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Abstract.Thermoelastic properties of solids at high pressures are studied using various equations of 
state (EOS) such as Eularian Birch-Murnaghan EOS, Poirier-Tarantola logarithmic EOS and the 
generalized Vinet-Rydberg EOS. We have determined the pressure derivatives of bulk modulus upto 
third order which are useful for predicting the Grüneisen parameter and its volume derivatives. 
Expressions have been obtained for the derivative properties based on different equations of state, and 
extrapolated to the limit of extreme compression. It is found that all the three equations lead to a 
common relationship between second and third pressure derivatives of bulk modulus in the limit of 
extreme compression. 
Keywords: Equations of state, pressure derivatives of bulk modulus, Grüneisen parameter, extreme 
compression behavior. 

 

Introduction

Equations of state at high pressures have been 
extremely useful for studying the thermoelastic 
properties of solids [1-5]. Bulk modulus and its 
pressure derivatives are important physical 
quantities for understanding the thermoelastic 
properties [6, 7] such as the Grüneisen parameter  
and its volume derivatives. is related to the 
thermal and elastic properties of materials by the 
formula [8, 9]. 
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Where  is the coefficient of volume thermal 

expansion, KT and KS are isothermal and adiabatic 
bulk modulus, CV and CP are the specific heats at 
constant pressure and constant volume 
respectively. 

The second Grüneisen constant q used in the 
literature is defined as [10]. 
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The third order Grüneisen parameter is defined 

as 
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In order to emphasize the importance of q and 

 in determining higher order thermoelastic 
properties we refer to the following thermodynamic 
identities [9]. 

 
S = K��  – 1 + q –γ – C��               (5) 

 
T = K��  – 1 + q + C��                (6) 
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where 

S is the adiabatic Anderson-Grüneisen 
parameter 

S = S

P

 ln K1
α  T
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T is the isothermal Anderson-Grüneisen 

parameter 

T = T

P

 ln K1
α  T
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'

SC = ( ln CV/ ln V)S                  (11) 
and 

'

TC = ( ln CV/ ln V)T                (12) 
 
Thusq and  appearing in esquations [5–8] are 

useful parameters reduced to investigate higher 
order thermoelastic properties. We make use of the 
generalized free-volume formula for determining 
qand . 

 
Generalized free-volume formulation 

According to the generalized free-volume 
formula [8, 11], is related to pressure P, 
isothermal bulk modulus K and its pressure 
derivative as follows: 
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The parameter t takes different values for 

different derivatives of , based on different 
approximation. Thus t = 0 for Slater’s formula [12], 
t = 1 for the formulation developed by Dugdaleand 
MacDonald [13], t = 2 yields the free-volume 
formula [9], ad t = 2.35 resulted in a molecular 
dynamical calculation by Barton and Stacey [14]. 
The assumptions and approximations on which 
Equation [13] is based, have been reviewed in a 
comprehensive manner by Stacey and Davis. 
Equation [13] can be applied to different types of 
metals, solids as well as insulators, because it is 

derives from the fundamental relationship between 
thrmal pressure and thermal energy [8]. The 
pressure dependence or volume dependence of can 
be studied with the help of Eq. [13] using different 
equations of state [10, 15]. Expressions for the 
volume derivatives of , represented by q and  are 
derived from Eq. (13) considering t to be 
independent of pressure, i.e. dt/dpT = 0. It has been 
found by Stacey and Davis [8] that  varies slowly 
with pressure, and constant  might be a good 
approximation. Although there is no fundamental 
reason for believing that  is constant, it is much 
better assumption constant q often assumed in 
mineral physics [16]. 

It is more convenient to rewrite Eq. (13) in an 
equivalent form as follows (13). 
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The following equations are then obtained from 

the differentiation of Eq. (13) 
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Eqs. (16) and (17) yield 

(q+) = –  – 
2 2 2 2[(K K /KK )-(2/KK ) (K d ε/dP )

1-(2/KK )(Kd /dP)

  


       (18) 

 
Values of γ, q and  can be calculate by 

knowing the pressure derivatives of bulk modulus. 
These pressure derivatives can be determined with 
the help of equations of state. 

