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Integral bvp for  singularly perturbed system of differential equations

Abstract. The article presents a two-point integral BVP for singularly perturbed systems of linear 
ordinary differential equations. The integral BVP for singularly perturbed systems of ordinary differential 
equations previously has not been considered. The paper shows the influence of nonlocal boundary 
conditions on the asymptotic of the solution of the regarded BVP and the significant effect of integral terms 
in the definition of the limiting BVP. An explicit constructive formula for the solution of this BVP using 
initial and boundary functions of the homogeneous perturbed equation is obtained. A theorem on 
asymptotic estimates of the solution and its derivatives is given. It is established that the solution of the 
integral BVP at the point 0t = is infinitely large as 0µ → .From here, it follows that the solution of the 
considered boundary value problem has an initial jump of zero order. It is found that the solution of the 
original integral BVP is not close to the solution of the usual limiting unperturbed BVP. A changed limiting 
BVP is obtained. The presence of integrals in the boundary conditions leads to the fact that the limiting 
BVP is determined by the changed boundary conditions. This follows from the presence of the jump and 
its order. A theorem on the close between the solutions of the original perturbed and changed limiting 
problems is given.

Key words: singularly perturbation, small parameter, asymptotic, initial jumps, asymptotic estimate, 
BVP.

Introduction

Many applied problems lead to the consideration 
of differential systems with small parameters. In the 
case when the type of the given system changes as 
small parameters tend to zero, then it is said that it is 
singularly perturbed. The systematic study of the 
theory of singularly perturbed equations began with 
the works of A.N. Tikhonov [1] and V. Vazov [2], 
where they prove their famous theorems on the 
passage to the limit in singularly perturbed 
problems.A significant contribution to the further 
development of the main directions of the theory was 
made by L.S. Pontryagin [3], N.N. Bogolyubov, 
Yu.A. Mitropol'skiy [4], M.I. Vishik, L.A. 
Lyusternik [5], A.B. Vasilieva, V.F. Butuzov [6], 
S.A. Lomov [7], Imanaliev M.I. [8] and others.

In the works, [9-12] initial problems with 
infinitely large valueof an initial data for a 
sufficiently small value of the parameter were 
studied. In this case, the solution to the original 
problem for a sufficiently small value of the 
parameter approached the solution of the changed 

degenerate problem. Such initial problems are called 
Cauchy problems with an initial jump. 

BVPs for differential, integro-differential 
equations with small parameters at the highest 
derivatives are studied in [13-15]. Here take places 
initial and boundary jumps phenomena when some 
derivatives of the solution are unbounded at the left 
point of the segment or at the both ends. In the work 
[16] initial problem for piecewise constant argument 
differential equations is studied.

The boundary value problems considered in [17, 
18] are local. We consider nonlocal boundary value 
problems for a system of singularly perturbed 
differential equations.

For systems of differential equations, such 
problems have not been considered previously. In 
these problems, in addition to the initial jumps of the 
fast and slow variables, the phenomenon of the initial 
jumps of the integral terms also arises. Thus, the 
presence of integrals in the boundary conditions leads 
to a significant modification of the limiting boundary 
value problem, to which the solution of the original 
perturbed nonlocal boundary value problem tends.

https://doi.org/10.26577/ijmph.2021.v12.i1.04
https://orcid.org/0000-0002-4179-0374
https://orcid.org/0000-0001-6761-1509
https://orcid.org/0000-0002-6941-5023
mailto:mdauylbayev@gmail.com


26 Integral bvp for  singularly perturbed system of differential equations

Int. j. math. phys. (Online)                                   International Journal of Mathematics and Physics 12, №1, 25 (2021)

Problem statement and auxiliary materials

We present the following singularly perturbed 
system of ordinary differential equations of the form
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where −> 0µ small parameter, , ,α β γ −given
constants, which do not depend on µ .

Now we make two assumptions: 
I. ( ), ( ), ( ), ( ) , 1, 2i i i iA t B t C t F t i = are sufficiently 

smooth in the segment 0 1t≤ ≤ ;

II. 10.0)(1 ≤≤>=≥ tconsttA δ
Some other conditions will be imposed later. We 

view the following homogeneous singularly 
perturbed differential equation

0)(')('' 11 =++≡ ztBztAzzL µµ (3)
If the conditions I, II are satisfied, then the 

fundamental set of solutions 2,1),,( =itzi µ of the 
equation (3) has the asymptotic representation as 

0→µ [8]:
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Where 0)()( 1 <−= tAtκ , functions 2,1),(0 =itzi

are solutions of the problems
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Let the function K(t, s, ε) as 10 ≤≤≤ ts is 
solution to the problem

