International Journal of Mathematics and Physics 11, Nel, 36 (2020)

IRSTI 27.31.44,27.35.21,27.35.59

https://doi.org/10.26577/ijmph.2020.v11.i1.05

Zh.K. Dzhobulaeva

Institute of Mathematics and Mathematical Modeling,
Almaty, Kazakhstan, e-mail: zhanat-78@mail.ru

AN IRREGULAR CONJUGATIONPROBLEM FOR THE SYSTEM
OF THE PARABOLICE QUATIONS IN THE HOLDER SPACE

Abstract. We consider the conjugation problem for the system of parabolicequations with two small

parameters k> 0, £> 0 in the boundary conditions.There are proved the existence, uniqueness and uniform

coercive estimates ofthe solution with respect to the small parameters in the Holder space. Thisproblem is

linearized one of the nonlinear problem with the free boundary ofFlorin type and it is in the base of the

proof of the solidified of this nonlinearproblem in the Holder space.We study the problem with the free
o 2411412

boundary of the Florin type in the Holder space C . ; (Q,r), j =1,2, where [ — is non-integer

positive number. Existence, uniqueness, estimates for solution of the problem with constants independent
of small parameters in the Holder space areproved. It gives us the opportunity to establish the existence,
uniqueness and estimates of the solution of the problem without loss of smoothness of given functions for
kK=0,e>0;k>0;e=0and k=0, e=0.

Key words :parabolic equations, existence, uniqueness of the solution, coercive estimates, Holder space.

1 Introduction

In the work the problem of Florin type is studied
for the system of parabolicequations in the Holder
spaces. This problem is a mathematical model
describingfiltration of liquids and gases in the
porous  medium. Linear  problems  with
smallparameters with time derivatives functions of
the free boundary were studied in [1]-[7]. In this
article the problem is studied without time
derivatives functionsof the free boundaries (t) in
the right-hand sides of the conditions (6), (7),
whichcorresponds to a degenerate nonlinear the free
boundary problem of melting binaryalloys and in
which free boundary is set as an implicit function. In
contrast fromproblems in [1]—[7], where free border
is set explicitly.

Leth = (0;[)0); Q2 = (pO'b)IO < Po < b'
b>0,Qr=0Qx(0,T),j=12 or=(0,T),
x(1) be a smooth shear function, equal to one
at|A| < §pandzero for|A| = 26,and having the
rating|d™y/dx™| < €65 ™, 6y = const > 0.

Define second order elliptic operators

Aj(x,t;0,)v; = a;(x,t)0%v; +
+b] (X, t)axvj + d] (x, t)vj,
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Az (x,t50,) 7 = a1, (x, )07 7 +
+bj+2(x, t)axZ]' + dj+2(x, t)Zj,

\ivhere a;j(x,t),aj2(x,t) = ag = const >0 in

Qir, j=12.
It is required to find functions v;(x, t), z;(x, t),
Jj =1,2,and 3(t) satisfyingparabolic equations

0,vj — Aj(x, t; 0,)v; —ﬁrj(x, x(x — po)Dep =
= f;(x, inyr, j =12, (1)

atzj - A]-+2(x, t; ax)Zj —_ﬁj(x, x(x — po)Dep =
= ](;I'+2(x, t)an]T’ ] = 1,2, (2)

and initial conditions

Yli=o =0, Vjlt=0 = Vo),
Zj|t=0 = Zoj' ll'l.Q, ] = 1,2, (3)

boundary conditions
Vilx=0 = P1(0), V2lx=p =p2(t), tE€ op, (4)

Zlx=0 = Q1(t), Zzlx=p = q2(t), t € or, (5)
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and conjugation conditions on the border x = p,

(1 = V2)lx=p, =M0(t), tE of, (6)

(2 = ¥ (6, ) x=p, = n;(0),
j=12, tE€ oy, 7)

(A (x, )0 vy — KAy (x, f)axU2)|x=p0 =
= gl (t) + ng (t)l t e GTI (8)

(k1 (x, £) 05z — €k, (x, t)ax22)|x=p0 =
= g3(t) +€g4(t), tE€ op, %)

[1]
l
[l = > [o["0ula, +

where y;(x,t) = d; = const >0, 4;(x,t) =d, =
const >0, kj(x,t) = d; = const > 0,j = 1,2,
k> 0, > 0 —small parameters, d; = d/0;, 0, =
d/0,,D; = d/dt.

