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Critical exponents of Fujita type
for certain time-fractional diffusion equations

Abstract. Solutions of initial value problems for non-linear parabolic partial differential equations may
not exist for all time. In other words, these solutions may blow up in some sense or other. Recently in
connection with problems for some class of non-linear parabolic equations, Kaplan [1], Ito [2] and
Friedman [3] gave certain sufficient conditions under which the solutions blow up in a finite time.
Although their results are not identical, we can say according to them that the solutions are apt to blow up
when the initial values are sufficiently large. The data at which solutions can blow up is called critical
exponents of Fujita.

The present paper is devoted to research critical exponents of Fujita type for certain non-linear time-
fractional diffusion equations with the nonnegative initial condition. The Riemann-Liouville derivative is
used as a fractional derivative. To prove the blow up, we use the known test function method developed
in papers by Mitidieri and Pohozhaev [16].
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Introduction

In the paper [4], Fujita considered the initial
value problem:

u,=Au+u”, for (x,t)eR" x(0,),
. ()
u(x,O)za(x)ZO, for xe R",
where p is positive number, a(x) el (RN) is

nonnegative and positive on some subset of R of
positive measure and A denotes the Laplacian in N
variables.

More precisely, he considered this problem on

RY x [O,T ) for some T <+00. A (classical or weak

solution) of equation on RNX[O,T ) for some

T <+ is called a local (in time) solution. The
supremum of all such T’s for which a solution exists
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is called the maximal time of existence, 7. When
T =+ we say the solution is global. When

1., <+, we say the solution of equation is not
global (or the solution “blows up in finite time”.

Let p,=2/N. Fujita proved the following
assertions:

(i) if 0<p<p,. and a(x)>0 for some x,,
then the solution of problem (1) grows infinitely at
some finite instant of time;

(i) if p > p., then problem has a positive
solution for every ¢ > 0.

More exactly, for eachk >0, there exists a
0 >0 such that problem (1) has a global solution

2
whenever 0<a (x) < et

referred to as the critical exponent. In the critical
case, this problem was solved in [5] for N =1,2

. The number p_ is

and in [6] for arbitrary N . It was shown that
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if p=p,. and then there is no nonnegative global

solution for any nontrivial initial data. The proof
was simplified by Weissler [7].
Later, Fujita [8] extended his own results to the

more general case in which f (u) (the term
describing the reaction) is convex and satisfies
appropriate conditions (the main of which is the
Osgood condition). The results obtained for problem
(1) were generalized in [9] to the case of an initial-

boundary value problem in a cone with the term

|x|6 u”"" instead of u”"'; it was proved that, in this
case, the critical exponent is equal to (2 + 0') /N .

It was shown in [10] that the critical exponent
for the porous medium equation is equal

tom—1+2/N , where m>(N—2)+/N.

The equation
u, =Au" +|x|g tu*?, >0, xeR",

with nonnegative initial data was considered in [11].
It was shown that the critical exponent for this
problem is equal to

(m l)(s—1)+(2+2s+0')/N>0.

The following parabolic equation with the
fractional power (—A)ﬂ/z ,0< <2, of the
Laplace operator was studied in [12]:

( A)ﬂ/2 =u"t?, (t,x) e R"xR".

Using Fujita’s method [4], the authors [13]
discussed nonnegative solutions of the equation

+ (—A)ﬁ/2 u= h(t)u“”, (t,x) eR"xR". (2

h(?)
oc>-1, 0< pNﬂS,B(lJrG). The proof given in

[13] is based on the reduction of Eq. (2) to an
ordinary differential equation for the mean value of
u with the use of the fundamental solution

[say,Pﬂ(x, t)] of = 8/8t+(—A)ﬂ/2.

Apparently, the approach of [13] cannot be used for
systems of two differential equations with distinct

u,

where behaves as at

diffusion terms unless, for example, Pﬁ (x, t) can

be compared with P, (x, t) for f<y.

The
equation

following  spatio-temporal fractional

D(‘)’+u+(—A)ﬁ/2(u)=h(x,t)u””, for (x,t)eRNxR+,
u(x,0)=u0(x)20, for xe R,

where Dy, ,ar € (O, 1) is the fractional derivative in

the sense of Caputo, [ 6[1,2] with nonnegative

initial data was considered in [14]. The critical

exponent for this problem is equal to

B a(ﬂ+a)+ﬂp
t<p<p=l+ aN+,6’(1—a) '

The main goal of the present research is to
obtain results on critical exponents for time -
fractional diffusion equation of the form

2

u :FDi;“u+u", (x,1)eRx(0,T)=Q (3)
X

t
with the initial condition
u (x, 0) =

denotes the time-derivative of arbitrary

Uy (x)=0 4)

where D:a
order (0,1) in the sense of Riemann-Liouville.

