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Asymptotic convergence of the solution of the initial value problem for
singularly perturbed higher-order integro-differential equation

Abstract. The article is devoted to research the Cauchy problem for singularly perturbed higher-order
linear integro-differential equation with a small parameters at the highest derivatives, provided that the
roots of additional characteristic equation have negative signs. An explicit analytical formula of the
solution of singularly perturbed Cauchy problem is obtained. The theorem about asymptotic estimate of a
solution of the initial value problem is proved. The nonstandard degenerate initial value problem is
constructed. We find the solution of the nonstandard degenerate initial value problem. An estimate
difference of the solution of a singularly perturbed and nonstandard degenerate initial value problems is
obtained. The asymptotic convergence of solution of a singularly perturbed initial value problem to the
solution of the nonstandard degenerate initial value problem is established.
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Introduction

The differential and integro-differential equations
with small parameters at the highest derivatives are
used as mathematical models of various problems of
physics, astrophysics, chemistry, biology, mechanics,
engineering, etc. At present time, these equations are
called singularly perturbed.

The initial value problem with initial jumps for a
nonlinear ordinary differential equation of the
second order with a small parameter was studied by
M.I. Vishik and L.A. Lyusternik [1] and K. A.
Kassymov [2]. They show that the solution of the
original initial value problem tends to the solution of
the degenerate equation with changed initial
conditions, when the small parameter approaches
zero. Such problems became known as the Cauchy
problems with initial jumps. The most general cases
of the Cauchy problem for singularly perturbed
nonlinear systems of ordinary differential and
integro-differential equations, as well as for partial
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differential equations of hyperbolic type were
studied by K.A. Kassymov [3-6].

For the first time, boundary value problems with
initial jumps for singularly perturbed linear ordinary
differential and integro-differential equations of the
second order was studied by K. A. Kassymov [7, 8].
A systematic study of boundary value problems
with initial jumps Kassymov and his students began
in the nineties of the last century. He developed
methods for qualitative research and the
construction of an asymptotic expansion of solutions
of boundary value problems with initial jumps for
singularly perturbed ordinary differential equations
[9, 10]. General boundary-value problems for
singularly perturbed ordinary differential equations
of higher orders are investigated by D. N. Nurgaby].
He singled out a class of singularly perturbed
boundary value problems with an initial jump and
developed an algorithm for constructing and
investigating the asymptotic behavior of solutions of
general boundary value problems [11, 12].
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K. A. Kassymov and M. K. Dauylbayev for
singularly ~ perturbed  higher-order  integro-
differential equations studied problems of a special
type, when the presence of integral terms leads to a
qualitative change in the behavior of the solution
[13-15]. It is shown that, in the absence of integral
terms, the solution of the differential equation
obtained in this case grows unboundedly as the
small parameter tends to zero and, consequently, has
no finite limit. But the solution of the initial integro-
differential problem has a certain limit, but the limit
function is not a solution of the usual degenerate
equation. The initial jump takes not only a solution,
but also integral terms. For singularly perturbed
higher-order integro-differential equations,
phenomena of initial jumps of any order were first
revealed. It is established that this property
essentially depends on the order of the derivatives
entering under the integral sign.

m

M. K. Dauylbayev [16, 17] studied boundary
value problems with two boundary layers possessing
the phenomena of initial jumps. The novelty of these
studies is that when the small parameter tends to zero,
the fast solution variable grows unlimitedly, not only
at one, the so-called initial point, but also at the other
end of the considered segment. Thus, a class of
singularly perturbed integro-differential equations
with initial jump phenomena at both ends of the
given segment is singled out. He also developed a
method for studying and constructing the asymptotics
of the solution of the Cauchy problem with initial
jump for singularly perturbed linear differential
equations with impulse action [18].

Main results
Consider the following singularly perturbed the

initial value problem:

L pnem—1

Ly= Zg’AW )y () + ;Ak )y ® (¢, €)= F(t) + j ZH (6x)yY (x, £)dx, (1)

r=1

y20,8)=a,, i=0,n+m—1,  (2)

where &>0 is a small parameter, a,,

i=0,n+m—1 are known constants, 4, , () =1.
We will need the following assumptions:

(C1)
AW eC™(0,1]), i=0,n+m, F(t)eC""([0,1])

and H,(t,x)eC" (D), j=0,n+m—1, where
D={0<t<1, 0<x<1}.
(C2) 4,()#0, 0<t<1.