 
Analysis based on equations of state 

Higher pressure derivatives of bulk modulus 
are determined here using some important 
equations of state given below: 
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Birch-Murnaghan fourth order EOS 

This EOS has been derived from the Eulerian 
strain theory [17]. The expressions for P, K, ��, 
KK�� and K�K��� obtained from this equation of 
state are given below: 

5/3 7/3 3 11/309K
P = [ Ax Bx Cx Dx ],

16
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where x = V/Vo and 

A= 0K K��� + (K��  – 4) (K��  – 5) + 59/9       (24) 
 

B=3 0K K��� + (K��  – 4) (3K��  – 13) + 129/9    (25) 
 

C=3 0K K���+ (K��  – 4) (3K��  – 11) + 105/9    (26) 
 

D= 0K K��� + (K�� – 4) (K��  – 3) + 35/9         (27) 
 
Poirier-Tarantola logarithmic fourth-order 

EOS 

Poirier and Tarantola [18] have obtained 
logarithmic EOS using the Henckystrain which is 
represented by (1/3) ( ln V/Vo). The expressions 
based on this EOS s follows: 
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where x = V/Vo and Q = 0K K��� + K��� – 3K��   + 3

 
Generalized Vinet-Rydberg Eos 

Stacey [19, 20] has generalized the Vinet EOS, 
so as to make it compatible with infinite pressure 
value K�� , for the pressure derivative of bulk 
modulus the equation thus formulated by Stacey is 
known is the generalized Rydberg EOS. 
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where x = V/Vo and  = 
3
2
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, for K�� = 2/3, Eq. (33) reduces 

to the original Rydberg EOS. 
The Birch-Murnagham EOS, the logarithmic 

EOS and the generalized Rydberg EOS can be 
written in the following form  

 
K/P = ��� +F(x)                      (38) 

 
Differentiating   Eq (38) with the respect to ‘P’ 

successfully 
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Where  x =V/V₀ 
In case of birch murnagham fourth order EOS 

the value of F(x) is 
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In case of the logarithmic fourth –order EOS 

the value of F(x) is 
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In case of the generalized Rydberg EOS the 

value of F(x) is  
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Results and Discussions 

We can derive expressions for the derivatives 
of F(x) such as F'(x), F''(x) and F'''(x) by using Eqs. 
(42-44). In the limit V0, P, K, but their 
ratio P/K remain finite such that (P/K) = 1/K�� . 
Also (1–K��/K), KK�� and K2K��� tend to zero in 
the limit of infinite pressure, but their ratios 
KK��(1–K�P/K) and K2K���/KK��  remain finite 
[6,22]. At extreme compression x 0, we have 
F(x)0, x F'(x) 0, x2 F''(x) 0 and x3 F'''(x) 
0for all the equations of state based on Eqs. (38-
41) using the calculus, we have 
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In the extreme compression limit Eqs. (39) and 

(40) gives 
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Eqs. (40) and (41) gives 
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Eqs. (45 – 47) then yield 
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The Birch-Murnaghan Fourth Order EOS gives 

using Eqs. (19-23) 
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The logarithmic fourth order EOS using Eqs. 

(28-32) 
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The generalized Vinet-Rydberg EOS using 

Eqs. (33-37) gives 
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All these equations of states satisfies the 

common relation (48). This relationship can be 
useful for investigating further the thermoelastic 
properties of solids at high pressures [6, 8, 23, 24]. 

 

References  

1. Anderson, O.L.; Masuda, K.; Isaak, D.G. 
"A new thermodynamic approach for high-pressure 
physics." Physics of the Earth and Planetary 
Interiors 91.1-3 (1995): 3-16. 

2. Shanker,J.;Thomas, L.M. Phys. Stat. Sol 
(b) 35 (1997): 601. 

3. Chauhan, R. S., Singh, C. P. "Equation of 
state and thermal expansivity of NaCl under high 
pressure and high temperature." Physica B: 
Condensed Matter 387.1-2 (2007): 352-357. 