Problem (1)-(9) is a linearized problem of the
Florintype nonlinear problem, which describes the
process of filtering liquids and gases in the porous
medium.

This problem will be studied in Holder spaces. Let [
be a noninteger positivenumber, @ = [ — [I] € (0,1).

Under C'"°, (5T), cl? (or), we will

understand Banach spaces of functionsu(x,t)and
Y(t),with thenorms

(8" o), + 197 0rul(?) +

X,Q.T t,QT
2my+m=0 2mo+m=|[l]
1+a)/2
+ [0 0 u] G2,
2mo+m=Jl]
[1/2]
1/2 1/2] ,4(1/2=[1/2
(1977 = > Dl + D1 G121, (10)
mo=0
Qr =0x(0,T), [vlg, = sup |v],
(x,t)EQT
(@) [v(x, t) — v(z,t)| (@ |lv(x, t) —v(x, ty)]
[v]x_QT = su — , [v]mT = su —
(x,0),(z,t)EQr [x — z| (x,t),(x,t)EQT [t —t]
S L2 (17“) 1+l
Through C </ (Qr), we denote the subspaces ||1P||3T - SU?EEIT 2 [Yls, +

1,12

of functions u(x,t) belonging to Cx: ({27)and
satisfying the conditions

ag(ult:(), k = 0, ,[l/Z]

The following lemma holds.
a+n

o 2 -
Lemma 1.In the spaceCz (GT), l—is a

non-integer positive number, the norm |1/J|£_71T+l/ 2),

defined by the formula (10), is equivalent to the
norm
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2 2
+|p} | .
or
We define function of Banach spaces for solving
the problem. Let
o 2H+L1+12

B(Qy)=C,  (Qir)x
o 2411412 o 2411412

xC x4 (52T)X C. (51T)><

o 2+L1+12

ch t

o 1412

(Qar)x C (ET)
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be the space of vector-functions o ¥l o ¥l o ¥l
w = (V1, V3, 21, Z2, Y ) with the norm xCy (or)XCy (or)xC . (o7)X
o 142 o 142 (] )
Iwllgn = ><C; (GT)XCz (UT)XCt (O'T) X
= Xj- (| |§22.+l) +| J|(2+l)) + ISP, an LD , oD a0
o C.’ (or) xC.” (or) xC. * (o1)
S JLn JLn H(Qr)

=Cx: (Qur)xCyxi (Qir)x Cxi (Qir)x
xi (Qir) s (Qir) s (Qir) is the space of vector-functions h = (fj,

o 1112 g o 12— o 142 _ fZ' f3' f4' P1,P2,91,92, N0, N1, M2, 91, K92, 935 €g4)Wit
xCyi (Qir) xC v (ar)xC .+ (or)% h the norm

2 . .
lhllgor) = Z <|f, woy |f]+2|(l) + |pj|£1T+z) + |qj|(1+z)> n

or
2 ( 1) 5 S (/2
32 ool PG IE + rlgalZ Hlgsl 2 + elgalSh (12)

It is required fulfillment of the conditions for forx = 0, x = band
matching the initial and boundarydata for solving V91 (P, 0) — V92(po, 0) = 1(0),
boundary value problems for parabolic equations in
a Holder space. 20j(Po, 0) — ¥0;(Po, 0)(po, 0)v;(po, 0) =

We define these conditions for the problem =700, j=12,
(1)=(9) [8]. They are found from the boundary
conditions (4)—(9) by differentiating them by ¢, 21 (po, 000,91 (x,0) —
excluding thederivatives afvj, szj,j =12,p= (—’dz (Do, 0), Vo, (X, O)) lx=p, =
0,1, ..., found from the equations (1), (2), and using = g,(0) + kg, (0),
the initial conditions (3). Find them.

