 200t = (Figure 6), 
even though larger vortices are created at this time 
(see Figure 3), this is since the intrinsic momentum 
of the particles is significantly greater than the 
momentum generated by the vortices. In this case, 
medium and light particles are attracted by large 
vortices from large distances to the mixing layer. The 
particle distribution becomes non-uniform and a 
large area of the vortex core still has not particles.

Figure 6 – Particle’s trajectories at times 100t = (left) and 
200t = (right) ) 95, ) 9.5, ) 1.85a d b d c d= = =

Figure 7 demonstrated dispersion of particles 
with different diameters ) 95,a d = ) 9.5,b d =

) 1.85c d = at times =t 600 and =t 1000 . One 
can see that the movement and distribution of 
particles in the mixing layer are strongly influenced 
by size. Heavy particles move along rectilinear 
trajectories. The particles almost do not react to the 
turning and rotation of large vortex structures, a small 
dispersion is observed only downstream.

However, medium-sized particles tend to 
accumulate along the circumference of the vortex and 
along the braid between the two vortices, which leads 
to appearing some "empty" areas where the solid 
particles are almost not observed (Figure 7b). This is 
due to the effects of deformation of the flow field in 
combination with centrifugal effects. This result 
means that the simulated flow can create almost 
linearly ordered particle dispersion structures at 
certain particle sizes.
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On the contrary, light particles are carried 
throughout the flow field, including the vortex nuclei, 
which is clearly seen in the cross section 

< <160 x 320 (Figure 7c). Since these particles 

react faster to flow changes, the structure of the 
particle dispersion resembles the flow vortex 
structure. In other words, light particles are in a quasi-
equilibrium state with the gas.

Figure 7 - Particles trajectories at times 600, 1000t t= =
) 95, ) 9.5, ) 1.85a d b d c d= = =

Conclusion

A supersonic plane turbulent mixing layer of gas–
particles for the flow of two parallel streams of 
hydrogen (upper high–speed) and air (lower low–
speed) is numerically studied. It was found that the 
hydrogen – air mixing are generated non-stationary 
vortex system. It is revealed that neighboring vortices 
pair and form larger ones over time. Thereby, mixing 
layer is thickened. The particle distribution indicates 
that the particles injected into the fast upper stream 
move much faster than the particles injected into the 
slower lower stream. Particles are eventually 
completely entrained into the vortex zone of the 
mixing layer, even though the dispersion of particles 
injected into a slower flow is much smaller than 
particles that move in a faster flow. Numerical
experiments show that particles tend to accumulate 
on the periphery of vortex structures. Numerical 
results with three different particle sizes at various 
time are also examined. It is confirmed that the 
movement of particles and their distribution in the
mixing layer are strongly influenced by size. Heavy 
particles almost do not react to vortex structures. At 
the same time, medium particles tend to accumulate 
along the circumference of the vortex and along the 
braid between the two vortices. On the contrary, 
particles with a small diameter are carried by the gas 

flow throughout the flow field, including the vortex 
cores.
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