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Similarity Solution of Two-Phase  
Cylindrical Stefan Solidification Problem 

Abstract. The mathematical model of determining temperature fields in cylindrical domain with solidification 
process is represented. The solidification process of cylinder due to cooling is constructed by two-phase cylindrical 
Stefan problem for liquid and solid zones with freezing interface. Respect to strength of the heat sink at the center of 

cylindrical material boundary condition 1 00
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r
r
  







 is an important to determine temperature in solid domain. 

The analytical solution of the problem is introduced with method of similarity principle which enables us to reduce 
free boundary problem to ordinary differential equations. Temperature solutions of solid and liquid zones are 
represented by special function which called exponential integral equation. The free boundary at freezing interface 
and temperatures at two phases are determined. Lemmas about exponential integral functions are introduced and used 
to prove that obtained operator function is contraction operator. Upper boundness of the exponential integral function 
is checked graphically. It is shown that existence of uniqueness of solution exists.  
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Introduction 

Solution of the Stefan problems with similarity 
principle is widely developed in recent years. The 
one- and two-phase Stefan problems with 
temperature dependence coefficients are considered 
in papers [1]-[3]. The inverse Stefan problems for 
determining time-dependent heat conductivity with 
shifted Chebyshev polynomials [4] and using 
Kumar function finding latent heat depending on the 
position [5] are considered by method of similarity 
principle. 

Mathematical model of the solidification 
problem in cylindrical domain is considered with 
two-phase Stefan type cylindrical problem in which 
temperature in liquid and solid zones and free 
boundary at freezing interface have to be 
determined. The similarity principle in this paper is 
used to modeling temperature field in liquid and 
solid cylindrical metal zone. The method is very 
useful to solve this free boundary problem by 
reducing it to nonlinear ordinary differential 
equation, then to obtain new solution form with 
special function which called exponential 
integration function. This is one of the main result 
of this paper. The second result of this paper is that 
obtained solution form is contraction operator and 
proved that there exists unique solution.  

Mathematical model of the problem. 

Mathematical model of the process of 
solidification of a cylindrical material and cooling 
along cylindrical axis r = 0 is constructed with two-
phase cylindrical Stefan problem. Two domains are 
modeled, for solid zone 

1 : (0 ( ))D r t   tempera-
ture is θ1 and for liquid zone 

2 : ( ( ) )D t r   
temperature is θ2 and it is required to solve the 
following Stefan’s problem 
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The initial conditions are 

2 0( ,0) , (0) 0.r          (3) 

The boundary condition at the center r = 0 is 
based on the strength of the heat sink. It is expressed 
as 
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The remaining boundary conditions are 
 

1( ( ), ) ,rt t                            (5) 

2 ( ( ), ) ,rt t                            (6) 
 

where θr is freezing temperature and at infinity we 
have 

2 0( , ) .t                             (7) 
 

The Stefan’s condition is  
 

1 2
1 2

( ( ), ) ( ( ), ) .t t t t dL
r r dt

       
   

 
    (8) 

 
The mathematical model of heat problems in 

electrical contact processes are also can be 
considered without condition (4) with θ1 as liquid 
zone’s temperature and θ2 for solid zone if 
phenomena is performed between two cylindrical 
contact materials. In most situation S.N. Kharin 
considered spherical Stefan problem as in electrical 
contact spot heat distributed spherically in contact 
materials, see [6]-[10]. 

The solution of the problem (1)-(8) we try to 
find by using similarity principle 
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The equations (1) and (2) transforms to 

following  
2

2 (1 ) 0, 1,2,i id u du i
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then domain for θ1 is 
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θ2 is 
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We can rewrite equation (10) as 
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Integrating we get 
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Second integration gives 
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Using exponential integral function 
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we get 
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If 0( )t t  , then the conditions (3)-(8) 
can be written in the form in terms of variable   
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Satisfying solutions (12), from conditions (13)-

(17) we get 
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By making substitution (12) and (18) to (9) we 
obtain solution for problem (1)-(8) as the following 
form 
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Using Stefan’s condition (17) we get the 

equation to find a0 
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Thus the solution of the problem is given by the 

expressions (19) and (20) where a(t) should be 
found from the equation (22). The next section we 
prove the existence of uniqueness of the solution 
form (12). 

 
Existence of uniqueness 
 
To prove existence of uniqueness of (12) we 

have to obtain the next following results. 
 
 

Lemma 1. For any η > 0 there exists 
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and it is finite, it satisfies the 

following identity 
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Additionally, it stays finite when η → 0 and 
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Proof. Let η > 0 and ( ) :
zeI dz
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One just needs to observe that for z  close to 0, 
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  as 1,ze   and 1
z

 can be integrated on 

[ , ]  , even if it is not defined at 0, because it is 

odd: 
0

1 1 1lim
t

t
t

dz dz dz
z z z

 

 


 

 
  

 
    (as Cauchy’s 

principal value), and 1 1t

t

dz du
z u





    with the 

change of variable u z  . So 1 0dz
z





  for any 

0 .   
But we have to show that I(η) exists for any  

η > 0 and that ( ) 0I    for η → 0. A first Integration 
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The integral is well defined and finite, as the 

integrated function is continuous and finite for all z, 
even at 0. So this proves that I(η) is finite for any 

0 .   
If we take 0  , it gives that for each terms 

in I(η), 
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So I(η) → 0. 
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Lemma 2. For any 
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We can check this inequality Ei( ) xx e  
graphically from Figure 1 where red curve is 

exponential function and blue curve is exponential 
integral function. 
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Figure 1 – The Ei function and upper bound function xe  

 
 

Theorem 1. Let 
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(12) for 1( )u   satisfies a Lipschitz condition, then 
there exists 0k   such that  
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unique solution of equation (12).  
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for all 2 2
0 1, * [0, / (4 )]a   . W is a contraction 

operator and by the fixed point theorem, then there 
exists a unique solution of integral equation (12). 

Existence of uniqueness for u2(η) is proved 
analogously as in theorem 1.  

 
Conclusion 
 
The temperature in liquid and solid zones (19) 

and (20) are determined based on similarity 
principle which enables us to obtain (12). By using 

fixed point theorem, inequalities about exponential 
integral function and Lipschitz condition existence 
of uniqueness of the (12) is proved.  
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