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Strongly unpredictable solutions of difference equations

Abstract. It so happens that the line of oscillations in the classical theory of dynamical systems, which
is founded by H.Poincar’e and G.Birkhoff was broken at Poisson stable motions. The next oscillations
were considered as actors of chaotic processes. This article discusses the new type of oscillations,
unpredictable sequences, the presence of which proves the existence of Poincare chaos. The sequence is
defined as an unpredictable function on the set of integers. The results continue the description of chaos
which isinitiated from a single motion, an unpredictable one. To demonstrate the effectiveness of the
approach, the existence and uniqueness of the unpredictable solution for a quasilinear difference
equation are proved. An example with numerical simulations is presented to illustrate the theoretical
results. Since unpredictability is request for all coordinates of solutions, the concept of strong
unpredictability can be useful for investigation of neural networks, brain activity, robotics, where
complexity is related to optimization and effectiveness.
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Introduction

Throughout the paper, R, Nand Z will stand for
the set of real, natural and integer numbers,
respectively. Additionally, x = x;,i € Z,and the

norm||x]||; = supy || x;|l, where xX; =
(xt, .., xP),x] € R, ||x;|| = max, < ey |x/|,j =

P X )i Xy » [ X 1<jsp|X; |+]
1,2,..,p,p € Njwill be used. The following

definition isone of the main in our study.

Definition 1. [1,2] A bounded sequence
K;, i € Z, in RP is called unpredictable if there exist
a positive number &, and sequences {,,N,, N € N,
of positive integers both of which diverge to
infinity such that ||1ci+§n - Kl-” — 0 as n — oo for
each i in bounded intervals of integers and
||K{n+nn - Knn” > gy foreachn € N.

Some coordinates of an unpredictable sequence
may be not unpredictable. This is why, in the
following definition, we consider a stronger version
of the concept.

Definition 2. A bounded sequence k;,i € Z, in
RP is called strongly unpredictable if there exist a
positive number &, and sequences {,,,,, 1 € N, of
positive integers both of which diverge to infinity
such that ||Ki+§n - KL-” — 0 as n — oo for each i in
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. . j )
bounded intervals of integers and Kz tmn — Kin| 2

gg foreachj=1,..,pandn € N.

Inthispaper, a strongly unpredictable sequence
and a strongly unpredictable solutionare understood
as mentioned in Definition 2. We investigate the
existence, uniqueness andstability of strongly
unpredictable solutions of a non-linear difference
equation.

The research of complex dynamics as well as
differential equations with singularities has been of
great interest in recent decades [3-8].

Main result
Let us consider the following discrete equation
Ziy1 = Bz; + h(z) +¢;,(1)

wherez; = (zil, ...,le),zij ERIi€EZj=
1,..,p,B = diag(bl,bz, ...,bp) is a real valued
nonsingular matrix, h = (hl,hz, ...,hp),h: RP —
RP,p €N, is a continuous function, and VY; =
(Y, 92, ..., ¥P), i € Z, is a strongly unpredictable
sequence.

Since v;,i €Z, is a strongly unpredictable
sequence, there exist a positive number &, and
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Since ;,i € Z, is a strongly unpredictable
sequence, there exist a positive number &, and
sequences {,, Ny, N € N, of positive integers both of
which diverge to infinity such that ||1,bi+(n —Y; || -
Oasn — ooforeachiwith a <i < f,a,f € Z,and
|¢én+nn - llj‘{]n
Denote My, = supgl|y;ll.

Let U be the set of infinite sequences x =
{x;},x; = (xil, ...,xlp),xij ER, i€Zj=
1,2, ...,p, such that:

(A1) |lx|l; < H, where H is a positive real
number;

(A2) There exists a sequences (j, {, = © as
n — oo such that [|x;4; — x| > 0 as n > o on
each bounded interval of integers.

The following conditions are needed throughout
this paper.

(C1) There exists a positive number My such

that sup ||h(x)|| < My;
[Ix|I<H

(C2) There exists a positive number Ly, such that
lh(x) = R < Lpllx =yl  for all |[lx|| <
H, Iyl < H; )

(C3) b+ Ly <1, whereb = m]?xlbkl ;

=&y, j=1,..,p for each n € N.

