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Abstract. In recent years, many authors have researched about fractional partial differential equations. Physical 
phenomena, which arise in engineering and applied science, can be defined more accurately by using FPDEs. Thus, 
obtaining exact solutions of the FPDEs equations have become more important to understand physical problems. In 
this article, we have reached the new traveling wave solutions of the conformable fractional modified Camassa – Holm 
equation via two efficient methods such as first integral method and the functional variable method. The wave 
transformation and conformable fractional derivative have been used to convert FPDE to the ordinary differential 
equation. The Camassa – Holm equation is physical model of shallow water waves with non-hydrostatic pressure. 
Thanks to these powerful methods, some comparisons, such as type of solutions and physical behaviours, have been 
made. Additionally, mathematica program have been used with the aim of checking of solutions. Investigating results 
of the fractional differential equations can help understanding complex phenomena in applied mathematics and physics.
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Introduction

Fractional derivative models can describe many 
complex problems in physics and engineering more 
correctly. Recently, fractional derivatives have been 
used on applications in many area such as signal 
processing, nonlinear optics, water wave modeling, 
control theory and etc [1-3]. There are various 
derivative definitions such as the Riemann –
Liouville derivative [3], the Caputo derivative [4], 
Jumarie’s modified Riemann – Liouville derivative 
[5] and the Atangana – Baleanu derivative [6] in 
literature. 

Numerous methods have been applied to obtain 
different solutions of fractional partial differential 
equations. Some of them are; the functional variable 
method [7], the extended tanh function method [8], 
the first integral method [9], the extended direct 
algebraic method [10], the modified simple equation 
method [11], the modified trial equation method [12], 
the (𝑮𝑮𝑮𝑮′/𝑮𝑮𝑮𝑮) – expansion method [13], the extended 
trial equation method [14], the kudryashov method 
[15] and so on [16-25].

In this article, first integral method [26] and 
functional variable method [27] have been applied to 
reach the exact solutions of the conformable 
fractional modified Camassa – Holm equation arising 
in fluid dynamics. The time-fractional modified 
Camassa – Holm equation of the following form [28]:

𝐷𝐷𝐷𝐷𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼𝑢𝑢𝑢𝑢 + 2𝜎𝜎𝜎𝜎𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥 − 𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑥𝑡𝑡𝑡𝑡 + 𝛽𝛽𝛽𝛽𝑢𝑢𝑢𝑢2𝑢𝑢𝑢𝑢𝑥𝑥𝑥𝑥 =
= 0 𝜎𝜎𝜎𝜎 Є 𝑅𝑅𝑅𝑅, and 0 < α ≤ 1                 (1)

𝐷𝐷𝐷𝐷𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼𝑢𝑢𝑢𝑢 is express of the conformable fractional 
derivative of u with respect to t of order α and 𝜎𝜎𝜎𝜎,𝛽𝛽𝛽𝛽
are non-zero constants.

The rest of article is given as follows: Some 
definitions and properties of conformable derivative 
are defined in section 2. In section 3, the proposed 
methods are applied to the fractional modified 
Camassa-Holm equation for obtaining some new 
exact solutions in section 4. In section 5, a discussion 
of the results is clarified. In final section, includes a 
conclusion which contains all outputs in this article.

Conformable Fractional Derivative

Khalil et al. defined the below theorem for the 
fractional derivatives [29]:

Let h: [0,∞) → R be a function and its fractional 
conformable derivative of h order α is,

𝐷𝐷𝐷𝐷𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼(ℎ)(𝑥𝑥𝑥𝑥) = 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝜀𝜀𝜀𝜀→0
ℎ�𝑥𝑥𝑥𝑥+𝜀𝜀𝜀𝜀𝑥𝑥𝑥𝑥1−𝛼𝛼𝛼𝛼 �−ℎ(𝑥𝑥𝑥𝑥)

𝜀𝜀𝜀𝜀
, (2)

α Є (0,1) ∀𝑥𝑥𝑥𝑥>0.Some of important properties of 
conformable derivative as follows: 

Suppose α Є (0,1] and 𝑔𝑔𝑔𝑔, ℎ be α-differentiable at 
a point t>0. Then,
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𝑇𝑇𝑇𝑇𝛼𝛼𝛼𝛼 (𝑎𝑎𝑎𝑎𝑔𝑔𝑔𝑔 + 𝑏𝑏𝑏𝑏ℎ) = 𝑎𝑎𝑎𝑎𝑇𝑇𝑇𝑇𝛼𝛼𝛼𝛼 (𝑔𝑔𝑔𝑔) + 𝑏𝑏𝑏𝑏𝑇𝑇𝑇𝑇𝛼𝛼𝛼𝛼 (ℎ) ∀𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏 Є 𝑅𝑅𝑅𝑅.