From the equations (1), (2) we find the time k,(pg, 00,291 (x,0) —
derivatives (\—Skz (P9, 0)05 2o (x, 0)) lx=po =

= g3(0) + £g4(0)
0evj = A;(x, t; 0,)v; + a;(x, ) x(x — po) Dep + 3 4

+f}(xr t)l ] = 1721 (13) forx = po.
To obtain the first order matching condition, let
0:zj = Ajio(x, t;0,)z; + Bi(x, ) x(x — po)Dep + us differentiate the boundary and conjugation

(), j=12, (14)  conditions (4)—(7) with respect to the variable t,
taking intoaccount (13), (14).
we substitute them into the boundary and The first order matching conditions for x = py
conjugation conditions (4)—(7). are
By virtue of the initial conditions (3) we have (A1 Vo1 (x, 0) — Azv02 (%, 0)) lx=p, +
) . +(0»’1(P0’ 0) — a,(po, 0))Dtl/)|t:0 +
0xv(x, Ole=0 = 170, (), +/1(po, 0) — f2(po, 0) = D¢ (0), (15)
0xv(x, ) |¢=0 = vo(x),
v(x,t) = |¢=0 = vo(x). Aj4220 (%, 0) |z p, + Bj(Po, 0)Del =g +
. .. . +fj+2(p0' O) - yj (pO' 0)(Ajv0j(x' 0)|x=p0 +
The zero order matching conditions will be +;(Pg, 0) Do + £;(p, 0)) =
=Dn;(0), j =1,2. 16
201(00) = py(0),  202(0,0) = 4(0), Eind the Do 5 and (16
Vo2(b, 0) = p,(0), Zg2(b,0) = q2(0), © Pr¥le=olTom formulas a
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_ Dno(0) - (A1v01(x,0) — A2v02(x, 0))lx=p, — f1(Po, 0) + f2(po,0)

Detle=o = a1(po, 0) — a3(pg, 0) a7

and

D, . D¢n; 0) — Aji220j (x, 0)|x:p0 - fj+2(Po» 0) + Vj(Po' 0)(Aj170j (x, 0)|x:p0 - fj(Po: 0)
tPlt=0 =

.Bj (va 0) — Yi (Po, 0)0!]' (po, 0) , (18)

where lay (po, 0) — a2 (po, 0)| > 0, |B;(po, 0) — Equating the found derivatives (17), (18) , we
¥ (Po, 0)aj(po, 0)| >0, j = 1,2. get the matching condition

D _ Do (0) — (A1v01(x, 0) — Ayvp2(x, 0))|x=p0 — f1(po, 0) + f2(po, 0) _
Wle=o = a1(pg, 0) — a3(po, 0) Bl

_ Dtn] (0) - Aj+2Z0j (X, 0)|x=p0 - fj+2(p0' 0) + Yj (pOf 0)(Ajv0j(xl O)lx:po - fj(pO' 0) ] _

B (po,0) — ¥j(po, 0)a;(po, 0) 1,2.

We say that for the problem (4)—(7) the afvj = at(at?‘lvj) = ag"l Ajv; +
tc}?engz;ll(;rlliiife’(;r matching the order ofp are satisfied if +(—1) afp—z Aidv) + - + A atp—1vj n
+af a;(x,t) x(x — po) D +
-2
0701 (%, )| x=o,0=0 = DPp1 (0), +( — DI (x, OXCx = po)DEY(E) + -+
0P 21 (%, )| x=0,6=0 = D q1(0), +a;(x, )x(x — po)De Y () + 9, fi(x, 1),

afZ] = at(atp_lzj) = at?_lAj_,_sz +
+(p - l)atp_zAj+zath + -+ A]-+26§)_1Zj +
+97™ By (6, O x(x = po)Detp +

afvz (%, ) |x=pt=0 = Dt(p)Pz (0),
szz () |x=pt=0 = Dt(p)CIz (0),

-2
(ag’vl(x, t) — dFv,(x, t)) lx=pyi=0 = DP110(0), +Hp — DB (e, ) x(x — po)D?lll)(t) +oet
p=0,.1+][l/2], +B;(x, ) x(x — po) DY) + 3™ fiaa (x, 1.
W ite th bl 1)—(9) in th t
(ath](' ()x, £) —y;(x, t)afvj (x, t)) |tz po.t=o . e rewrite the problem (1)—(9) in the operator
=D""1;(0),j=12,p=0,..,1+[l/2] Aw = h, (19)
take place. where the operator A is defined by the expressions
Here the derivatives atpvj, E)fzj, j=1,2, are in the left parts of the equationsand conjugation
determined by the recurrence formulas: conditions problem (1)—(9).