(C4) (M, + My) ﬁ < H;

€ (3 b .
(©5) 52(3-3)> L
(C6) %_ 2HAptY) i, where b = mkinlbk|-

According to the result of [9], a bounded
sequence Xx; is a solution of equation (1) if and only
if the following relation is satisfied

X =Yoo BT (h(xj-1) +¥j_1) i €L (2)

Let us rewrite equation (2) in coordinate form:

i
xf = z blic_j(hk(xj—l)-l'lpjk—i)'

j=—00
i€Z k=1,..,0p. 3)

The sequence pelUp={p}o =
((pil,(piz, ...,(pf). Define on U the operator Il such
that Tp = (I, My, ..., [,9), and e =
{(INxp)i}1 <k <p,i €Z, where
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(Mxp); = §'=-oo b}i_j(hk((pj—l) + ll}]]'c—i)' 4)

Fix a sequence ¢ € U. Then one can find that

i
|(Me);l < Z |biic_j|(Mh +My) <

j=—00
< (Mp + My) =,

for 1 <k <p,i € Z. Thus, by condition (C4) it
implies that [ € U and condition (A1) is satisfied.

Let us fix arbitrary positive number & and an
interval of integers [@, []. There exists an integer
y <a and a number & >0, which satisfy the
following inequalities,

§lp+ 1) < (5)

(s}
N | m

and

<3 ()

There exists sufficiently large n such that

19ire,—1 — @ial| <€ and [[Wi4g,—1 — Yioall <
& fori € [y, B]. Then for alli € [, B] we have that

|(Me@)isg, — (M) =
= |Zy'=-oo b ! (Re(@j4,-1) = hae(9j-1) +
g1 = Wfa) + Zjeyra i (hae(@4g,-1) =
- hi(@j1) + ¥fagn — i) < 2(M +

p*v 1
+My) T Ly + D

Thus, by inequalities (5) and (6), for large
enough n it is true that |(Hk(p)i+§n — ()| < €
forall1 <k <pandi € [a, B]. Since € is arbitrary
small number the condition (A2) is valid.

For two sequences a, b € U the inequality

' |(Mga); — (Mgb);| =

4

= z b’ (hk(aj)—hk(bj)) <

j:—oo

Lp
< zlla=0bll )
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is valid for all i € Z. Thus, we can conclude that
|INa — Tb||; <~ ||a - b|l, for all i € Z and by
condition (C3) the operator Il is contractive.

Theorem 1. Suppose that conditions (C1)-(C5)
are valid, then the system (1) possesses unique
asymptotically  stable strongly unpredictable
solution.

Proof. By contraction mapping theorem there
exists the fixed point w € U of the operator I1 which
is a bounded solution of the system (1) and it
satisfies the inequality ||w]||; < H.

Now, we prove the unpredictability of the
solution w = {w;}, w; = (0}, W% ...,w!) of the
system (1). The coordinates of the sequence w
satisfy the relation (1), that is

wfy1 = brof + by () +Pf,
i€Zk=12.,p.

Fix a natural number k = 1,2, ...,p, and n € N.
Consider two alternatives, (i) |w5n+nn wnn| <5

and (i) [wf 4, — @F | 22
(i) Using the relation
Wy bnt1 ~ Orps1 =
= bi(Wg, 49, — h,) + hic(@g,4m,) =
—hic(@y,) + V¢, = Vit (8)

and condition (C5), we obtain for n € N that
|0¢ 4mp41 — Oripea| =
2 [Wg smn = Uil = |br(@F, 4, — @] =
~[hi(@epn,) = hic(@n,)| = €0 =

_ €
~b~ = 2LyH > g =
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(i1)) For the case |wé‘n+nn - w,’fn| = %0, by
relation (8) and condition (C6) we have that

k k €o
|“’(n+nn+1 - wnn+1| = Q? —2LpH —2H =

b 2H(L,+1
€0 4

Thus, we obtained that |a)é~‘n . a)’gn+1| =

%0. That the solution w of system (1) is strongly

unpredictable with positive number %0 and

sequences {,, and n,, + 1.

Using condition (C3) and the inequality (7), it is
easy to verify that the solution w of the system (1) is
asymptotically stable [10]. The theorem is proved.

An example
Let us take into account the logistic discrete
equation

Aivr = pdi(1 = 2y). ©)

The interval [0,1] is invariant under the
iterations of (9) for u € (0,4] [11]. In paper [1] was
proved that the equation (9) has an unpredictable
solution. Let us denote by p;i€Z, the
unpredictable solution of the logistic map (9) with
1 = 3.91. In this section we use the sequence p; as
a perturbation.

Consider the system

2
Xipg = —3 X+ karctg(y;) + lp;

3 (10)
Yier =gyitm arctg(x;) + np;.

To satisfy conditions (C1)-(C6) we need to take
k,l,m,n quite small. To this end, we have chosen
k= %,l = g,m = %,n = —%andgotthe strongly
unpredictable solution. Figures 1 and 2 represent the
strongly unpredictable solution of the system (10)
with initial data p, = 0.35,x, = 0.25 and y, =
—0.95.
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Figure 1 — The trajectory of system (10).
The figure manifests that the dynamics of system (10) is chaotic
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Figure 2 — The solution of system (10)
with the initial data p, = 0.35, x, = 0.58, and y, = —3.95.
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