𝑇𝑇𝑇𝑇𝛼𝛼𝛼𝛼 (𝑘𝑘𝑘𝑘𝑝𝑝𝑝𝑝) = 𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘𝑝𝑝𝑝𝑝−1 ∀𝑝𝑝𝑝𝑝Є 𝑅𝑅𝑅𝑅.

𝑇𝑇𝑇𝑇𝛼𝛼𝛼𝛼 (𝛽𝛽𝛽𝛽) = 0, for all constant functions 𝑔𝑔𝑔𝑔(𝑡𝑡𝑡𝑡) = 𝛽𝛽𝛽𝛽.

𝑇𝑇𝑇𝑇𝛼𝛼𝛼𝛼 (𝑔𝑔𝑔𝑔ℎ) = 𝑔𝑔𝑔𝑔𝑇𝑇𝑇𝑇𝛼𝛼𝛼𝛼 (ℎ) + ℎ𝑇𝑇𝑇𝑇𝛼𝛼𝛼𝛼 (𝑔𝑔𝑔𝑔).

𝑇𝑇𝑇𝑇𝛼𝛼𝛼𝛼 �
𝑔𝑔𝑔𝑔
ℎ
� = ℎ𝑇𝑇𝑇𝑇𝛼𝛼𝛼𝛼 (𝑔𝑔𝑔𝑔)−𝑔𝑔𝑔𝑔𝑇𝑇𝑇𝑇𝛼𝛼𝛼𝛼 (ℎ)

𝑔𝑔𝑔𝑔2
.

If 𝑔𝑔𝑔𝑔 is differentiable, 𝑇𝑇𝑇𝑇𝛼𝛼𝛼𝛼 (𝑔𝑔𝑔𝑔)(𝑡𝑡𝑡𝑡) = 𝑡𝑡𝑡𝑡1−𝛼𝛼𝛼𝛼 𝑑𝑑𝑑𝑑𝑔𝑔𝑔𝑔
𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡

(𝑡𝑡𝑡𝑡).

First Integral Method

Introducing the wave transformation:

𝑢𝑢𝑢𝑢(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = 𝑈𝑈𝑈𝑈(𝜉𝜉𝜉𝜉), 𝜉𝜉𝜉𝜉 = 𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
      (3)

Eqn. (1) reduce the form of eqn.(4) an ODE:

𝑘𝑘𝑘𝑘𝑈𝑈𝑈𝑈′′(𝜉𝜉𝜉𝜉) + (2𝜎𝜎𝜎𝜎 − 𝑘𝑘𝑘𝑘)𝑈𝑈𝑈𝑈(𝜉𝜉𝜉𝜉) + 𝛽𝛽𝛽𝛽
3
𝑈𝑈𝑈𝑈3(𝜉𝜉𝜉𝜉) = 0 (4)

and then we can write two dimensional autonomous 
system

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝜉𝜉𝜉𝜉

= 𝑌𝑌𝑌𝑌(𝜉𝜉𝜉𝜉)

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= 𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎
𝑘𝑘𝑘𝑘

𝑑𝑑𝑑𝑑(𝜉𝜉𝜉𝜉) − 𝛽𝛽𝛽𝛽
3𝑘𝑘𝑘𝑘

 𝑑𝑑𝑑𝑑3(𝜉𝜉𝜉𝜉)            (5)

According to first integral method, X and Y be a 
non-trivial solutions of the eqn.(5). Also, irreducible 
polynomial 𝑄𝑄𝑄𝑄(𝑑𝑑𝑑𝑑,𝑌𝑌𝑌𝑌) = ∑ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖(𝑑𝑑𝑑𝑑)𝑌𝑌𝑌𝑌İ𝑚𝑚𝑚𝑚