We will assume that the following conditions:
atvj = Aj(x, t; ax)vj

+a]- (x’ t))((x —_ pO)Dt‘l/) + f}-(x, t)’ a)aj (xl t)' aj+2(‘xl t)l b] (xl t)l bj+2(x' t);
dj (x' t)' dj+2 (x' t)l aj (x: t): Bj (x: t)
atzvj = Bt(atvj) = 6tA]vj + AjatU] + Li2 _ 1+12 _
+ 0, (x, ) (x — po) Detp(t) + € Cxi (Qir),y;(x, e Cuv (o71),
a+nr
+a;(x, ) x(x — po) DEY(E) + 0.f; (x, ), 2, 0),kj(x,t) € Cx (o7),

j=12,a=1-1[l] € (0,1);
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40 An irregular conjugation problem for the system of the parabolic equations in the holder space

b) (a1 (x,t) — az(x,t))|x=p, = ds = const >
> 0,t € ar, (Bj(x,6) —y;(x, )aj(x, ) |x=p, =
>ds = const >0,j = 1,2,t € o7, (f3-(x,t) —

—y3-j (6 ) aj(x, t)|x=p, = de = const >
>0,j = 1,2,t € 5y are fulfilled.

2 Main results

Theorem 1. Let0 <k <ky0<e<g or
0<k<kKy0<e<¢g and conditions a), b) are
fulfilled.

S L2
fiG,t) €Cxi (Qr),
G L2 o 2+l

fi+2(x,t) Esz (Qr), (%) € C

For any functions

(€2)),

N

(2+l)
wmmzZ(

o 241
zoj(x) € Cx (€2)) ,pj(t),
o I+1/2
q®) e C. (or), j=12
o 1+/2
m@®eC: (or), k=012g.@),

(a+H2

kg, (t), g3(t),egs(t) € Cx:  (o71), problem (1)-
(9) has a unique solution

o 2+L1+12

v, ) e Cx « (),
o 2+1,1+1/2

Zj(x, t) S C x ot

, 14172

Y(t) e C,

(Qr),

(or) and following estimate is true

f”)w&)_

l l 2+1 2+1 1+1/2 1+1/2
ZMW+WJ>Hm”HuM”Hm””HM+W

=y

]:

MN

x

=0

where C; does not depend on k and €.

Proof. The existence of the solution is proved
by constructing the regularizer [8], and the estimate
(20) is proved by the Schauder method.

We cover the domain 0 with intervals
Ks(l),Kz(? with common center &;.Let {;(x), u;(x)
be smooth shear functions subject to the covering

domains Qsuch that (;(x) =1, if |[x —&| <6
and (;j(x) =0, if [x—¢&|=26, and with
properties i) yx) =1 and

1+1/2 1+10)/2 1+1)/2 1+1)/2 1+1)/2
miley 7 + 19116 " + Klgaloy ™ +1gale, ' + mﬁ”)

(20)

[Dimil, |Dmpi| < € i6™™. Denote the intervals
asfollows: fori € R; intervals K(l)contain a point

po, fori € X, and i € N3 intervals K 5 adjoin the

boundary of the domain x=0 and x =1

accordingly, with i € X, intervals K. 5) are entirely

contained in 4 U Q,.
Note that for the equations (1), (2) x(x — py) = 1,
i€XRyand y(x —py) =0ati € R, UR;, §p < 6.
We define the regularizer R by formula

Rh = {Ryh, Roh, Rah, Ryh, Rh } =

Y w0, Y w@raD, Y wzm 0, ) @z, Y mEP©,

iEx iex iex
where N =X, UX, UN;URX,, are functions
v (x, t), 2, (x, t),j = 1,2, (t) satisfy  zero

initial data and are defined as solutions model

International Journal of Mathematics and Physics 11, Nel, 36 (2020)
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conjugation problem fori € X;, the first boundary
value problem fori € X, UR; and Cauchy
problem withi € N,.

