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On a boundedness result
of non-toroidal pseudo-differential operators

Abstract. In this article, we prove boundedness results for &-toroidal pseudo-differential operators
generated by a differentiation operator with a non-periodic boundary condition. &-toroidal pseudo-
differential operators are a natural generalization of a toroidal one. As in the classical case, this class of
operators act on a suitable test function space by weighting the Fourier transform “very well”. Standard
operations as adjoints, products and commutators with #-toroidal pseudo-differential operators can be
characterized by their f-toroidal symbols. For pseudo-differential operators on R", the symbol analysis is
well developed. Here, we provide more complicated properties of the f-toroidal pseudo calculus. Namely,
we introduce a Holder space induced by a differentiation operator with a non-periodic boundary condition.
Finally, for the elements of this space we prove theorems on boundedness of the operators acting on the
specified functional spaces. Indeed, in this paper we continue a development of the so called “non-
harmonic analysis” introduced in the recent papers of the authors.
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Introduction

In [3], it was introduced an analysis generated
by the differential operator

i dy(x)
LY(X) - 1 dx ’

0<x<1 (1)

acting on L, (0; 1) with the boundary condition

6y(0) —y(1) =0, 2

where 6 > 1.
Spectrum of the operator L is

A = —iln6 + 28w, £ € Z 3)
System of eigenfunctions of the operator L is

ug(x) = 6%e2™, t e 7. 4)
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and the biorthogonal system to ug(x) in L,(0; 1) is
ve(x) = 07Xl %™ Fe 7, (5)

For the following spectral properties of the
operator L we refer to [3] and [7].

1. The system of eigenfunctions of the operator
L is a Riesz basis in L, (0; 1);

2. If function f belongs to the domain of operator
L, then f(x) expands to a uniformly convergent
series of eigenfunctions of the operator L;

3. The resolvent of the operator L is

(L—-2AD"H(x) =

. 1 X
e1)\(x+1) - o -
=i e’! ftdt+ie”(fe‘l f(t)dt,
0 ® ®
0 0
Printed in Kazakhstan
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Where A(A) = 6 — e,
0-toroidal pseudo-differential operators

O-Fourier transform and 6 -toroidal Holder
spaces. Here we give a definition of 0 -Fourier

transform  [3].  6-Fourier  transform (f -
f):cg[0,1] - S(Z) is given by
f®) = [ () ve()dx (6)
and its inverse f(§) ™1 is given by
f(x) = Yeez fue (). (7

Remark 1 The functional space Cg [0,1] is called
the space of test functions and S(Z) is space of
rapidly decaying functions [3].

In what follows, we will use the following
spaces from [5].

We define 6-toroidal Holder spaces

A([0,1],8) =

= {f [0,1] - C: |f|AS = sup w
xhe[0,1]

< oo} ()

A ([0,1],0) = {f € A([0,1],0): f(0) =0} (9)

for each 0 < s < 1. These spaces are Banach.

0 -toroidal symbol class. Suppose that m €
R,0<§,p < 1. Then the B-toroidal symbol class
Sglp([O,l] X Z) consists of those function a(x, %)
which are smooth in x for all £ € Z, and which
satisfy

PGS
EeZ

§€Z |o

AL 98a(%,B)| < Cogpm(®™PETOB  (10)

forevery £ € Z,x € [0,1],a, B € Z,, where
(& =1+ 8.

We call a(x, §) a symbol [3]. The operator Ag is
the difference operator

A B()) = &),

where 6(§): Z - C.
We denote the 0 -toroidal pseudo-differential
operator by

a(X, DIf(x) = Tegezug() a(x DIE® (1)

where a(x,§) is a symbol of a 8-toroidal pseudo-
differential operator [5].
We can write forh € T,

a(X,D)f(x+h) =
1
= Z ug(x)a(x +h,§) J; f(y + h)vg(x)dy.