𝑖𝑖𝑖𝑖=0 is exist in 
ℂ[𝑑𝑑𝑑𝑑,𝑌𝑌𝑌𝑌] such that

𝑄𝑄𝑄𝑄�𝑑𝑑𝑑𝑑(𝜉𝜉𝜉𝜉),𝑌𝑌𝑌𝑌(𝜉𝜉𝜉𝜉)� = ∑ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖(𝑑𝑑𝑑𝑑(𝜉𝜉𝜉𝜉))𝑌𝑌𝑌𝑌İ𝑚𝑚𝑚𝑚
𝑖𝑖𝑖𝑖=0 (𝜉𝜉𝜉𝜉) = 0 (6)

where 𝑎𝑎𝑎𝑎𝑚𝑚𝑚𝑚(𝑑𝑑𝑑𝑑) ≠ 0 and 𝑙𝑙𝑙𝑙 = 0,1, … ,𝑙𝑙𝑙𝑙. By division 
theorem ∃ a polyn. 𝑔𝑔𝑔𝑔(𝑑𝑑𝑑𝑑) + ℎ(𝑑𝑑𝑑𝑑)𝑌𝑌𝑌𝑌 such that

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

+ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= (𝑔𝑔𝑔𝑔(𝑑𝑑𝑑𝑑) +  ℎ(𝑑𝑑𝑑𝑑)𝑌𝑌𝑌𝑌)∑ 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖(𝑑𝑑𝑑𝑑)𝑌𝑌𝑌𝑌𝑖𝑖𝑖𝑖𝑚𝑚𝑚𝑚
𝑖𝑖𝑖𝑖=0 .                                      (7)

Assume that 𝑙𝑙𝑙𝑙 = 1 then coefficients of 𝑌𝑌𝑌𝑌İ (𝑙𝑙𝑙𝑙 =
0,1) in eqn.(40), we get:

 𝑎𝑎𝑎𝑎1́ (𝑑𝑑𝑑𝑑) = 𝑎𝑎𝑎𝑎1(𝑑𝑑𝑑𝑑). ℎ(𝑑𝑑𝑑𝑑)               (8)

𝑎𝑎𝑎𝑎0́(𝑑𝑑𝑑𝑑) = 𝑎𝑎𝑎𝑎0(𝑑𝑑𝑑𝑑). ℎ(𝑑𝑑𝑑𝑑) + 𝑎𝑎𝑎𝑎1(𝑑𝑑𝑑𝑑).𝑔𝑔𝑔𝑔(𝑑𝑑𝑑𝑑) (9)

 𝑎𝑎𝑎𝑎1(𝑑𝑑𝑑𝑑). � 𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎
𝑘𝑘𝑘𝑘

𝑑𝑑𝑑𝑑 − 𝛽𝛽𝛽𝛽
3𝑘𝑘𝑘𝑘

 𝑑𝑑𝑑𝑑3� = 𝑎𝑎𝑎𝑎0(𝑑𝑑𝑑𝑑).𝑔𝑔𝑔𝑔(𝑑𝑑𝑑𝑑). (10) 

Since 𝑎𝑎𝑎𝑎𝑖𝑖𝑖𝑖(𝑑𝑑𝑑𝑑) are polynomials, 𝑎𝑎𝑎𝑎1(𝑑𝑑𝑑𝑑) is constant 
and ℎ(𝑑𝑑𝑑𝑑) = 0 from eqn.(41)

Take 𝑎𝑎𝑎𝑎1(𝑑𝑑𝑑𝑑) = 1 and for the equilibrium of 𝑎𝑎𝑎𝑎0(𝑑𝑑𝑑𝑑)
and 𝑔𝑔𝑔𝑔(𝑑𝑑𝑑𝑑), deg�𝑔𝑔𝑔𝑔(𝑑𝑑𝑑𝑑)� = 1.

Let (𝑑𝑑𝑑𝑑) = 𝐴𝐴𝐴𝐴0 + 𝐴𝐴𝐴𝐴1𝑑𝑑𝑑𝑑 , then

𝑎𝑎𝑎𝑎0(𝑑𝑑𝑑𝑑) = 𝐴𝐴𝐴𝐴0𝑑𝑑𝑑𝑑 + 1
2
𝐴𝐴𝐴𝐴1𝑑𝑑𝑑𝑑2 + 𝐵𝐵𝐵𝐵0,        (11)

𝐴𝐴𝐴𝐴2 is integration constant. A nonlinear system of 
algebraic equations are obtained from 𝑎𝑎𝑎𝑎0(𝑑𝑑𝑑𝑑), 𝑔𝑔𝑔𝑔(𝑑𝑑𝑑𝑑)
and eqn.(10).