4. Shanker, J ; Singh, P K; Saurabh, S. 
“Analysis of infinite pressure behaviour of 
thermoelastic properties of materials”Indian 
Journal of Pure and Applied Physics. 539(4) 
(2015): 230-233. 

5. Ahmad, J.F.; Alkammash, I.Y. "Theoretical 
study of some thermodynamical properties for solid 
under high pressure using finite-strain EOS." 
Journal of the Association of Arab Universities for 
Basic and Applied Sciences 12.1 (2012): 17-22. 

6. Shanker, J., Singh, B.P. "A comparative 
study of Keane's and Stacey's equations of state." 
Physica B: Condensed Matter 370.1-4 (2005): 78-
83. 

7. Kushwah, S.S., Bhardwaj,N.K. "Analysis 
based on equation of state for sodium halides." 
Journal of Physics and Chemistry of Solids 70.3-4 
(2009): 700-702. 

8. Stacey, F.D., Davis,P.M. "High pressure 
equations of state with applications to the lower 
mantle and core." Physics of the Earth and 
Planetary interiors 142.3-4 (2004): 137-184. 

9. Stacey, F.D. "High pressure equations of 
state and planetary interiors." Reports on progress 
in physics 68.2 (2005): 341. 

10. Vocadlo, L.;Poirer, J.P.; Price, G.D. 
"Gruneisen parameters and isothermal equations of 
state." American Mineralogist 85.2 (2000): 390-
395. 

11. Zubarev, V.N.;Vashchenko,V.Ya. "O 
koefficienteGryunajzena " Soviet Phys. Solid State 
5 (1963): 653. (inrussian). 

12. J.C. Slater, Introduction to chemical 
Physics, Mc Graw – Hills, New York (1939). 

13. Dugdale, J.S., MacDonald,D.K.C. "The 
thermal expansion of solids." Physical Review 89.4 
(1953): 832. 

14. Barton, M.A., Stacey; F.D. "The Grüneisen 
parameter at high pressure: a molecular dynamical 
study." Physics of the earth and planetary interiors 
39.3 (1985): 167-177. 



62 Thermoelastic properties of solids based on equation of state

Int. j. math. phys. (Online)International Journal of Mathematics and Physics 10, №2, 57 (2019)

15. Holzapfel, W.B., Hartwig, M.;Sievers, W. 
"Equations of state for Cu, Ag, and Au for wide 
ranges in temperature and pressure up to 500 GPa 
and above." Journal of Physical and Chemical 
Reference Data 30.2 (2001): 515-529. 

16. AndersonO.L.Equations of State of Solid 
for Geophysics and Ceramic Science, Oxford 
University Press, New York(1995). 

17. Birch, F. “Elasticity and constitution of the 
Earth's interior.” Journal of Geophysical 
Research57 (1952): 227-286. 

18. Poirier,J.P.; Tarantola, A. “A logarithmic 
equation of state” Physics of the Earth and 
Planetary Interiors109 (1998). 

19. Keane, A. "An investigation of finite strain 
in an isotropic material subjected to hydrostatic 
pressure and its seismological applications." 
Australian Journal of Physics 7.2 (1954): 322-333. 

20. Stacey, F.D. "Finite strain, thermody-
namics and the earth’s core." Physics of the Earth 
and Planetary interiors 128.1-4 (2001): 179-193. 

21. Stacey, F.D. "The K‐primed approach to 
high‐pressure equations of state." Geophysical 
Journal International 143.3 (2000): 621-628. 

22. Shanker, J.; Singh,B.P.; Jitendra, K. 
“Extreme compression behaviour of higher 
derivative properties of solids based on the 
generalized Rydberg equation of state.” Condense 
Matter Phys. 12 (2009): 205-213. 

23. Shanker, J.;Dulari, P.; Singh, P.K. 
"Extreme compression behaviour of equations of 
state." Physica B: Condensed Matter 404.21 
(2009): 4083-4085. 

24. K.S. Singh. “Second order and third order 
Grüneisen parameters at extreme compression.” 
Physica B: Condensed Matter407(2012): 668-669 

 