In the case, @ =1 the time-fractional diffusion
equation (3) reduces to the usual heat equation,
which is well documented in [4].

Some definitions and properties of fractional
operators

Definition 1. [15]The left and right Riemann-

Liouville fractional integrals 7% and ¢ of order
a € R,(a>0) are given by

Iy j $)ds, te(ab],
and

Ib“f(t):ﬁij( 0 £ (s)ds, t€la,b)
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respectively. Here I'(a) denotes the Euler gamma

function.
Definition 2. [15] The left Riemann-Liouville

fractional derivative D ~ of order aeR,
(0 <a< 1) is defined by
a d l-a
Da+f(t) :zla+ f(t) =
I s)ds, te(a,b],

Similarly, the right Riemann-Liouville fractional
derivative D, of order aeR, (0<a<l) is

defined by
a d 1.
Db—f(t):EIb— f(t):
1 _a
:F(l—a)-!-(s_t) f(s)ds, te[a,b).

Definition 3. [15] The left and the right Caputo
fractional derivatives of order « € R, (0 <a< 1) 18

defined, respectively, by

DI, f(t)= llf‘ f(t)=

and

D; /(¢ >:—f;“§ (1)-

_1!1 ds te[ab)

requires f’(s)e L'(0,T).

Definition 4. A function
uel, (Q), (QT =(x,r)eRx (O,T)) is a local
weak solution to time-fractional diffusion equation
on Q. such that

L(u,(p): J‘u(x,t)DlT’_“(oxx (x,t)dxdt+

Qr
X z‘)(/)(x,t)dxdt

+J. u(x,t)(pt (x,t)dxdt+ I u”

Q, Q,
where

dt —

L(u,p) _[Dla x,t) @, xt)

I DI“ x,t xt)

dt —I u, (x) (p(x, O)dx,
R R
for any test function ¢(x,t)eCZ/(
the domain Q, with ¢(x,7)=0.

Property 5. Integrating fractional integral by
parts

Q,) defined on

J. x t dxdt = Ju(x,t)]}:“f(x,t)dxdt.

QT
Main results

Multiply the time-fractional diffusion equation
(1) by a test function ¢(x,t), we have

x t dxdt =
)(o(x,t)dxdt—i-

+1£”” (x.t) @ (x, 1) dicdt.

Integrating by parts the equation (3) and note
that ¢(x,7)=0 we get

]T‘Iu, (x,0)(x,t)dxdt =
0R

Iuo x O dx + ®)
R

+Tju x,t) @, (x,t)dxdt,
0R
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T
[[—=Dlu (1) p(x.t) dxde =
0R

[0
:J.—D:“u(x,t)go(x,t)
0 Ox R
r (6)
—'[D,L“ (x.1) o, (x,t)R dt +

T
+!£D;;au (x,t) Q.. (x,t)dxdt

By Property 5 the last part of the (6), can be
written as

T
J.J-Dt1 “u(x,t) @, (x,t)dxdt =
0R
T
_Hu(x 1)D %, (x,t)dxdt
0R

Obviously, we can write the equation (3)-(4) in
the following form

L(u, )= I u(x,t)Dy %, (x,t)dxdt +

Qr
+I x t qo, (x t)dxdt+ (7)
+J. x t dxdt
where
T
L(u,p)= ID:“M (x,0) @, (x,1) LAt =
0
T a l-a
-|=—D, u(x,t)(p(x,t) dt—juo (x)(p(x,O)dx,
) Ox ® 2

Theorem 1. Let p>1. If
2
I<p<p. =14+—,
a

then problem (3) admits no global weak

nonnegative solutions other than the trivial one.
Proof. The proof proceeds by contradiction.