𝐴𝐴𝐴𝐴1 = �−2𝛽𝛽𝛽𝛽
3𝑘𝑘𝑘𝑘

, 𝐵𝐵𝐵𝐵0 = 𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎
𝑘𝑘𝑘𝑘 � 3𝑘𝑘𝑘𝑘

−2𝛽𝛽𝛽𝛽
, 𝐴𝐴𝐴𝐴0 = 0 (12)

𝐴𝐴𝐴𝐴1 = −�−2𝛽𝛽𝛽𝛽
3𝑘𝑘𝑘𝑘

, 𝐵𝐵𝐵𝐵0 = − (𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎)
𝑘𝑘𝑘𝑘 � 3𝑘𝑘𝑘𝑘

−2𝛽𝛽𝛽𝛽
, 𝐴𝐴𝐴𝐴0 = 0 (13)

under the conditions given by eqs. (12) and (13) in 
eq. (6), we have;

𝑌𝑌𝑌𝑌(𝜉𝜉𝜉𝜉) = ±(𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎
𝑘𝑘𝑘𝑘 � 3𝑘𝑘𝑘𝑘

−2𝛽𝛽𝛽𝛽
 +  1

2
�−2𝛽𝛽𝛽𝛽

3𝑘𝑘𝑘𝑘
𝑑𝑑𝑑𝑑2(𝜉𝜉𝜉𝜉)) (14)

using eq.(14) and eq. (5), eqn.(14) is converted to 
following Ricatti equation:

𝑈𝑈𝑈𝑈′(𝜉𝜉𝜉𝜉) = ±(𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎
𝑘𝑘𝑘𝑘 � 3𝑘𝑘𝑘𝑘

−2𝛽𝛽𝛽𝛽
 +  1

2
�−2𝛽𝛽𝛽𝛽

3𝑘𝑘𝑘𝑘
𝑈𝑈𝑈𝑈2(𝜉𝜉𝜉𝜉))) (15)

the solutions of the modified fractional Camassa –
Holm equation is obtained as:

𝑢𝑢𝑢𝑢1(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = �3𝑘𝑘𝑘𝑘−6𝜎𝜎𝜎𝜎
𝛽𝛽𝛽𝛽

tanh(�2𝜎𝜎𝜎𝜎−𝑘𝑘𝑘𝑘
2𝑘𝑘𝑘𝑘

 (𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0)) (16)
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𝑢𝑢𝑢𝑢2(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = −�3𝑘𝑘𝑘𝑘−6𝜎𝜎𝜎𝜎
𝛽𝛽𝛽𝛽

tanh(�2𝜎𝜎𝜎𝜎−𝑘𝑘𝑘𝑘
2𝑘𝑘𝑘𝑘

 (𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0))                             (17)

𝑢𝑢𝑢𝑢3(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = �3𝑘𝑘𝑘𝑘−6𝜎𝜎𝜎𝜎
𝛽𝛽𝛽𝛽

coth (�2𝜎𝜎𝜎𝜎−𝑘𝑘𝑘𝑘
2𝑘𝑘𝑘𝑘

(𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0))                              (18)

𝑢𝑢𝑢𝑢4(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = −�3𝑘𝑘𝑘𝑘−6𝜎𝜎𝜎𝜎
𝛽𝛽𝛽𝛽

coth (�2𝜎𝜎𝜎𝜎−𝑘𝑘𝑘𝑘
2𝑘𝑘𝑘𝑘

 (𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0))                            (19)

𝑢𝑢𝑢𝑢5(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = �−3𝑘𝑘𝑘𝑘+6𝜎𝜎𝜎𝜎
𝛽𝛽𝛽𝛽

tan(�𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎
2𝑘𝑘𝑘𝑘

 (𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0))                             (20)

𝑢𝑢𝑢𝑢6(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = −�−3𝑘𝑘𝑘𝑘+6𝜎𝜎𝜎𝜎
𝛽𝛽𝛽𝛽

tan (�𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎
2𝑘𝑘𝑘𝑘

 (𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0))                       (21)

𝑢𝑢𝑢𝑢7(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = �−3𝑘𝑘𝑘𝑘+6𝜎𝜎𝜎𝜎
𝛽𝛽𝛽𝛽

cot (�𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎
2𝑘𝑘𝑘𝑘

( 𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0))                            (22)

