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Asymptotic behavior of the solution of a singularly perturbed
three-point boundary value problem with boundary jumps

Abstract. In this paper, the three-point boundary value problem is considered for the third-order linear
differential equation with a small parameter with at the two highest derivatives when the roots of
additional characteristic equation have negative signs. The aim of this paper is to bring asymptotic
estimation of the solution of a singularly perturbed three-point boundary value problem with boundary
jumps and the asymptotic convergence of the solution of a singularly perturbed initial value problem to
the solution of an unperturbed initial value problem. In this paper the fundamental system of solutions,
initial functions of a singularly perturbed homogeneous dilJerential equation are constructed and their
asymptotic estimates are obtained. An asymptotic behavior of the solution of the three-point boundary
value problem at the points of initial jumps is established. A degenerate boundary-value problem is
constructed. It is proved that the solution of the original singularly perturbed boundary value problem
tends to the solution of the degenerate boundary value problem.

Key words: singular perturbation, small parameter, asymptotic, initial jumps,asymptotic estimate,
boundary value problem, boundary functions, fundamental solutions.

Introduction

Equations containing a small parameter with
the highest derivatives are called singularly
perturbed equations. Such equations are of great
applied importance. They act as mathematical
models in the study of various processes in physics,
chemistry, biology and technology.

The study of initial problems for singularly
perturbed equations with unbounded initial data as
the small parameter tends to zero, which are called
Cauchy problems with an initial jump, first began
with the work of M. 1. Vishik, L. A. Lyusternik [1]
and K. A. Kasymov [2]. A feature of such
problems is that the solution of a singularly
perturbed problem tends to the solution of the
degenerate  equation with modified initial
conditions when the small parameter tends to zero.
In this case, we say that there is a phenomenon of
an initial jump in the solution. K. A. Kasymov and
his students in [3-11] continued research on initial
and two-point boundary value problems with initial
jumps. Three-point boundary value problems for
ordinary  differential and integro-differential
equations with a small parameter at only the
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highest derivative, which have the phenomenon of
initial jumps, were considered in [12,13].

The present work is devoted to the study of
the three-point boundary value problem for linear
ordinary differential equations of the third order
with a small parameter for two highest derivatives,
which has the phenomenon of boundary jumps.
The scientific novelty of this problem is that the
fast variable of the solution increases unlimitedly
not only at the so-called starting point, but also at
the other end of the considered segment when the
small parameter tends to zero.

Statement  of  the and
preliminaries

problem

We consider third-order linear differential
equation with a small parameter at the two highest
derivatives

Ly=&y"+ed,)y" +

, (1)
+A4,(0)y' + 4,(H)y = F (1)

with the boundary conditions
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hy(t,e)=y(0,6)=«a,
hy(t,8) = y(t,,€) = B, )
h3y(t,€) E)’(Lg) = 7/9

where& >0 —small  parametr, 0</¢, <l,and

a, B,y —known constants.
Let us assume that:

LA4()e C*[0,1],i = @, F(t) e C[0,1]
II. The roots of the equation

12+ A, (Op+ A1) =0
satisfy the conditions

w1 () <=y, <0, (1) >y, >0.

We consider the followinghomogeneous
equation associatedwith (1):
Ly=ey"+84,(t)y" +
Y =EY o)y 3)

+4,(1)y"+ 4,(t)y =0

Lemmal. If the conditions I, II are satisfied,
then the fundamental set of solutionsof the equation
(3) has the following asymptotic representation as

& —>016]:

1!

i T S l_
yf)(f,8)=?€ ! (4 (D (1) +0(¢)),
i=0.2,

A 1 *éjﬂz(x)dx l_
yé’)(f,8)=;€ ’ (1, (D) (1) +0(¢))

i =02, “4)

v (te)=yE () +0(),i =02,

where y; (¢) = exp(— IAZ—()C)de, and  the
0 A, (x)

functions y, (¢),i = 1,2 are

problems

solutions of the

D (t)y;O(t) +q,0)y,(#)=0,y,0)=1, i=12,
where

pi() = (A () +2,(0)) 14, (0);
q,(1) = A, () + A, () ;) + 3 p,(1) 1 (D).

