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NUMERICAL SIMULATION  
OF A SUPERSONIC TURBULENT COMPRESSIBLE JET  

IN A CO-FLOW WITH STOCHASTIC  
SPECTRAL INFLOW BOUNDARY CONDITIONS 

 
 

Abstract. A compressible supersonic turbulent jet of a perfect gas in a co-flow with the formulation of 
stochastic spectral inflow boundary conditions is numerically modeled. The base equations are the LES 
averaged Navier – Stokes equations closed by the Smagorinsky model, the solution of which is carried 
out by the ENO scheme of the third order of accuracy. The stochastic boundary conditions at the inlet are 
constructed on the basis of the spectral method of generating fluctuations of gas-dynamic variables to 
obtain an inhomogeneous anisotropic turbulent flow. The numerical results of turbulent characteristics are 
compared with experimental data for the shear layer problem. The thickness of the shear layer is obtained, 
in which the growth of the shear layer between the jet and the co-flow for three types of grid (coarse, 
medium and fine) is demonstrated. Coherent vortex structures appearing in the jet are constructed in 
dynamics, which made it possible to analyze in detail the growth and development of vortices over time. 
Key words: supersonic jet, supersonic co-flow, LES, spectral boundary conditions, shear layer. 

 
 
Introduction 
 
Turbulent jet flows are of particular interest 

when considering many aerodynamic problems, 
such as turbulent mixing of a jet of fuel with co-
flowing air in rocket combustion chambers, 
predicting the noise level of propulsion systems, the 
interaction of jets when launching space rocket 
technology with launch equipment. Turbulent jets 
were experimentally studied in the works of many 
authors [1-7,25]. The issue of numerical simulation 
of such flows is especially relevant today, and the 
application of the LES method (large eddy 
simulation) is justified, since it gives a more 
accurate description of turbulence, while, in contrast 
to the direct numerical simulation (DNS), without 
requiring large computational resources. The main 
problem of the LES method is the correct 
formulation of the inflow boundary conditions. 
Stochastic spectral boundary conditions are 
promising for this method, since they give the result 
closest to reality and do not require a large amount 
of information about the statistics of turbulent 
characteristics. The spectral boundary conditions 
use a set of random numbers that satisfies the given 
statistical turbulence data [8–13], and the key point 

in their formulation is the introduction of an 
anisotropic perturbation field. The ways of 
introducing anisotropy and inhomogeneity in the 
velocity field lead to a similarity between turbulence 
obtained numerically and natural real turbulence. In 
[14], using the spectral boundary conditions, an 
inhomogeneous anisotropic field of turbulence 
velocities with zero divergence was synthesized for 
a plane turbulent flow in a channel and for a 
circulation flow, and as a result, turbulent structures 
in the flow close to the real ones were obtained. In 
many works, spectral boundary conditions were 
used to solve actual physical problems, as, for 
example, in [15] the effect of wind on a tall steel 
building was studied. The authors found that the 
velocity profiles of the incoming wind flow mainly 
affect the average pressure coefficients of the 
building and the profiles of random turbulent 
intensities significantly affect the fluctuation forces 
of the wind. In [16], a comparison was made 
between the LES models with different boundary 
conditions, including spectral ones, as well as a 
comparison with experiment in order to determine 
the accuracy of the LES method when simulating 
flows in combustion chambers, using the example of 
particle distribution in circulating two-phase flows. 
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As a result, the authors simulated the characteristic 
fluctuation velocity fields, which gave a satisfactory 
agreement with the experiment. The authors of [17] 
studied the spread of atmospheric pollution on the 
streets of the city by modeling atmospheric flows 
with a boundary layer with obstacles. The study was 
conducted numerically using the RANS model and 
the LES model with spectral boundary conditions. 
Both methods were compared with each other and 
with experimental data. As a result, the LES method 
was able to detect both external and internal induced 
periodicities and, accordingly, pulsating and 
unstable fluctuations in the flow field, which made 
it possible to obtain the correct calculation of the 
transient process of mixing air with a pollutant using 
the example of city streets. This in turn led to a 
more accurate prediction of horizontal concentration 
diffusion, since it was the LES method with spectral 
boundary conditions that made it possible to 
reproduce unsteady concentration fluctuations. In 
[18], using the LES, turbulent combustion of 
methane and oxygen with preliminary mixing was 
simulated using spectral boundary conditions, a 
comparison was made with experiment, and a 
satisfactory agreement between the numerical and 