0o J=0

(C3) The roots py #pu, #...#u, of
“additional characteristic equation
/um + An+m—l (t)/um_l +...+ An+1 (t)/u + An (t) = O
satisfy the following inequalities
<0, p,<0, ..., u,<0.

Similarly the Cauchy problem (1), (2) for
ordinary differential equation was considered in
[19]. In the particular case, similarly boundary value
problem with initial jumps for this case
m=2, [=2 [l6,17].

We consider the following homogeneous

singularly perturbed differential equation associated
with (1):

L,y(t,8) = Zm:s’Aw Oy (1,6) + Z 4,0y (1,8) = 0. 3)
r=1 k=0

The fundamental systems of solutions of the equation (3) has the following asymptotic representation as
e—>0:
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yD(t,6) =y P () +0(), i=lLn, qg=0,n+m—1

1¢
1 —Iu(x)dx
Vb (t8) =— e
g(i

where  y,,(?), i=1,_n are solutions of the

problems:

Ly, (1)=0, yl%_l)(o) = 5{/’
)]

0, is a Kronecker symbol, y,.. (), r=1m

are solutions of the following problems:
Pr(0Ynir 0D+ G, (0)7,,0(0) = 0,

yn+r,0(0)=1? r:L_m’

4)

(,u,’f (DY iro )+ 0(5)) r=1m, q=0,n+m-1

r=1m,

(=D A O+ @),
i=0

qr (t) = ﬂ)’() (t)z An+i (t)C3+iﬂ:l(;—i_2 + An—l (t)lu:‘()_l (t)’
i=0

r=1m,

> (n+i0)!

i, i=0,m.
A(n+i-2)!

In view of (4), for the Wronskian W(tz,&) the
following asymptotic representation holds as

where &> 0:
1 1
Wt e)=— Wr()o(r)exp —Iﬁ(x)dx (1+0(g)) %0, (6)
£ €9
where W(t) is the Wronskian, )
Definition. The functions K (t,5,8),
B V1o (@) ,0(0) N 111 =f1, ;zl+ m are ca]illed i‘nitial functions, if they satisfy
o= .. 1= n+m ’ the tollowing problem:

n— n— , 2
BTt () el ()|

F(X) = () + ot 1, (6) = D g1, (),
k=1
7O =] o @si @),
k=1

the determinant @(¢f) is the m—th order

Vandermond determinant,

1 1

(1) Ha (D) |

w(t) = 0.

w1 ()

LgKl-(t,S,{;‘):O, i=1,l’l+m, 0<s<t<l1

Ki(j)(s,s,g) =06, j=0,n+m-1

and that can be represented in the form:

W.(t,s,&)
Wi(s,c)

K.(t,5,6)= , i=Ln+m @)

W.(t,s,&) is the n+m—th order determinant
obtained from the Wronskian W(s,g) by replacing

the i—th with »(t,8), »,(t,8),

vees Voun(£,8).
In view of (6), (7), for the initial functions

Ki(”) (t,s,¢), i=1,n+m the following asymptotic

row

representation hold as ¢ — 0:
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W e Nl (¢ w n
Kl.(q)(t,s,g) _ W,_—(t,s)+ P AWK yn+k,o( ),u/;( ) o (s) ) %(s) 20l es 8"“_’1266‘ ’
W(s) = Vorko O (5)  a(s) W(s) = (8)
i=1n, g=0,n+m—1;
@ (S) W(,,q)([ S) m ij‘llk(x)dx y ko(t):uz (t) 1) (S) m ij.;zk(x)dv
KO (t5,8)=¢ | (-l) — 2 —— "4 Y " 40l e+ Y ,
a(s)A,(s)  W(s) p Vorro M (5)  (s) yor ©)

r=1,_m, q=0,n+m-1

where @;(s) is the m—1-th order determinant
obtained from the determinant @(s) by deleting i-th

row and j-th column, CUZ(S) is the m—th order

determinant  obtained from the following
determinant
| R 1
lul (S ) /um (S )

() o 1S

by deleting i-th row, W 9 (t,s) is the determinant
obtained from the Wronskian W (s) by replacing
the n-th row with p\2(?),....y'? (), W,(t) is the

n+1—-th order determinant obtained from the
following determinant

. ynO(t)
Vo (?)