We construct auxiliary functions:

P (t,s,¢)

K, (t,s,6)="2 22"~

o(1,5,€) W (s.) .
B(t,s,¢)

K (t,s,6)=—"""—=;
Wi(s,e)

where W (s, &) is the Wronskianof the fundamental
set of solutions of the equation (3), and F,(%,s, &),
B (,s,¢)
Wronskian W (s, €) by replacing its third rows with

are determinantsobtained from the

the corresponding rows y,(%,&),0,y,(%,&) and
0,y,(t,£),0.
In view of(4),for the functions

K,(,s,¢),K,(t,s,&) the following asymptotic
representations holdas & —0:

K(15.6) = & WO HOn0 e 0(e) )
Vs () () iy (5) €7 y,6(8) 14 ()5 (8) = #4,(5)) (6)
s<t,
1 ()20 (0) FIEE

KV (t,s,6)=¢"

€7 Y20 (8) 1, () (1, (8) = 1, (5))
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+0(g) | 1<s, j=02.
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From (6) for the functions K(?,s,¢),K,(t,s,€)

we obtainasymptotic estimates as & —0:

t—s

- C -n—
‘Kéf)(t,s,g)‘ <Ce + e e,
&
. (7
) C 7 _o>
‘K] (t,s,g)‘s —e °, j=0,2,
e
where C>0,7,>0,i=12 areconstants

independent of & .

Main results

Let the functions D, (4,&),i=123 be a
solutions of the problem

LO.(,e)=0, h® (t,e)=5,, i k=123.

We call these a boundary functions and determine
by the formula

1.(t,¢)

q)i(tsg) = ()

, =123, ®)

where

hy (t,e) hy,(t,e) hys(¢)
I(¢) =|h,y,(t, &) hyy,(t,e) hyy,(t,e),
hyy(t,e) hyy,(t,e) hyy,(t,¢)

and [,(t,&) are determinantsobtained from the
I(g)by replacing its I-th rows with the row
N(t,6),,(8,€),y5(2,€).

In view of (4), for the boundary functions
D,(2,¢),i =1,2,3 we get asymptotic representations
asg —>0:

lt
— | (x)dx

@%“(ae):%e“ (1] ()31 (1) + O(E)),
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- PO i @yt Hreo
(I)gj)(t,é‘) — 230 _ lj 10377 540 _
Vao(ty) &' ys(2,)

/ 1
_/J2 (t)yzo(t)ym(l)e s N
&'y, ()5 ()
éjﬂl (x)dx

+0| e+—=e° +—
g./ g./

©)

1
| e
e ! ,

1 1
_ —Ejllz(x)dx J
O (t,2) = —glj e [—”2 Oy O(g)j.

Voo (D)
From (9)for the boundary functions
D,(t,6),i=123, we get the following

asymptotic estimates as £ —>0:

1-t

; C _71i : C Y2
@ (o)< —e e, [0V (Le)<—e T,
& &

. C »t C
(@) < & 4 &
‘@2 (t,g)‘_C+8je +gje ©(10)

j:()alaza

where areconstants

C>0,y,>0,i=12

independent of & .
We seek a solution of the boundary value
problem (1), (2) in the form

y(t,6) = CD,(t,6)+ C,d,(t,6) + C,D, (¢, &) +

t 1
+i2 j K,(t,s,€)F(s)ds —i2 j K, (t,s,€)F(s)ds
2 0 2 t

where @ .(t,¢),i =1,2,3 —boundary functions,
and K, (t,5,¢), K,(t,s,&)—auxiliary functions
given by the formula (5). Now, by using condition
(2) we will find the constants C il = 1,2,3. Then

the following theorem is valid.