𝑢𝑢𝑢𝑢8(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = −�−3𝑘𝑘𝑘𝑘+6𝜎𝜎𝜎𝜎
𝛽𝛽𝛽𝛽

cot (�𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎
2𝑘𝑘𝑘𝑘

 (𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0))                            (23)

Functional Variable Method
Introducing the wave transformation:

𝑢𝑢𝑢𝑢(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = 𝑈𝑈𝑈𝑈(𝜉𝜉𝜉𝜉), 𝜉𝜉𝜉𝜉 = 𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
         (3)

Eqn. (1) reduce the form of eqn.(4) an ordinary 
differential equation:

𝑘𝑘𝑘𝑘𝑈𝑈𝑈𝑈′′(𝜉𝜉𝜉𝜉) + (2𝜎𝜎𝜎𝜎 − 𝑘𝑘𝑘𝑘)𝑈𝑈𝑈𝑈(𝜉𝜉𝜉𝜉) + 𝛽𝛽𝛽𝛽
3
𝑈𝑈𝑈𝑈3(𝜉𝜉𝜉𝜉) = 0 (4)

according to functional variable method, we take 
𝑢𝑢𝑢𝑢𝑑𝑑𝑑𝑑 = 𝐹𝐹𝐹𝐹(𝑢𝑢𝑢𝑢) and some successive derivatives of 𝑢𝑢𝑢𝑢(𝜉𝜉𝜉𝜉)
to following:

𝑢𝑢𝑢𝑢𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 =
1
2

(𝐹𝐹𝐹𝐹2)′

𝑢𝑢𝑢𝑢𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 1
2

(𝐹𝐹𝐹𝐹2)′′√𝐹𝐹𝐹𝐹2                (24) 

𝑢𝑢𝑢𝑢𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 1
2

[(𝐹𝐹𝐹𝐹2)′′′𝐹𝐹𝐹𝐹2 + 1
2

(𝐹𝐹𝐹𝐹2)′′(𝐹𝐹𝐹𝐹2)′],

Thus we obtain,

(𝐹𝐹𝐹𝐹2)′ = 2(𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎)
𝑘𝑘𝑘𝑘

𝑢𝑢𝑢𝑢 − 2𝛽𝛽𝛽𝛽
3𝑘𝑘𝑘𝑘
𝑢𝑢𝑢𝑢3              (25)

integrating the eqn. (25) ,we have

𝐹𝐹𝐹𝐹(𝑢𝑢𝑢𝑢) = �− 𝛽𝛽𝛽𝛽
6𝑘𝑘𝑘𝑘
𝑢𝑢𝑢𝑢�𝑢𝑢𝑢𝑢2 − 6(𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎)

𝛽𝛽𝛽𝛽
(26)

from 𝑢𝑢𝑢𝑢𝑑𝑑𝑑𝑑 = 𝐹𝐹𝐹𝐹(𝑢𝑢𝑢𝑢) and (26) we deduce that

∫ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑�𝑑𝑑𝑑𝑑2−6(𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎)
𝛽𝛽𝛽𝛽

= �− 𝛽𝛽𝛽𝛽
6𝑘𝑘𝑘𝑘

(𝜉𝜉𝜉𝜉 + 𝜉𝜉𝜉𝜉0) (27)

𝜉𝜉𝜉𝜉0 is a integration constant. After integrating (27), 
we achieve the following exact solutions:

Case 1. If 𝑘𝑘𝑘𝑘 = 2𝜎𝜎𝜎𝜎, then

𝑢𝑢𝑢𝑢1(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) =  ± 1

�− 𝛽𝛽𝛽𝛽
6𝑘𝑘𝑘𝑘( 𝑥𝑥𝑥𝑥− 𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼) +𝑑𝑑𝑑𝑑0)
       (28)

Case 2. If 6(𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎)
𝛽𝛽𝛽𝛽

> 0 , then
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𝑢𝑢𝑢𝑢9(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = �6(𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎)
𝛽𝛽𝛽𝛽

sec(�2𝜎𝜎𝜎𝜎−𝑘𝑘𝑘𝑘
𝑘𝑘𝑘𝑘

( 𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0))                                   (29)

𝑢𝑢𝑢𝑢10(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = −�6(𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎)
𝛽𝛽𝛽𝛽

sec (�2𝜎𝜎𝜎𝜎−𝑘𝑘𝑘𝑘
𝑘𝑘𝑘𝑘

(𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0))                                (30)

