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An Initial-Boundary Value Problem for Kelvin-Voigt Equations
with (p(x), q(x)6 m(x)) Structure

Abstract. A proof of a existence global in time of solutions of initial-boundary value problems for
nonlinear equations mostly is not easy, even in some cases it is impossible. However, by establishing some
qualitative properties of its solutions, one can find answers to such questions. For example, by establishing
the blowing up in a finite time property of a solution, one can show that a solution does not exist globally
in time. Thus, in last years, the investigating the qualitative properties of solutions such as localization
and/or blow up in a finite time, has been developing rapidly.

In this work, we study the nonlinear initial-boundary value problem for the generalized Kelvin-Voigt
equations describing the motion of incompressible viscoelastic non-Newtonian fluids. The equations
generalized by replacing the diffusion and relaxation terms in equation with p(x)-Laplacian and q(x)-
Laplacian, respectively, and adding a nonlinear absorption term with variable exponents and coefficients.
A definition of a weak solution is given. Under suitable conditions for variable exponents and coefficients,
and data of the problem, the blowing up of weak solution is established.
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1. Introduction Voigt equations (without convective term) perturbed

by p(x),q(x)- Laplacian diffusion, relaxation and

In this work, we study the following initial-  damping term with variable exponents and
boundary value problem for the modified Kelvin- coefficients

m(x)=2 _,

vV, +Vr= div()((x)‘DV‘q(x)_z Dv, + ,u(x)‘DV‘p(x)_2 DV)+ y(x)v v, (x,t)e0,, (1)

divv =0, (x,t) e, (2)

that supplemented by the following initial and  pounded cylinder with lateral I, = 8Q><(0,T),
boundary conditions

D(\7 ) = l (Vﬁ +Vvy T) is the rate of the strain tensor,
V(x,t}ko =, (x),x e, (3) 2
B the vector function \7(x,t) = (v1 V) ,...,vn) is a
V(x, t}[_ -0. (4) velocity field, the scalar function 7z'(x, t) is a

pressure, £ is a viscosity kinematic coefficient, and

" ) ) ) y 1s a viscosity relaxation coefficient. The
Here 2 c R", n>2, is a bounded domain with a

coefficients vy, u,y and the exponents ¢, p, m
smooth boundary 0Q and Q; :QX(O,T ) is the ot ¥ P

are given measurable functions on £2, such that

0<p <p(x)<p® <o, 0<p~ < p(x)<p <o,
0<y <ylx)<y’<w, 0<g <qg(x)<qg” <o, 5)
0<y <y(x)<y* <o, O<m7£m(x)ﬁm+<oo,
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where “+” and “—" on power denote the ess sup

and essinf values on 2 of corresponding

functions, for example, for the function G(x):

o' =esssupo(x), o~ :=essinf o(x).
xe2 xe2
The system of equations (1)-(2) with
p=qg=2 and y=0 and with constant coeffi-

cients is called the classical linear Kelvin-Voigt
equations and it is used as the model of the motion
of incompressible non-Newtonian fluids [1-3]. The
name of the Kelvin-Voigt equations has been
appeared in works of Oskolkov [4-8], though
neither Kelvin nor Voigt have suggested any
system of equations and these equations have been
used in some cases even before the above
Oskolkov’s works. For instance, in 1966,
Ladyzhenskaya [9] has suggested these classical
Kelvin-Voigt equations as a regularization to the 3-
dimensional Navier-Stokes equations to ensure the
existence of unique global solutions, see also [2,
10-11] and references therein.

The various initial-boundary value problems for
the classical linear and nonlinear Kelvin-Voigt
equations have been studied by several authors, for
instance, in [2], [4-11] for homogenous fluids, i.e.
when the density is a known constant, and in [12], for
nonhomogeneous fluids, i.e. when the density is
unknown function.

On the other hand, the equation (1) is the
pseudo-parabolic type equation, and the blow up
properties of solutions of such equations with p-
Laplacian with variable and constant exponents were
studied in [13-15] (see the references therein).

In last years, as PDE generalized by p-Laplacian
and nonlinear damping terms, an investigation of
modified equations of hydrodynamics, in particular,
the Navier-Stokes equations modified with p-
Laplacian diffusion and with a damping term is
rapidly developing, see [16-19].