( , , ) 0, ( , , )
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L K t K s s
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The function K(t, s, μ) – the Cauchy function,
which can be representedas [8]:
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where ( , )W s ε – Wronskian, composed of a 
fundamental set of solutions ),(),,( 21 µµ szsz
equation (3), and ),,( µstW – determinant, obtained 
from ),( µsW by replacing its second row with 

1 2( , ), ( , ).z s z sµ µ For the function K(t, s, μ), the 
following estimates can be obtained:
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where 2,1),(0 =itzi is expressed by formula (5).
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Now we introduce the boundary functions of the 
function 2,1),,( =Φ iti µ , which are solutions of the 
following problem 

2,1,,),(,0),( ==Φ=Φ ikthtL kiiki δµµµ , (9)

where kiδ −Kronecker symbol. Consider the 
determinant
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For the determinant )(µ∆ , taking into account 
(2), (4), (5), the asymptotic representation as 0→µ
is valid 
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where 0 1 2 10(0) ( )a h z t∆ = − .
III. Let 0 0∆ ≠
Boundary functions 2,1),,( =Φ iti µ can be 

represented in the form [8]:
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where ),( µti∆ is the determinant obtained by 
replacing the i-th row with the fundamental set of 
solutions ),(),,( 21 µµ szsz to equation (3).

For the boundary functions 2,1),,( =Φ iti µ
from (11), with considering (4), (10), one can obtain 
the following asymptotic representations as 0→µ :
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Main results.

From the system (1), we find

2
0

2

( )

2
0

( )

2 2

( , ) ( ( )

( ) '( , ) ( ) ( , ))

t

t

s

tC s ds

C p dp

y t e F s

A s z s B s z s e ds

µ γ

µ µ

−

−

∫
= + −

∫
− −

∫
(13)

Let us substitute in the first equation of system 
(1) the expression (13) with respect to ),( µsz ,we 
acquire the Volterra integro differential equation
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We seek the solution to the BVP (14), (15) in the 
form:
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where , 1, 2iC i = - unknown constants, ),( µtu
satisfies the integral equations
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The kernel ),,( µstH is continuous in the 
domain 0 1,   0t s t≤ ≤ ≤ ≤ and is bounded for 
sufficiently small µ . Therefore, the resolvent

),,( µstR of the kernel ),,( µstH is also limited 
andalso has the following asymptotic representation
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where ( , )R t s is the part of the resolvent ),,( µstR
which do not depend on µ .

Solving equation (18) using the resolvent we find
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For the function ),,(),,(),,( µµµϕ stHtFt ji
from (23), in view of (20), (12), we get the 
following asymptotic representations as 0→µ :
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Now, from (22), in consideration of (8), (12), (24) 
we derivethe asymptotic representations:



29M.K. Dauylbayev et al.

International Journal of Mathematics and Physics 12, №1, 25 (2021)                                   Int. j. math. phys. (Online)

0 0

( ) ( ) 2
( ) 1 10 10 1 1
1 1

0 100

1 1( ) ( )
20 2 10 1

1
0 0

(0) ( ) ( ) ( ) ( ) ( )( , )
( ) ( )

( ) ( ) ( ) ( , )1 11 ,
( )

t t

tj j j
j

j

tjx dx x dx

j

a z t z t s t tQ t ds
z s s

t z t h z t H s se ds O e
s

κ κ
µ µ

φ κ φµ
κ µ

κ µ
µ κ µ

−

−

−

= − − −
∆

 ∫ ∫   − + + +   ∆     

∫

∫

0 0

( ) ( ) 2
( ) 10 10 2 2
2 1

0 100

1 1( ) ( )
20 1

1
0 0

( ) ( ) ( ) ( ) ( )( , )
( ) ( )

( ) ( ) ( , )1 11 ,
( )

t t

tj j j
j

j

tjx dx x dx

j

z t z t s t tQ t ds
z s s

t z t H s se ds O e
s

κ κ
µ µ

φ κ φµ
κ µ

κ µ
µ κ µ

−

−

−

= − − − +
∆

 ∫ ∫   + + + +   ∆     

∫

∫
(26)

0 0

( ) 2
( ) 10

1
100

1 1( ) ( )
20

1 2 2

( ) ( ) ( ) ( )( , )
( ) ( )

( ) ( ) (0)1 1 ,
(0)

t t

t j j
j

j

jx dx x dx

j j

z t F s t F tP t ds
z s s

t z t Fe O e
κ κ

µ µ

κµ
κ µ

κ µ
µ κ µ

−

−

− −

= − − −

 ∫ ∫ − + +  
 

∫
 

 
From (21), in consideration of (15), we determine 

the unknown constants ,iC 1,2i = from the system 
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Theorem 1. Underconditions I-IV there exists a 
positive constant 0µ that for 0(0, ]µ µ∈ there exists a
unique solution of problem (1), (2) which satisfies the 
following asymptotic estimates as 0→µ :
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where 0, 0C δ> > − some constants independent 
of µ .