Int. j. math. phys. (Online)



Zh.K. Dzhobulaeva 41

Let

DY =D x (0,T), K5y =

( KD n(Q, UQZ)) x (0,T).

1. Let
transformation

Perform a  coordinate
Y (y):x =y + po. This
areas  x < Py, Dfi) =
{y|y <0} and x > p, intoDz(i) ={y|y >0}
Set §;COf; (1), (g5 Dlyyicyy =
= [0, fi+2,i (0, 0); Gi(0)P1 ()] x=0,
i )P (O] x=1, §i (x)q1 (D) ] x=0,
(i () g2 (Ox=1 = pj,i(t), q;,: (D),
GG (Olx=p, =1}, (), J = 1,2,{;(x) g1 (0),
i (kg2 (1), §i(x)g3(¢), (i (x)ega(t) =
= 01,i(t), kg2, (t), g3:(t), €94, (t) .
and continue the functionsf; ;, fj2 ;zero inD].(l).

i € R,
x:

conversion translates

We define the functions v';;(y,t),z";;(y, 1),

j=12, ¢Y;(t) as a solution to thefollowing
conjugation problem:

0v'j; — a;(§;, 0005V —
(&, Ox(E)Dp; == f;,(y, OinDY,
j=12, (1)
0:2'j; — aj42(§:,0)052";; —
=B (&1, 0)x (DD = fi42:(y, t)mD](Tl)'
j=12, (22)
(Z,j,i - )/](El, O)UIj,i)|y=0 = nj,i(t)' ] =12, (23)

2
2+ , (2+l))
U" . . + VAT . I
E (| Jji D](}T) | 1.1|D](}T) wz or

=

where C, does not depend on k and .

The functions v';;(y,t),z';;(y,t),j = 1,2, are
defined as asolution of the first boundaryvalue
problems i € X, UR3,and functions
v (y,t),2,;(y,t),j = 1,2 with i € R, are solution
of Cauchy problem. Each of these problems under
the conditions of the Theorem 2has a unique
solution and it is subject to estimates (27), (28) [8]
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2
ZOmgbﬂmmwﬁhA(

1+10)/2 1+10)/2 1+10)/2
+1|g2,il5y +|g31|( 2+ elgail S 0?),

(11 (&, O)Oxvll,i — kA (&, O)axvlz,i)|y:0 =

= 01,i(t) + kg, (), (24)
(kl (fi: O)alel,i - €k2 (fi: O)alez,i)|y=0 =
= g3,i(t) + £94,(t). (25)

In [1], Theorem was proved.

Theorem 2. Let0 < k <k, 0 < € < gy and be

executed conditions a), b).

o LI
—= @)

For any functions f;;(y, t) € C « (Djr),
o L2
fir2i(x,t) € C. (D;T)
JIH2
r]j,i(t)E Ct (O'T),
L (02
j=129,,()e C: (o71),
L (42 L (+)/2
kg,(t) e C, (or),g35(t) e C. (or),
L (h/2
egs(t)e C,  (or),
problem (21)-(25) has a unique solution v';; €
o 2+1,1412 2+1,1+1/2

C.. D)z eC.e o (D)

o 1412

Y; (1) eC,

(o), and following estimate is true

1+1

) 2)+ |g | n

(26)

| 2+
Vil .
) ey o

<G <|(z(x)f1|K(o + |51(X)P]|( ))
[ ERX,URs,j =12,

2+
12

L
5 < (100, + kwa (7)

[ENR,UR3,j =12, (27)

International Journal of Mathematics and Physics 11, Nel, 36 (2020)



42 An irregular conjugation problem for the system of the parabolic equations in the holder space

2+
o) SCslfi(x)fj|
@D

|Zj,i K%)T < Cé|€i(x)fj+2|

[ER, j=12.