The system (1)-(4) with a convective term,
when all exponents and coefficients are constant, has
been studied in [20]-[22], where the existence and
uniqueness and the qualitative properties of weak
solutions as large time behaviors and blow up in a
finite time, are established.

Organization of this paper: in section 2, we
introduce functional spaces, the inequalities and
preliminary results used in the analysis. Later, in
section 3 we state and prove our main result, in which
we establish the conditions under which the weak
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solutions to the investigating problems are blow up in
a finite time.

2. Notation and Preliminaries

In this section, we introduce the necessary
definitions and preliminary results to state the main
results of this paper. For the definitions and notations
of the function spaces used throughout the paper and
for their properties, we address the reader to e.g. the
monographs [19, 25] cited in this work. We just fix
the following notations for the functions spaces of
mathematical fluid mechanics:

= {v e Cr(2): divi = O},
H := closureof @inthe normof L* (_Q);
V, :=closureof @inthe normof whe (.Q)

Let 1<p<o and Q€R",n>1, be a
domain. We will use the classical Lebesgue spaces

L? (_Q) whose norm is denoted by ||0||p, o For any

nonnegative k, W*? (Q) denotes the Sobolev
space of all functions u € L’ (.Q) such that the

weak derivatives D%u exist, in the generalized
sense, and are in L7 (.Q) for any multi-index o

such that 0 < |0L| <k.

Let p: 02— [1,00] be a measurable function
and we define

p :=essinf p(x), p" :=esssup p(x).
xe xe

Given p:.Q—)[l,OO] we denote by

e (Q) the space of all measurable functions u
in €2 such that its sesmimodular is finite

A, = I|u(x)|p(x)dx <,
Q

The space L ) (Q) is called Lebesgue space
with variable exponent equipped with the norm

. u
bl =m0 4y 41,

and L7 (.Q ) becomes a Banach space with this norm.
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The weak solution to the problem (1)-(4) is
understood as the following sense

Definition 1. The vector function \7(x,t ) is
called a weak solution to the problem (1)-(4), if:

(1) W(er)er(0,1;HQ)AY, (@)A1 (0,157,,, (@)L (0;),

¥(x,0)= ¥,

(x) a.e.in §2;

(i)
(iii)

and for every ®(x)e H(2)n Vq(x)(_Q)ﬁ Ve (2)NL"*(Q) and forae. >0 holds

%J. (\7 -+ ;((x)|D\7|q(x)_2D\7 : Dgo)dx + J.,u(x)|D\7|p(x)_2 Dv : Dodx = Iy(x)|17|m(x)_2\7¢dx .(6)
Q

3. Main result

In this section, we establish the conditions for
the coefficients, exponents and data of the
problem,
that a weak solution to the problem (1)-(4) blows up
in a finite time, i.e. the weak solution does not exist
globally in time.
Theorem 1. Let the conditions (5) be fulfilled
and for the exponents p(x),q( x ),m(x) hold the

conditions:

p <m and m" >max{2,q+}. (7)
Let us assume, that also

Vo € VPNQ2)A L") (2) and

[l sigonr oo o

Then there exists a finite time 7, <o
(defined by (18)) such that a weak solution to
problem (1)-(4) blows up.

Proof. The proof of Theorem 1 is based on the
methods, presented in [23-24].
Let us first introduce the following functional

o()- [ {gnvni of j((;‘)ﬁmvuudef

Under the conditions of Theorem 1, for every
nontrivial solution of (1)-(4) and for all >0
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*H H +_[ﬁ @ x> 0. (9)
Q x
Testing now (6) by v and using
28 oo v

Q

we have

;c(x
4| i i £
=

Combining (9) and (10), we obtain

@' (0)= [ (@ k. an

Qo

} . (10)

e ,u x |Dv| )

Next, taking @ =V, in (6) forall >0, we get

5" | Dv [ dx =

i+ ()
Q
o 09

:%&(;((i)) e ”(")de} "

Integrating (12) by 7 from 0 to ¢ and applying
the assumption (8), we get
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t

| [nvtni +f Z<x>|DVIq("”IDﬂ|2dedr -
Q

0

I(;(();)) |\7(t)|m(X) _%pﬁ(ﬂrﬂ(ﬂjdx _ I(;((?;)) |‘70|m(X) _ /;E;C; |D‘—}»O|p(x)de - 13)