𝑢𝑢𝑢𝑢11(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = �6(𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎)
𝛽𝛽𝛽𝛽

csc (�2𝜎𝜎𝜎𝜎−𝑘𝑘𝑘𝑘
𝑘𝑘𝑘𝑘

( 𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0))                                  (31)

𝑢𝑢𝑢𝑢12(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = −�6(𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎)
𝛽𝛽𝛽𝛽

csc (�2𝜎𝜎𝜎𝜎−𝑘𝑘𝑘𝑘
𝑘𝑘𝑘𝑘

( 𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0))                               (32)

Case 3. If 6(𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎)
𝛽𝛽𝛽𝛽

< 0 , then

𝑢𝑢𝑢𝑢13(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = �6(2𝜎𝜎𝜎𝜎−𝑘𝑘𝑘𝑘)
𝛽𝛽𝛽𝛽

secℎ(�𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎
𝑘𝑘𝑘𝑘

(𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0))                                (33)

𝑢𝑢𝑢𝑢14(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = −�6(2𝜎𝜎𝜎𝜎−𝑘𝑘𝑘𝑘)
𝛽𝛽𝛽𝛽

secℎ(�𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎
𝑘𝑘𝑘𝑘

( 𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0))                             (34)

𝑢𝑢𝑢𝑢15(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = �6(2𝜎𝜎𝜎𝜎−𝑘𝑘𝑘𝑘)
𝛽𝛽𝛽𝛽

cscℎ (�𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎
𝑘𝑘𝑘𝑘

(𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0))                                (35)

𝑢𝑢𝑢𝑢16(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) = −�6(2𝜎𝜎𝜎𝜎−𝑘𝑘𝑘𝑘)
𝛽𝛽𝛽𝛽

cscℎ (�𝑘𝑘𝑘𝑘−2𝜎𝜎𝜎𝜎
𝑘𝑘𝑘𝑘

( 𝑥𝑥𝑥𝑥 −  𝑘𝑘𝑘𝑘 𝑡𝑡𝑡𝑡𝛼𝛼𝛼𝛼

𝛤𝛤𝛤𝛤(1+𝛼𝛼𝛼𝛼)
+ 𝜉𝜉𝜉𝜉0))                              (36)

Discussion

    

Figure 1 – 3D plots of the exact solution 𝑢𝑢𝑢𝑢3(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) and 𝑢𝑢𝑢𝑢5(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡)respectively, for the case of;
k = –2.23, σ = –0.75, β =2.07, α = 0.41 and k = 0.85, σ = –1.81, β = –2.88, α = 0.3
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Figure 2 – 3D plots of the exact solution 𝑢𝑢𝑢𝑢9(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) and 𝑢𝑢𝑢𝑢12(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) respectively, for the case of;
k = 1.009, σ = –1.17, β =2.39, α = 0.399 and k = –1.55, σ = –3.4, β = 0.74, α = 0.4

Figure 3 – 3D plots of the exact solution 𝑢𝑢𝑢𝑢13(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) and 𝑢𝑢𝑢𝑢16(𝑥𝑥𝑥𝑥, 𝑡𝑡𝑡𝑡) respectively, for the case of;
k = 0.48, σ = 1.43, β =2.39, α = 0.44 and k = 1.27, σ = –1.86, β = –2.08, α = 0.54

In this section, we have presented some 
comparisons about physical behaviours. First method 
gives us hyperbolic solutions and trigonometric 
solutions (see Fig. 1-4); on the other hand, the second 
one gives rational solutions, hyperbolic solutions and 
periodic solutions. Compacton waves and kink 
soliton waves have been achieved via first method, 
compacton waves and bell-shaped soliton waves 
have also been obtained via second method. Thanks 
to these comparisons, we can have an idea about 
physical interpretation of other nonlinear FPDEs. 

Conclusion

In this study, thanks to FVM and FIM, we have 
attained new exact solutions of the fractional 
modified Camassa – Holm equation. The proposed 
methods are powerful, reliable and effective to 

obtain nonlinear FPDEs defined by conformable 
derivative. Main advantage of these methods is 
generating more type of solution functions than the 
other analytical methods. Trueness of solution 
functions have also been proved by using the 
Mathematica program. Additionally, some 3D 
graphs have been examined for proper values of the 
parameters. Obtained results and comparisons show 
that methods will be useful to make the physical 
interpretation of nonlinear FPDEs arising in applied 
physics and mathematics. 
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