®

0
Kost’
o

M
Koot

|Uj,i

(28)
We introduce the norm [1]

w = sup||w D\
Wlsap ipll ||B(K§gT)

ucar) = supillhll; oo 5 (29)

where K9 = (K& n(Q,U0,)) x (0,T). The

26T =
norms of {W}ga,), {h}u@,) are defined by

formulas (11), (12). Note that the norms (29) are
equivalent to the norms [|w|| g, IRl rap) [8]-

Lemma 2. The operator R: = H(Qr) = B(Qr)
is bounded: {Rh}pqa,) < C{M}nap-

Let us turn to the problem (1)-(9), which we
recorded in operator form (19) Aw = h. Obviously,
A:B(Qr) » H(Qrp).

Lemma 3. For any h € H(Qr), the equality
ARh = h+ Ph, takes place. Here Ph=
{P,h, Pyh, P3h,P,h,0,0,0,0,0, Psh, Pgh, P;h, Pgh},
Pih, Pjyoh, Pyyjh, j = 1,2, P;h, Pgh  contain  lower
terms or higher terms with small coefficients.

Forexample,

Ph== " () (b 00 + i, 0v) = (1) Y (02 1 (0 (0 1) + 20 (D0,03,(6,0) ) —

iEX

iEX

- 2 i ()| a;(x, t) — a;(&;,0)] 92v'; 1 (x, £) — Z u; 00| a; (e, O x (x — po) — a; (&, O x (& — po)] Db,

{ER iERy

j=12.

Lemma 4. Under the conditions of the Theorem
1 for t < Tyestimate

{Ph}ncap < 2{h}nn (30)

is fulfilled, where & € (0,1).

Lemma 5. Under the conditions of the Theorem
2 there exists for t < T, bounded right inverse
operator Ayl = R(E+P)L: H(QTO) - B(QTO),
where E is the unit operator.

Proof. We have the problem Aw = h.
Substituting Rh instead of w, we get ARh = h +
Ph=(E+P)h. Let (E+P)h=h,;, where
h, € H (QTO). Accordingto the assessment (30) this
equation has a unique solution h € H (QTO), which
is subject to estimate {h}H(QTo) < ﬁ{hl}H(QTo)
for anyone vector hy € H (QTO).Then there is a
limited the inverse operator (E + P)™! in the space
H(Qr,). Substituting h = (E +P)™*h; into the
equation ARh = hy = h + Ph, we get the identity
AR(E + P)"*h; = h, for any h, € H(QTO) or
AR(E + P)"1 = E. According to the definition
implies that the operator A has the right inverse of

International Journal of Mathematics and Physics 11, Nel, 36 (2020)

the bounded operator A;1 = R(E + P)™1, and the
problem Aw =h has the solution w =
(V1,V2,21,25,P) € B(QTO) for any vector h €
H(Qr,).

We obtain an estimate for the solution of the
problem (1)-(9) using the Schauder method.
Consider the functions of
;i (x,8) = i (v (x, 1), 27,4 (x, 1) = pi () z; (x, 0,
Jj=12,¢;(t) = u;(x) Y(t), which are defined in
Kz(:s) X (0,Ty) and extend them by zero outside this

area. Depending on the location of the interval Kz(:s)
in Q for functions v;;(x,t),zj(x,t),j = 1,2,3;(t)
from the problem (1)—(9) the model pairing
problem, the first boundary value problem, and the
Cauchyproblem can be obtained.

Multiply parabolic equations and problem
conditions (1)—(9) on the cutting function y;(x). In
the equations and conditions we will make
transformations coordinates x = ¥; '(y):x =y +
Do as i ENy for functions
Vi t) = 0,00 )| oy, 270 1) =
zj i (x, t)|x:Yi-1(y), j=12,9;(t) we get the
conjugation problem with zero initial data in
DiY.j =12,

Int. j. math. phys. (Online)



Zh.K. Dzhobulaeva 43

0v'j; — a;(§;,0)05v";; —

0:2'j; — aj42(§;,0)052";; —

(),
(/11 i O)Oyvll,i -

(1 (§:,0)0,2'1;

where f1:0.t) = fjix, t)|x:Yi-1(y),
f'j+2,i(% t) = f}+2,i(x: t)lx:yi‘l(y)' Fj,i (x,t),
Fii(x,t), j=1,2,H;;(x,t), H3;(x,t),

H,;(x,t), contain smallest coefficients or leading
coefficients with small coefficients.