Theorem 1. Under conditions I, II, the
solution of the problem (1), (2) can be represented
in the form
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1
Yyt )= [a +LZJK1(0, S, g)F(S)dstDi”(t, £)+
2 0

ty 1
+£ﬂ+LZJ.KOUOJS:E)F(S)dS_LZJ.Kl(t09S:S)F(S)dSJCD(2j)(t’8)+
3 0 ¢ 0}

(11

1 t 1
+ [ y-L [, g)F(s)ds] O (1,6) + = [k (t,5,8)F (s)ds S [KD(t,5,8)F (5)ds.
3 0 3 0 3 t

Theorem 2. Under conditions I, II, for the
solution of the problem (1), (2) the following

asymptotic estimates hold as & —>0:

" (,6)| < C( Bl +max| F() )+

t

C .
+—(a|+|B|+max|F(t))e '« +
g’/ 0<r<1

C _71E (12)
+—(B1+|y|+max| F@))e " * +
< 0<¢<l

J7208y _ 44072 __
e C OO ), ;T3
e w0 () [0

C>0,y,>0,i=12
independentof & .

The proof of the Theorem 1 and Theorem 2
follow from (11), and in view of the estimates (7),

(10).

By the Theorem 2, one can obtain

where areconstants

1

'(0,¢) = O(l} V'(le)= 0(—), e —>0.
g g

It means that, the solution of the boundary
value problem (1), (2) has the phenomena of initial
jumps of zero order at the points =0 and £ =1.

We consider the following degenerate
problem

Lyy=A(t)y'+ 4y =F(1),

_ (13)
() =p.

Let the initial jump condition be satisfied
L. Ay=a—-y(0)#0, A, =y—y1)=0.
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Then following theorem holds true.

Theorem 3. Let the conditions I-III are
satisfied, then for the difference between the
solutions Y(f,&€) and y(¢f) of the singularly

perturbed boundary value problem (1), (2) and the
degenerate problem (13) following asymptotic

estimate holds as £ —0:

9 (8,8) -y ()] <
1-t

ng[la—mﬂe“i+|y—ﬂl)|e“fj+ (14)
&

+Ce, j=0,1,
C>0,y,>0,i=12 areconstants

independentof & .
Proof. We denote by u(te) = y(t,¢) — y(t). Then
in view of (13), we get the singularly perturbed

problem for the functionu(%, £):

where

gu+ed,(Ou"+ A '+
+A,(Ou=—&"F"—e4,(t)y",
u(0,8)=a-7y(0),
u(t,,&)=0,
u(l,8) = y = ¥(1).

(15)

The problems (15) and (1), (2) are the same
type. Therefore, by using the estimates (12) for the
singularly perturbed boundary value problem (15),
we obtain estimates (14).

The estimates (14) imply the following limit
transitions
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LiV}O’l y(t,e)=y(t), 0<t<]l,
Liiz)ay'(t,g) =y'(t), 0<t<l,

where J(f)is the solution of the degenerate

problem (13).
The values of the initial jumps are determined
from the following equalities:

Ay = (0,6)-7(0) =

fq

ILO:)dx “ g jAZ(j)dx
+a — Pe’ AWy '[—(S) e ds,
o 4i(s)
A =yLe)-y()=
A . F 4, (x)
’J.Al(X)d h F(S) —IAl(x)dx
=y—pPe” —I—e ’ ds.
o A (s)
Conclusion

In this paper, we consider a three-point
boundary value problem for a third-order linear
differential equation with a small parameter at two
highest derivatives when the roots of the
“additional characteristic equation” have negative
signs. An analytical formula and asymptotic
estimates of the solution are obtained. A degenerate
boundary value problem is defined.It is shown that
the solution of the original singularly perturbed
boundary value problem tends to the solution of the
degenerate boundary value problem. It is
established that the solution of this boundary value
problem has the phenomenon of boundary jumps.
This means that the points of the initial jump are
not only the left, but also the right point of the
segment. Moreover, at both boundary points, the
orders of the initial jumps coincide.
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