EEZ

Theorem 1. (Bernstein). Assume that f€
2([0,1],8), for s >%. Then we have |f|
CslIfll os.

L) =

Proof. We prove this statement by recalling a
definition of the norm

ff(x)vz(x)dx < flf(x)ldx =

§€Z o

|x[°

mm—ﬂm|s 1f6) = O,
f ||d<§”r0” 1x]° dx

1

< Dl [ xeax 211 o<y —
~ +10 s+ 1

E€Z 0 £€Z

1
flas + sup [f(x = Z—
(HA xqﬁﬂ()o 2+

Ifllas < Cslifllas.
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Finally, we proved the theorem.

Boundedness for O -toroidal

differential operator

pseudo-

Here we prove similiar theorems as in [5].

Theorem 2. Let a(X,D) = a(D) be a pseudo-
differential operator with symbol a(§) depending
only on the discrete variable . If a(§) € L1(Z), then

la(D)flps < |3|L1(z)|f|AS,

for0 <s<1.
Proof. By the formula, we have

a(X,D)f(x + h) — a(X, D)f(x)=
= Teezug(®) a® [, (fy + h) — f(y))vg()dy.

Thus, we obtain

|a(X, D)f(x + h) — a(X, D)f(x)| <
[h| -

1 |f(y+h)—£(y)|
< Teez (la®1 f, "2 dy).

[a(X, D)f(x + h) — a(X, D)f(x)| <
|h[s -

€ez

Finally, we get

[a@)flas < D a1 | Iflns.

€ez

Theorem 3. Let % <s<1 and ac€
S5, ([0,1] XZ),m = 1. Then there exists M > 0
such that

|a(X, D)fl s < M]|f][s.

Proof. By the mean value theorem, there exists
Xp, € [0,1] such that

ug(x + h)a(x + h, &) —ug(x)a(x &=
= hug(xp) (a(xp, IO + i2méa(xy, §) +

+a'(xn, ).

By the Bernstein’s theorem, we have

D IhI=*laCy, DG + i2m5a (i, §) + a'Gen, D [fD)| <

< D G110l DI + 28l [aGe, DI + 2 G DD [ < ) 1€ + Elce™ + 0™ [)] <

teL

< D i (cEm + o™+ cm) [f)| <

EeZ
Thus,
|a(X, D)fl s < MI[f]|ps.
The next theorem gives a single sufficient
condition on the symbol a(x,§) for the

corresponding pseudo-differential operator

a(X,D): Aj([0,1],8) — AS([0,1],6)

teL

Z 3CC,|f(®)| < 3CC,Cllfllps.
EeZ

to be bounded for 0 < s < 1.
Theorem 4. Let 0 <s<1,0<6<p<1and
m > 1+ 4.1fa € S5 ;' then, the operator

a(X,D): A([0,1],8) = AS([0,1],6)

is bounded.
Proof. Suppose f € A{([0,1],8), we get
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a(X,D)f(x + h) — a(X, D)f(x)=
= Yz () (alx + h,8) f £y + Wve)dy — a(x.8) f, (y)ve(Idy)=
1
= w00 | aGe+ 09 [ 1ty + ) = 1)y | +
§€Z 0

+ Tz ug () ((a(x + h,§) — a(x, D) [y (y)ve(y)dy).
Therefore, using the value mean theorem, we obtain

la(X, D)f(x + h) — a(X, D)f(x)|

I
1 1
fly +h) —f(y)| . laix+h& —ax 3|
N T e e e [T
tez 0 0
1 1
iy + ) — I Ihllal G, D)
s; R e e Of 1) ldy

1

1
. I . () —fO)
< ' @™l + Inr-scigy e Of @Iy | < " [ c® ™Ity + Ihf=sc Of ety

EezZ EezZ

< Ifla5 (Zeez €O ™) (970 + 7)) < lag(Zeez CO™0) (1+ 7).

