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An inverse problem for the pseudo-parabolic equation
for Laplace operator

Abstract. A class of inverse problems for restoring the right-hand side of the pseudo-parabolic equation
for 1D Laplace operator is considered. The inverse problem is to be well-posed in the sense of Hadamard
whenever an overdetermination condition of the final temperature is given. Mathematical statements
involve inverse problems for the pseudo-parabolic equation in which, solving the equation, we have to
find the unknown right-hand side depending only on the space variable. We prove the existence and
uniqueness of the classical solutions. The proof of the existence and uniqueness results of the solutions is
carried out by using L-Fourier analysis. The mentioned results are presented as well as for the fractional
time pseudo—parabolic equation. Inverse problems of identifying the coefficients of right hand side of the
pseudo-parabolic equation from the local overdetermination condition have important applications in
various areas of applied science and engineering, also such problems can be modeled using common

homogeneous  left-invariant  hypoelliptic
Key words: Pseudo-parabolic equation,
inverse problem, well-posedness.

Introduction

In this paper we study inverse problem for the
time-fractional pseudo-parabolic equation for one
dimensional Laplace operator. We consider
following equation

DE[ut, ) — Uy (6, X)] — Upr (8, %) = f(x), (1)

for (6x)EQ={tx)0<t<T<w0<x<

[}, where Df is the Caputo derivative which is
2

defined in the next section. The operator — %
which is participating in the equation(1) is the well
known 1D Laplace operator and we will denote it
further by L. We know the second order differential
operator in L?(0,l) generated by the differential

expression

Lu(x) = —uy(x),x € (0,1) 2)

© 2019 al-Farabi Kazakh National University

operators  on
ID Laplace operator,

graded Lie groups.
fractional Caputo derivative,

common

and boundary conditions
u(0) =0,u(l) =0, 3)

is self-adjoint in L2(0,1). The problem (2)-(3) has

the following eigenvalues
2

km
Ak = (T) ,k € N,

and the corresponding system of eigenfunctions

2  knm
ex(x) = TsmT(x),k € N.
It is known that the self-adjoint problem has real
eigenvalues and their eigenfunctions form a

complete orthonormal basis in L (0, 1).

The study of inverse problems for pseudo
parabolic equations began in the 1980s. The first
result obtained by Rundell [2] refers to the inverse
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identification problems for an unknown sourse
function f in a following equation

2 [uCx,t) + Lu(r, O] + Lu@r, ) = f. (@)

Where L is even order linear differential
operator. Rundell proved global existence and
uniqueness theorems for cases when f depends only
x or only t. In a series of articles [6], [7], [8], [9],
[10], [12], [13], [14], [15],[16],[17] some recent
work has been done on inverse problems and spectral
problems for the diffusion and anomalous diffusion
equations.

Definitions of fractional operators

We begin this paper with a brief introduction of
several concepts that are important for the further
studies.

Definition 1. [5] The Riemann-Liouville
fractional integral I* of order a >0 for an
integrable function is defined by

I°[f]1(t) = f (t —s)* 1f(s)ds, t € [c,d],

I'(a)
where I' denotes the Euler gamma function.

Definition 2. [5] The Riemann-Liouville
fractional derivative D% of order a € (0,1) of a
continuous function is defined by

d
DEF1®) = I°If1(®). t € [c.d].

Definition 3. [5] The Caputo fractional
derivative of order 0 < a < 1 of a differentiable
function is defined by

DI[f1(®) = DU[f' ()] t € [c, d].

Definition 4.[5] (Caputo derivative). Let f €
LYa,b],—o<a<t<b<+owand f *x K, _,(t) €
W™[a,b],m = [a],a > 0.The Caputo fractional
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derivatived§,of ordera ER (m—1<a <m,mé€
N) is defined as

0faf () =
=D, [f ©) - f(a)
(t - a) e (t—aym!
~f'@ =f" " (a) ICE

If f€C™[a,b] then, the Caputo fractional
derivative 0§, of order e €ER (m—-1<a<
m,m € N) is defined as

0fa[f ](t) =T fM (@) =

F(m a)f (t — s)™ 1=*fFM)(5)ds.

Formulation of the problem

Problem 1.We aim to find a couple of functions
(u(t, x),f(x)) satisfying the equation(1l), under the
conditions

u(0,x) = p(x),x €[0,1] (%)

u(T,x) =y(x),x €[0,1]. (6)
and the homogeneous Dirichlet boundary conditions
u(t,0) =u(t,)) =0,t €[0,T]. (7)

By using L—Fourier analysis we obtain existence
and uniqueness results for this problem.

We say a solution of Problem 1 is a pair of
functions (u(t,x), f(x)) such that they satisfy
equation(1) and conditions(5)-(7) where u(t, x) €
C1([0,T]; €2([0,1])) and f(x) € C([0,1]).

Main results

For Problem 3.1, the following theorem holds.

Theorem 1.Assume thate(x), ¥ (x) € C3[0, ].
Then the solution u(t,x) € C1([0,T], C%([0,1])),
f(x) € C([0,1]) ofthe Problem 3.1 exists, is unique,
and can be written in the form
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@ _ @

. (o=

) 1= Eaa <—

%),

u(t,x) = p(x) +Z
k=1

sin— (x),

()

l

fO) =—¢"(x) + Y=
1-E, 1(—

2 " 2 "
where @2 = (¢ 'ek)LZ(O,l)'lzb}S, )=y s €k) 120,
and Eq g(At) is the Mittag-Leffler type function (see

[4]):

s ® = ). ety

First of all, we start by proving an existence
result.