J' (% o™ —%|D\7(t)|p(x)jdx, Vi > 0.
Q

Applying (7), we get the following inequality

[ [7 () g~ b ”(*)]dx < (—7 () 5oy 20 ey ”(")]dxs
alm(x) p(x) al P
nE 50" - 5O ) dx <"
< E[(;/(x)|v(t) 11(x)| DV () )dxsmf @"(t), Vi >0,

Then, it follows from (13) that

t

o< {||v,||j +f ;((x)D\7|q(x)2|D\7t|2dx]dr <L) (14)
m
Q

0

Next, applying the Holder and Young inequalities together with (5), we derive the following chain of

inequalities for 0 <7'<¢:
2
2 py D\de)dz} <

1 2
q(x)—Z |2 2
|Dv,| dx T| <
2 (15)

9(x) dxdz'Jz [J.J.Z|D‘7 g(x)-2 |D17t|2 a’xd‘r}2 <

r'Q

(o' (1)- /()] :qu)”(r)dr}z :M Jmdes [ 2(5)s

t

1
. ol : -
J[nvnz,gnv,nz,g+[Jz|z>v" >dxj Uzwv
Q Q

¥
1

1 1
IR e

'

t t
. j(”v”j [l dx]df. ;(||a,||; [ 2l
t Q t' Q

It follows from (15) and (1), (2), that

=2 Dy, |2 de dr.
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[@'(1)-

a() dx] dr-

([ 211 1 o (29 s
< ;[[25”\2”2 +q i j (x)|Dv

max{2,q+ } @(t)j{”ﬁt ||§ + I;((x)|D\7

i

max{Z,q*}

We want to prove that the functional CD(t)

becomes unbounded (blows up) at a finite moment.
Let us assume that for contradiction, the blow-up
does not occur in a finite time, i.e. the nontrivial

solution v exists for all time ¢>0 . Since,
®(¢),®'(t) and ®"(¢) are nonnegative, there exists
a time ¢ >0, such that they are strong positive for
all ¢>¢', and it is necessary that ®'(r)—> oo as

t — oo . Notice that for every o € (1, n;}

20 _ D'(t')

— —>0 as t > .
m D)

It follows that for every fixed o E(I’IZJ there

exists a moment f, >¢' such that

forall £>¢,, q)(to)> 0.

Using (15) and the last inequality, we get

2% (@) < (@)~ () < > @ (l)

m m

forall ¢>¢,,
Hence
() _ "(¢)
®'(r)

O-CD(Z‘)_

o (no7() <(ma'() =
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o'()] <

IF + [ 20| D" | D P d |dr <
2
Q

(16)

"2 py [ dx]dr <

O (1)-®"(1), Vt>1'>0.

(%j@f’@)g ®'(¢) forall t>¢4, (17)

The direct integration of (17) leads to the inequality

o-1
()2 —2 (fo)q),(t o
1—(t—t0)(6—1)@(t0)
0
as t > T =t,+ (to) (18)

On the other hand, by using the above assumption on
existence of a weak solution v to the problem (1)-

(4) for all time ¢ >0, we obtain that the functional
CI)(t) is bounded at a finite moment 7, :

L. Xilo—
o> T s (151 + 2|05, )2

o(lioe x qzjd _ '
> =V, +=(Vv T=0(¢

But this is impossible, because by (18) the functional
®(¢) is unbounded at a finite moment 7,

max » 1-€

q)(t)—)oo, ast—T, . and it contradicts the

existence of a solution v of the problem (1)-(4) for

all time ¢>0 . Therefore, it follows from this
contradiction that the weak solution to the problem
(1)-(4) blows up in a finite time, and it completed the
proof of the Theorem 1.
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4. Conclusion

In this work, the nonlinear initial-boundary value
problem for the generalized Kelvin-Voigt equations
describing the motion of incompressible viscoelastic
non-Newtonian fluids is considered. The equations
has been generalized replacing the diffusion and
relaxation terms in equation with p(x)-Laplacian
and q(x) -Laplacian, respectively, and adding a
nonlinear absorption term with variable exponents
and coefficients.

The functional spaces with their norms and some
necessary inequalities regarding to the variable
exponents have been introduced. Under suitable
conditions on exponents and coefficients, and on the
data of the problem, the blowing up in a finite time
property of weak solutions is established. As it is
known from theory of PDE, this property means that
the weak solutions of the problem do not exist global
in time.
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