Suppose that u is a nontrivial nonnegative solution

which exists globally in time. That is u exists in

(O,T*) for any arbitrary 7" >0. Let T, R and 6 be

positive real numbers such that 0 < TR*? <T".
Let CD(z) be a smooth nonincreasing function
such that

o B 1if z<1
(2)=10 if 252

and OSCD(Z)SI.
The test function go(x,t) is chosen so that

~pip (x,t)dxdt <

I ‘DTR” (pxx

| ®)
rlp (x,t)dxdt < 00,

< oo, I ¢t
Q

To estimate the right-hand side of the Definition
4 on QTRW , We write

I u (x,t)[DlT;fg_qoxx (x,t)]dxdt =

TR2/0

= I u(x, t)(p”” x,t [DTRM . ( x,t)](p_””(x,t)dxdt

Q

Q

TR0

Therefore, by using the &— Young equality we
have

[ u(x0)[ DL o, (x.0) |o(x.)dvdt <

Q
TR20

<eg I ‘u(x,t)p

Q
TR0

(p(x t dxdt + C

) ] i,

Q20

gofp'/” (x, ) dxdt.
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Similarly,

u(x,t)e (x,t)dxdt <& u x,t x,t dxdt+C (/7, xt (/J 7P (x,t) dxdt.
(x.1) @, (x:) (x.0) @(x.1) (x.1)

Q Q
TR20 120

R 2/0

IR

Now, taking ¢ small enough, we obtain the estimate

x t dxdt <C( I {‘D'RW o, (x t)

R2/0

+|o, (x,t) p'} Q7" (x,t) dxdt.  (9)

I ‘ xt
Q:={(3,7) e RX(0,T/R*"), y*+2" <2},

x*+1°
gp(x,t)zq)( R j’ u(y,t)=y"+7"

where R,0eZ". Now, we choose € such that the right-hand
Let us perform the change of variables gjdes of

t=7R*’, x=yR and set

TRY0 p'
J-M‘DTRM (PM X, t P/p (x,t)dxdl‘=QJ.w —ﬁ”;[m (S—t)a’l Q.. (x,s)dS (D‘P'/p (x,t)dXdl‘:
T 4
2/0 2/(9 1 2/0 -p'p 2/6
j ——j (R**¢-R Z—M(qnmoy)R dé| (®ou)”" RAyR*dr <
Q o0 ( T R'R
o 1 F " Y
< RZ/H(a—l)p -2p'+2/6+1 J‘ _ J.(g—l')a_l (q)syy oﬂ)dé ((Dolu)_P p dydT <
QTR” F(C{) T

<R2/9(a—1)p'—2p'+2/9+1

Dy (@, o) (®op)"" dydz

Q
TR/

and

I . (x,t) p'(p"’v” (x,)dxdt < R707+20 I ‘(CI)T o,u)‘p'(CDo,u)_pyp dydr

Q Q
TR0 R0

are of the same order in R. In doing so we find & =« .
Then have the estimate

(x,7)dxdt < CR”, (10)

7.Rz/oz
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where

ﬂ:%(a—l)p'—Zp'+%+l

and

c=c(e) | (jpr (@, x)

Q
TR0

If we choose A<0, (ie. is p<p, ) and let
R — o in (10), we obtain
[u? (x,¢)dxdt <0. (11)

Q

This implies that u=0 which is a
contradiction.

In case A=0, (i.e. is p = p,) observe that the

a.e.,

convergence of the integral in (10) if

p'

+ ‘(CDT o lu)‘_p')‘(CD o Iu)‘_pyp dydr.

Q ={(x, 1) e Rx(0.T): R* <x’+1“ <2R’}

then
x t dxdt =0

”u xt

If instead of using the ¢— Young equality, we
rather use the Holder inequality, then instead of
estimate (9), we get

(12)

lim
R

1/p

J |u xl xl dxdl<L[Hu(x,t)|p (p(y,r)dydrj (13)

2/0: QR
where

p' 1/p
| i 0 (e | | [ (e
Q Q

and exponents of Fujita were determined in the

Q ={(y, r)eRx(O,T/Rz/“):1<y2+ r“ SZ}.

Using (13), we obtain via (12), after passing to
the limit as R — oo,

j|u(x,t)|p dxdt=0
Q

This leads to # =0 a.e. and completes the proof.
Conclusion

In this paper were studied Fujita-type critical
exponents for certain time-fractional diffusion
equations with the nonnegative initial condition. As
a result, using the test function method, the critical

following form 1< p< p, :1+£.

Consequently, by using the Fujita-type critical
exponents we proved that, the problem (3) admits
no global weak nonnegative solutions other than the
trivial one.
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