Proof. Let us seek functions u(x,t) and f(x)
in the forms:

u(t,x) = Loy we()sin == (), k €N,

(10)

and

f() = Ties fisin T (), k€N, (11)

where u,(t) and f;, are unknown. Substituting
Equations (10) and (11) into Equation (1), we obtain
the following equation for the functions uy(t) and
the constants f,:

(5
ﬁuk (t) = %
1+(7) 1+(7)
Solving these equation,we obtain
e\ 2
(k—{f)z + CkEa,l - ( l ) t* ),
1

4 ()

Dfu (t) +

u(t) =

Int. j. math. phys. (Online)

®)
2)_,,2)
L i}: 5 sinan (x),
7) ZTa> ©)
()

where the constants f;, and Cj are unknown. To
find these constants, we use conditions(5), (6). Let
@ and P, be the coefficients of the expansions of

@(x) and P(x):

_ 2l 0™ oy, k
Px = Tjo fp(x)smT(x) x,k €N,
\/; t ~kn
Y = —f Y (x)sin— (x)dx, k € N.
A l

We first find Cy:

fx

ug(0) = —=+ Cx = ¢x,
()
2

f ()
u (T) = (kT:)z + B,y —WT“ = Y1
Then

C. = Y1k — Y1k

km? )
1- Ea,l <_ ( lkl 2 Ta)
1+(7)
The constant f;, is represented as
ki ? ki ?
fo=oe(T) —a ()

Substituting u, (t) and f; into expansion (10),
we find
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K

u(t,x) = @(x) + Yr=1 Cx (E,m (—%t“) - 1> sinan(x). (12)

By the supposition of the theorem we know

p™(0) =0,9™(m) =0,n=0,1,2,

1’[}(71)(0) = O’ll)(n)(r[) = O’n = 0’1’2_
then using they we have

Or — Pk QD;EZ) - ;(CZ)

e (en? T (e
1-E ——Lr o Ta km _ A\
o) (s £us (- L)
Putting this into equations (10) and (11) we obtain

(m”

(qo,aﬂ-w;?)(l_fsa,l(-%ta»
+(F) . km ). (13)

SIn —
k_11:2 1-Egq| — (an)ZZ (x) l
(l)< E’<1+("T”>T )

u(t,x) = @(x) + Xi=1

Similarly,
@) _,,@
" 0 Py Y .k
f) = —9"(x) + Ty ek sin = (x).
Y O G & B (14)
\aaemy”
I
. kr"fhe fc;lloa/ilrﬁg Mittag-Leffler function’s estimate I u lleago,ryez o) = trErE(E)i,¥]
is known by [11]:
) ez qount 2,
M a
|Eap(D)] = 757 arg(2) = m, |z] = o= I DEu(E ) Nea o<
15
(15) and
Now, we show that u(t,x) € I f leqou < -

C1([0,T]; C2([0,1])), f(x) € C([0,1]), that is
(10.T]; €510, 1. 7 () (0.1 By using (15), we get following estimates

o} ”

k(g _("i):Ta>
(J( ( 1 (k) ) (16)

oy

()

lut, )| S @] + Lic=1

)

S || + Xi=1
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()

| +|i

IFEIl S 1" + Zi=

1

Where, L < Q $L denotes L < CQ for some
positive constant C independent of L and Q.

By supposition of the theorem we know ¢
and Y@ are continuous on [0, 1].

Then by the Bessel inequality for the

o0

(&0 S 19"COL+ ).

k=t 1_E0£1

o0

()

< "GOl + Zie |0 +

fem

(17)

vl

trigonometric series (see [1]) and by the Weierstrass
M-test (see [3]), series (16) and (17) converge
absolutely and uniformly in the region Q. Now we
show.

o7

re)

S+ ) o] + [pP] < =

k=1

<

)

o] + |

IDEu(t, x)|

~

A (1 + ("T”)Z) 1—Eq, (_
_ - |<0,52)| + |w,5”| —

k=1 1+ (}m)z

~

T

)

)

) (0] + o))

(F

e8]
LINCETIEDY
k=

0
S Z
k=1

Finally, we obtain

Ilu ”Cl([O,T],CZ[O,T[])S C< O, C= const,
and
I f "C([O,l])< 0.

Existence of the solution is proved.
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1+ ("‘T”)Z) 1— B, (—

o]+ 2]+ 2,

Y

o]+ 9"
km 2 <
+(7)

Now, we start proving unigness of the
solution.Let us suppose that {u,(t, x), f1(x)} and
{u,(t, x), f,(x)} are solution of the Problem 1. Then
u(t,x) = uy(t,x) —up(t,x) and f(x) = fi(x) -
f2(x) are solution of following problem:

o0

k=1

D [u(t, x) = Uy (6, X)] = Unx (8, %) = f(x),  (18)
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u(0,x) =0, (19)

u(T,0) = 0. (20)

By using (13) and (14) for (18)-(20) we easily see
u(x,t) =0, f(x) = 0. Unigness of the solution of
the Problem 1.
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