2
@+D) @+D)
! !
Vil 17 (i)) il
]Zl(l P Kasr 1) Kasr ! GT

1+10)/2 1+1)/2
+11ga, il S 4195l ST

145 141
+|H; i (x, t)|£T 2 + |Hjy2,i(x, t)|<(;T 2)>,j =12,

where Cg does not depend on k and €.

We also get the functions v'j;(y,t),
z';;(y,t),j = 1,2 as solutions of the firstboundary
value problems for i € X, UX;, and functions
v (x,t),z(x,t),j =12 for i€R, as the is
solution of the Cauchy problems. Based on [1], the
firstboundary problem and the Cauchy problem are
uniquely solvable. To solve the first boundary
problem and the problem Cauchy valid estimates
similar to those

estimated. (27), (28) and (32), as well as similar
functions arising in right partsof the equations of the
first boundary value problems and the Cauchy

problem.
The norms of the functions Fj;(x,t),
F_'i+2,i(xl t)! Hj_i(xl t)l Hj+2,i (x, t)l ] = 1J2I are

estimated the same way as with the proof of Lemma
3 norms of operators Pjh, P yh, Pyyjh,j =
1,2, P;h, Pgh. Moreover, if note that in the interval
Ks(i) the cutoff function w;(x) = 1, then in Ka(i) X
(0,7),vj; = wvj = v}, 2 = z; = 2, P; =

Wiy = .

Int. j. math. phys. (Online)

a; (&, 0) x(§) Dy
B; (&, 0)x (&) Dy,

— (&, 0V ) ly=0 = nj,i () + Y, *ODH; i (x,0), j = 1,2,

2
( )
Z <|f11 Kl(igT + |fj+2,i|K§i)

1+1)/2 l 13}
+elgailey 7 1B 1ol +

= f’j_i(y; t) + Yi_l(y)P}"i(x, t),
= f’j+2,i(}’; t) + Yi—l(y)P}"i(x, t)’

€2))

kA, (&, O)ayvlz,i)|y=0 = g1,i(t) + kg, (t) + Yi_l(Y)Hs,i(X, t),

— ek (61,000,251 ly=0 = 93,:(t) + €94;(0) + Y, (V) Hy (%, 1),

The conjugation problem (31), according to
Theorem 2, uniquely solvable and for it's solution
estimate (26) holds. Therefore, solutionof the
problem (31)obeys the inequality

1+1
O + gl 411l ) +

25T 25T
(32)

Using estimates of solutions of the conjugation
problem (32), the first boundaryproblems and
Cauchy problems we will have inequality

W oy < Collpu;h ny +
Il ||B(K2(gt) ollu ||H(K2(gt)
+a W D\
1llu ”B(Kégt)

KZ(:S')t (Kz(? nEQ N Qz)) x (0,t),2; € (0,1).

Hence, we get

Cy
||MiW||B(K§2) T
®, € (0 1)

||I’[lh” H(kD,)
(33)

where K = (KSO) n@Q N Qz)) x (0, t).

We proceed in the inequality (33) to the
supremum on i, taking into accountthe definitions of
the norms {W}B(QTl) and {h}H(ﬂTl) in (29), as a

result get anestimate

International Journal of Mathematics and Physics 11, Nel, 36 (2020)
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Wls(ar,) < CrolMu(ar,):

From this inequality, by virtue of the
equivalence of norms {W}B(er)’{h}H(ﬂrl) and

||W||B(QT1), ||h||H(QT1), follows the evaluation of the
solution to the problem (1)—(9)

Wllaary) < Cullhllyga, ) (G4)

The problem (1)—(9) is linear problem. The
uniqueness of the solution followsfrom the
evaluation (34). We proved the existence and
uniqueness of the solutionof the problem (1)—(9) for
t < min(Ty, T;). Continuing the solution by t as in
[8], we obtain Theorem 1 for T > 0.
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