experimental calculations was obtained. The authors 
of [19] investigated the effect of oncoming turbulent 
structures in the air flow on the low-speed wing. 
Good results were obtained from the wing response 
to the effects of turbulent structures in both two-
dimensional and three-dimensional modeling. In 
[20], a turbulent flow passing through a rotating 
wind turbine was simulated using the LES with 
spectral boundary conditions in order to study the 
formation and propagation of a wake behind a wind 
turbine. As a result, the structures obtained behind 
the wind turbine turned out to be a system of intense 
and stable rotating spiral vortices, which determined 
the dynamics of the wake. As a recommendation, 
the authors proposed the following: the boundary 
between the near and far wake should be defined as 
the initial location for the decay of the wake. Also, a 
comparison with experiment was made in the work, 
which gave good agreement on the time-averaged 
pressure coefficients. 

The aim of this work is numerical simulation of a 
supersonic turbulent jet of a perfect gas in a co-flowing 
air stream using the LES method with stochastic 
spectral boundary conditions at the input. The 
schematic flow diagram is presented in Figure 1: 
 

 
 

Figure 1 – Schematic flow diagram 
 

 
Basic equations 
 
The basic equations are a system of three-

dimensional LES-filtered Navier-Stokes equations 
for a compressible turbulent perfect gas in a 
Cartesian coordinate system, written in a 
conservative form: 
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The components of the viscous stress tensor are 
defined as follows: 
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Heat flows are represented as: 
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Effective viscosity is the sum of the dynamic 
and vortex viscosities: sgsleff   , where l  

is obtained from the Sutherland’s formulae, and sgs  
is as follows:  
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where  С  is semi-empirical coefficient of the model, 

zyx    is the width of the filter. 
Pressure and temperature are set as follows: 
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In (1) vwu ,,   are the components of the velocity 

vector,   is the density, vc  is the specific heat at 
constant volume,   is the specific heat ratio, M  is 
the flow Mach number. 

The system (1) is written in dimensionless form, 
where the flow parameters   Tρu ,,  taken as a 
reference values; for the pressure P  and the total 
energy Et the reference values are 2

uρ , the length 
scale is the initial vorticity thickness of a mixing 
layer: 
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Pr , Re  are the Prandtl and the Reynolds 

numbers.  Index 0 corresponds to the parameters of 
the jet and index  corresponds to the parameters 
of the flow. 

 
Boundary and Initial conditions 
 
At the input, the initial conditions for the 

velocity profile are set in the form:  
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At the transition of two gas flows, the above 
physical variables are determined by the function of 
the hyperbolic tangent: 
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At the transition of two gas flows, the above 
physical variables are determined by the function of 
the hyperbolic tangent: 
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Here xH , yH  and zH  are length, width, and 
height of the computational domain, respectively, 
and R  is the radius of the jet orifice. 

The “natural” fluctuation velocity field at the 
entrance 
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as in [13] and the spectral boundary conditions at 
the entrance for this case are as follows: 
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where d  is the random frequency and n  is the 
random phase shift, both determined in the interval 
[0;1], here N is taken as 100N  and nq  is the 
normalized amplitude: 
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where E(k) is  the modified von Karman energy 
spectrum: 
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In the output and the lateral boundaries the non 
reflective boundary conditions are specified [21].  

 
Method of solution 
 
Preliminary, at the level of the jet injection, a 

thickening of the grid is introduced for a more 
accurate numerical solution. Then the system (1) in 
the transformed coordinate system is written in the 
form: 
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Jacobian transform. 
The solution of the system (9) is performed with 

semi-implicit method  proposed in [22, 23]. 
Firstly, the linearization procedure is applied to 

the equations (9).  Then, the factored scheme of the 
linearized system is written.  This form reduced the 
three-dimensional matrix inversion problem to the 
three one-dimensional problems in directions   ,  
 ,  . Secondly, the obtained one-dimensional 
problems are solved implicitly with matrix sweep 
method for the vector U~ . Here, the advective terms 
are approximated using the third-order ENO scheme 
in detail represented by authors in [22, 23]. The 
central differences of the second order accuracy are 
used for approximation of diffusion terms.  

 
Results  
 
The verification of the numerical model is 

conducted by the comparison of the computational 
results with the experimental data of [24] for the 
shear layer problem. Schematic diagram of the flow 
is presented in Figure 2:  
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Figure 2 – Schematic diagram of the shear layer problem 

 
 

Two parallel flows with different Mach numbers are defined by the following parameters: 
 

1M  2M  cM  21 / UU 21 /  T p 
1.80 0.51 0.51 0.36 0.64 291K 1 atm. 