Proof. In view of (26), (29) from (21) for 
solutions of the problem (1), (2) we derive the 
following asymptotic representations as 0→µ :
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and the expressions 1 2( ) ( ) ( )t t F tαϕ ωϕ+ + , 1 1 2( ) (0) ( ) ( )t a t F tαϕ α ϕ+ + , 1( ) ( ,0)F t H tα− to the form

1 2 1 2
0

1
( )1 1

1 110
0 0 0 00

1( ) ( ) ( ) ( ( ) ( ) ( ))

(0) (0)1 ( ,0) ( , ) ( ) ( ) ( ,0) ,
s

i
i

i

t t F t t t F t

a aH t H t s z s ds F t H t

αϕ ωϕ αϕ βϕ
ω

α β α β α
ω =

+ + = + + =

 − −
=  + + − 

 ∆ ∆ 
∑∫

1 1 2 1( ) (0) ( ) ( ) ( ) ( ,0)t a t F t F t H tαϕ α ϕ α+ + = − ,                                      (34)
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2 2
0 0

2

( ) ( )

1 2 1 1
0

( )

1 1 1 1 2
0 0

( ) ( ,0) ( (0) ) ( ) ( , ) ( )

( ) ( , ) ( ) ( ) ( , ) ( ) ( )

t s

t

s

C p dp C p dpt

C p dpt t t

s

F t H t A C t e R t s C s e ds

F t R t s F s ds C t R t p C p dp F s e ds

α α γ
− −

−

 
∫ ∫ 

− = − + + + 
  
 

∫ 
+ + −  + 

 
 

∫

∫ ∫ ∫

Then from (34) the asymptotic estimate will be 
represented in the form

1 2

1 2

1 2
0 1 0 1

( ) ( ) ( )

( (0) (0)

max ( ) max ( ) )
t t

t t F t

C a A

F t F t

αϕ ωϕ

α β α γ

≤ ≤ ≤ ≤

+ + ≤

≤ − + + +

+ +

,

1 1 2

2 1 2
0 1 0 1

( ) (0) ( ) ( )

( (0) max ( ) max ( ) )
t t

t a t F t

C A F t F t

αϕ α ϕ

α γ
≤ ≤ ≤ ≤

+ + ≤

≤ + + +
(35)

Now, from asymptotic formulas (32), in view of 
(33) – (35), we get estimates (31). Theorem 1 is 
proved.

Theorem 1 implies that 

1(0, ) (1), '(0, ) ( ),

1(0, ) (1), '(0, ) ( ), 0

z O z O

y O y O

µ ε
µ

µ µ µ
µ

= =

= = →
(36)

Consequently, the solution of the integral BVP 
(1), (2) has an initial jump of zero order at the left 
point of the segment.

A changed unperturbed problem.

In view of the problem (1), (2) as 0=µ we
obtain the following BVP





=+++
=++

)(~)(~)('~)('~
)(~)(~)('~)(

2222

1111

tFytCztBztAy
tFytCztBztA

(37)

1 ( ) ,h z t α= 3 ( )h y t γ=                   (38)

Now, we investigate the limit passage between 
the solutions of the perturbed problem (1), (2) and the 

usual unperturbed problem (37), (38). In system (1), 
(2) we carry out a change of variables by the formulae

)(~),(),(),(~),(),( tytyttztztu −=−= µµνµµ .
Then we get the system

1 1 1

2 2 2

( ) ( ) ( ) ( )
( ) ( ) ( ) 0

u A t u B t u C t z t
A t u B t u C t

µ ν µ
ν ν

′′ ′ ′′+ + + = −
 ′ ′+ + + =



(39)

with boundary conditions

0),(
)(~),(

0),(

3

22

1

=
−=

=

µν
βµ

µ

th
tzhtuh

tuh
             (40)

Since in the boundary conditions (38) we did not 
use the condition 2 ( )h z t .Therefore in the conditions 

(40) 2 ( ) 0h z tβ − ≠ . Problem (39), (40) is of the 
same type as problem (1), (2). Then by virtue of 
Theorem 1 we have the following estimates for 

),(),,( µνµ ttu :