Finally, we obtain So, if |a(,&)|as € L'(Z) , then |a(X,D)flss <
P8 s
L Mg, with M= S € (e ) <
la(X, D)flas < Iflas z C(g)—m+8 (1 + —1) oo. In conclusion, the operator a(X,D) will be
& S+ bounded from AS([0,1],8) into AS([0,1],8). So we
obtain the next result:

Remark. 1t follows from the proof of Theorem 4 Theorem 5. Lets # 1, m > 1 and |a(;,§)l,s €
that D) L'(Z) . If a€Sgy then a(X,D):A3([0,1],6) —
a , s s .

la(X, D)flys < |f|Ag z (C(E)_mﬂs + — 1A0>. A5([0,1], 0) is a bounded operator.

Eez
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Theorem 6. Let 0 < ¢ < 1and k € N with k >
g , let a be a symbol such that |A%a(x, )| <
e—(1-¢)|al

Caf®) 7z |ofrax, )| < Cp(®)2 L for
|al, |B] < k. Then, a(X,D) is a bounded operator
from LP(T) into LP(T) for 2 < p < oo.

In the following theorems, we obtain Holder
boundedness using the Morrey inequality [6]: if 1 <

p <oands, = 1—&, then for x,y € R we have

lu(x +h) —u®)|
h*p

< W' ®)|pr)-

[a(X, D)f(x + h) — a(X, D)f(x)|

|h|p
d e —u©)] oy \
u(x) —u 1

= cflgan] | [T D

X az1?) \ 4 |X|2(§)

Finally,
lla(X, D)f]| < max
A3([0,1],8) X€[0

Theorem 8. Let 0 < e <1 and a(x,§) be a

symbol such that |A ga(x,§)| <
Cal® 9 |oPeacx B)| < Cp®) 2, for 0<
laf, 1Bl <1 . If 1<s<1 , then

a(X,D): A3 ([0,1],6) - AS([O 1],6) is a bounded
linear operator.

[a(X,D)u(x + h) —a(X, D)u(x)|
[h[s B

1
J lu(x) — u(0)|
GISRV. |x|P°

d
—C H&a(x, D)|

<C |— X, D)u| <C Hd—a(X D)”

<cC | a(X, D)u| | =c ||—a(X D)|

|x|P°dx

Function on the torus may be thought as those
functions on R that are 1-periodic, under these
assumptions, we can use a toroidal version of
Morrey inequality on LP(T).

Theorem 7. Let0<6<p<1andm>1 If

a€Sz™, then a(X,D): AZ([O 11,8) - Az([0,1], 6)

is a bounded operator.
Proof. The composition of the

differential operators % and a(X,D) is the pseudo-

pseudo-

differential operator % a(X,D) of degree-m+1 <
0, so, T= %a(X, D): 12(0,1) — 12(0,1) .

1

A%([O,l], 0), then

If ue

u
(1212 | |L2

1

1

I
<C||—a(X D)| ( ) ul 1.
(L2,12) \2 A2

1

1\2
sup 1305z € ;¢ o .. ) (.
A5([0,1],6)

Proof. If 1 <s<1, there exists 2<p <o

such that s = 1 - =

symbol i2méa(x, E) we obtain LP(0,1)- boundedness
for the operator % a(X,D). Ifu € A3([0,1], 0), then

. Applying Theorem 6 to the

lulpp
(LP,LP)

1

d 1\p
SCH—a(X,D)| (—) lul .
dx (LP,LP) P 0
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Hence,

1

1\p
—> |U|Ag

d
|a(X, D)ul,s < C”—a(X, D)| (
dx (LP,LP) \P

Now, since |€a(x, §)| < C(§) 2, we get

€
la(x, &) < C(§)7z[g| 1, = 0.
Hence, we obtain

M= sup |a(x)| 1z <
x€[0,1]

Therefore

llaX, D)f||Ag([o,1],e) =
1

d
< M,Cl[—pX,D
< masdnc o)

(LP,LP) <p
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