 
 

where 
)/()(,/)( 21122111 aaUaUaaUUM cc   is 

the convective Mach number and 21, UU   are 
velocities of the upper (indexed by 1)  and lower 
flows (indexed by 2), and  21, aa  are the local sound 
velocities of flows. The pressure at the input 
remains constant. The simulation is made for three 
types of grids: coarse (75х25х25 nodes), middle 
(135х51х51 nodes), fine (271х101х101 nodes). This 
is made in purpose for the grid independence 
analysis which shows that the simulation with the 
computational grid of 301х131х131 nodes gives the 
same results as for the 271х101х101 nodes 

simulations. And this is the cause why there is no 
need of using more computational resources with 
finer grid and here the grid of 271х101х101 nodes is 
in use. At the input, the spectral boundary 
conditions are used. 

The results of comparing turbulent characte-
ristics with experiment are shown in Figure 3-5 for x 
= 180 cross-section. For stream wise and lateral 
turbulence intensities and for Reynolds stress 
profiles a satisfactory agreement with experiment is 
obtained (grid of 271х101х101 nodes). This result 
confirms the validity and correctness of the selected 
spectral boundary conditions at the input. 
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Figure 3 – Streamwise turbulence intensities Figure 4 – Lateral turbulence intensities
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Figure 5 – The Reynolds stress profiles 

 
 
 

The following are the results of numerical 
modeling of the problem with the following 
parameters: ,1∞ M  20 M , 510Re  , 6d  is 
the diameter of the orifice, atmP 1  is the pressure 
which is constant. The sizes of the domain are next 
Hx = 200, Hy = 200, Hz = 30 and y0 = 25,  
z0 = 25 are coordinates of the center of the jet.  

In Figure 6 showing the vorticity thickness 
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)/( zu
uu




 
   of the shear layer, shows the 

results of calculations with three types of grids for 
comparison. In the case of a fine mesh (black solid 
line), the vorticity thickness increases from 4.7 to 
8.5. 

 
Figure 6 – Vorticity thickness for three types of grids. 

 
 
Figure 7 (a) presents instantaneous isosurfaces 

for densities  and vorticity, and Figure 7 (b) shows 
isolines of density and vorticity in a cross section 
y=25 for natural jet in co-flow: 

 

а)  

b)
Figure 7 – Instantaneous isosurface for densities  and vorticity (a) ,  

isolines of density and vorticity in cross section y=25 (b) for natural jet in co-flow 
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The results on Figure 7 show that with 
spectral boundary conditions taken at the input the 
obtained turbulence is close to the real one. As it 
is seen there are 6 vortices appeared starting from 
the point x = 55 which is seems to be a good 
result for this kind of flows. The main problem in 
all supersonic flows is in making the starting 
point (where the vortices start to form) distance as 

shorter as possible. Solving this problem leads to 
beneficial improvements in construction of the 
combustion chambers, namely the reduced size of 
combustors. More detailed analysis of the 
formation of vortices is shown on Figure 8 where 
the dynamic of the vortices structures in the shear 
layer between jet and co-flow is demonstrated: 
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Figure 8 – Evolution of vorticity isolines at various times for natural jet in co-flow 
 
 
 It  shows that to the time t = 37.5 the vortices 

are started forming and they are moving 
downstream (Fig. 8 (b)). Pairing of the adjacent 
vortices with forming the larger ones is 
demonstrated in Fig. 8 (c). And the relatively stable 
turbulence occurs to the time t = 62,5  (Fig. 8 (d)). 

 
Conclusion 
 
Stochastic boundary conditions at the entrance 

are presented based on the spectral method of 
generating fluctuations of gas-dynamic variables to 
obtain an inhomogeneous anisotropic turbulent 
flow. Based on them, the problem of injecting the 
compressible supersonic turbulent jet into a co-
flowing stream is numerically solved. The analysis 
of grid independence for computational grids is 
carried out, which gave the most suitable number 
of nodes for the grid. Comparison of the results of 
obtained turbulent characteristics with experiment 
showed satisfactory agreement. It was also 
revealed that the far region of the jet in the shear 
layer is characterized by a developed turbulent 
structure. Thus, the formulation of stochastic 
spectral boundary conditions made it possible to 
obtain anisotropic inhomogeneous turbulence close 
to real. 
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