( )(
2

1| ( , ) | (| ( ) | )(1 ),

0,1

t
j

ju t C h z t e

j

δ
µµ β µ

µ

−
≤ − + +

=



),1)(|)(~(||),(| 2
µ

δ
µβµν

t

etzhCt
−

++−≤

Hence, it follows that the solution 
),(),,( µµ tytz does not tend to the solution 

( ), ( )z t y t of the unperturbed problem (37), (38).
Now, consider the unperturbed system

( ) ( )
( ) ( )

1 1 1 1

2 2 2 2

( ) ( ),

( ) ( ) 

A t z B t z C t y F t

y A t z B t z C t y F t

′ + + =
 ′ ′+ + + =

(41)

with changed boundary conditions
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1 2

3

( ) ,   ( ) ,   
( )
z J

y

h z t h z t
h y t

α β
γ

= + ∆ = + ∆
= + ∆

(42)

where ,z y∆ ∆ and J∆ are initial jumps. The problem 
(41), (42) is called a changed unperturbed problem.

Theorem 2. Let conditions I-IV hold. Then for 
the difference between of the solutions of the original 
problem (1), (2) and changed unperturbed problem 
(41), (42) the following asymptotic estimates are 
valid as 0→µ :

( )
1

2

| ( , ) ( ) | (| (0) |

1| (0) | )(1 ), 0,1

j j
J z

t

y z j

z t z t C a

A e j
δ
µ

µ

µ
µ

−

− ≤ ∆ − ∆ +

+ ∆ + ∆ + + =

1

2

| ( , ) ( ) | (| (0) |

| (0) | )(1 ),

J z
t

y z

y t y t C a

A e
δ
µ

µ

µ
−

− ≤ ∆ − ∆ +

+ ∆ + ∆ + +
(43)

where 0, 0C δ> > − some constants independent 
of µ .

Proof. For the functions
)(),(),(),(),(),( tytyttztztu −=−= µµνµµ we

havethe system (39) with boundary conditions

1 2

3

( , ) , ( , ) ,
( , )

z J

y

h u t h u t
h t

µ µ
ν µ

= −∆ = −∆
= −∆

(44)

Using estimates (31) to the problem (39), (44), 
we have

( )
1

2

| ( , ) | (| (0) |

1| (0) | )(1 ), 0,1

j
J z

t

y z j

u t C a

A e j
δ
µ

µ

µ
µ

−

≤ ∆ − ∆ +

+ ∆ + ∆ + + =

1

2

| ( , ) | (| (0) |

| (0) | )(1 ),

J z
t

y z

t C a

A e
δ
µ

ν µ

µ
−

≤ ∆ − ∆ +

+ ∆ + ∆ + +

This yields estimates (43). Theorem 2 is proved.
From Theorem 2 we havethat the solution of the 

singularly perturbed BVP (1), (2) will tend to the 
solution of the changed unperturbed BVP (41), (42) 
under the following conditions:

1 2(0) ,      (0)J z y za A∆ = ∆ ∆ = − ∆          (45)

Then the boundary conditions (42) in 
consideration of (45) take the form

1 2 1

3 2

( ) ,   ( ) (0) ,
( ) (0)

z z

z

h z t h z t a
h y t A
α β

γ
= + ∆ = + ∆

= − ∆
(46)

where z∆ – initial jump of the fast variable ),( µtz .
Thus, the solution ),(),,( µµ tytz of the 

singularly perturbed BVP (1), (2) as 0→µ
approaches the solution ( ), ( )z t y t of the changed 
unperturbed BVP (41), (46), i.e. passages to the limit 
take place:

10,1,0),(),(lim )()(
0

≤<==
→

titztz jj µ
µ  

.10),(),(lim
0

≤<=
→

ttyty µ
µ

Conclusion

In this work, asymptotic estimates of the solution 
of an integral BVP for a singularly perturbed system 
of linear ordinary differential equations are obtained. 
The study have shown that the solution of the original 
singularly perturbed integral BVP does not tend to 
the solution of the usual unperturbed BVP. The 
presence of integral terms in the boundary conditions 
will significantly change the corresponding 
unperturbed problem. The solution of the original 
singularly perturbed integral BVP tends to the 
solution of the so-called changed unperturbed BVP is 
proved. However, the boundary conditions have 
changes: an initial jump of the fast variable appears. 
Thus, the changed unperturbed problem is presented 
as a problem with an additional parameter. Note that 
this modification of the degenerate BVP is associated 
with an infinitely large value of the first-order 
derivatives as the small parameter tends to zero. The 
results obtained allow us to construct asymptotic 
expansions of solutions of singularly perturbed 
nonlinear problems.
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