Y10 ()
Vio(0)

YO .y @)

by deleting the i-th row.
Let us denote by the right-hand side of the
equation (1):

L pim—1
2(t,6) = F(£) + j ZH.j(t,x)y(j)(x,g)dx (10)

0o J=0

We seek to find the solution of the differential
L.y =2z(t,&) equation in the form:

n+m

y(t,e)=Y CK,(t,0,6)+

i=1

. (an
+— K., (t.5.8)2(s,8)ds
€ 0
where K,(¢,s,€), i=Ln+m are the initial
functions, z(t,&) is a unknown function.

Substituting (11) into (10), we obtain that z(¢,¢)

satisfies the following Fredholm integral equation of
the second kind:

i
z(t,e) = f(t,e)+ IH(t,s, &)z(s,e)ds  (12)
0
where

n+m L ntm—1

ft,e)=F(t)+ ZC,.I ZHj (t, )K" (x,0,)dx,

i=l 0o J=0

n+m—1

1
1 .
Hs.o)=— [ D H (0K, (s, o)
s J=0

(C4) 1 is not an eigenvalue of the kernel
H(t,s,¢e).

In view of condition (C4) integral equation (12)
has an unique solution, that can be represented in

the form
1

2(6,6)= [(o)+ [Rs.) fs.oxds (1)
0
where  R(t,s,¢) is a resolvent of the kernel
H(t,s,e).

Substituting (13) into (11), we obtain the
analytical formula of solution:
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n+m

t t
Wt &) = Z C.|K.(1,0,8)+ gi J' K,. (t,5,8)@.(s,&)ds +8Lm j K, (t,5,&)F(s,&)ds
0 0

i=1

where C;, i=lLn+m are unknown constants,

Kj(tasag)a

i=1,n+m are the initial functions,

— L ntm-1 _ )
.(s,6) = j > H (s,x,6)K " (x,5,6)dx,

0 Jj=0

i=Ln+m

_ ; 15
H (s,x,e)=H, (S,x)+IR(S,p,8)H, (p,x)dp )
0

]?(S, g)=F(s)+ J. R(s, p,&)F(p)dp.

By using initial conditions (2) in (14), we find
the constants C;, =«; ,, i=lLn+m-1.

Theorem 1. (Theorem about the analytical
formula of solution) Let assumptions (C1)-(C4)
hold. Then the Cauchy problem (1), (2) on the

y“”(t,g)| < C(i|a,|+ Zm:g’ e, ..
i=0 r=1

et (3

e |+zg |, |+max|F(t)|)

i=0

(14)

segment 0<z<1 has an unique solution and is
expressed by the formula:

(t,e) =
n+m

= Zal I[K (¢,0, g)+ —| K., (t,5,€)(s, 5)ds]+ (16)

0

1 _
+— Kn+m (t,S,E)F(s,g)ds

m
0

i=lL,n+m are the initial

where  K;(t,s,¢),

functions, functions H (s,x,&), j=0,n+m—1,

?.(s,¢), F(s,g) is defined by the formula (15).

Theorem 2. (Theorem about asymptotic
estimations of solution) Let assumptions (C1)-
(C4) hold. Then the Cauchy problem (1), (2) and its
derivatives the following asymptotic estimation hold
as ¢ > 0:

>

4, (Do, (1)
Z (17)

—n+l

= (0)

qg=0,n+m-1

where C >0,y >0 are constant independent of &,

Z#k(t)wmk(f)

k=1 Hy (0)

=0, g=n+ln+m-—1.

t=0

Proof: In view of (7)-(9) and conditions (C1)-
(C3), for the initial functions

Kj (Za Sa 8),
estimation hold:

i=Ln+m the following asymptotic

|Kfq)(t,s,g)|< C[1+£" qexp[—thJ), (18)

i=ln, g=0,n+m—1,

t—s
K9 (t,5,8)|<Ce"| 1+ ¢ (——) ,
) (t,5,6)| [ xp| - — 19)

r=1,_m, q=0,n+m-1

By applying the asymptotic estimations of the
initial functions (18), (19) in (15), we obtain the
following asymptotic estimations for the functions

;i(sa 8)9

i=ln+m:

<C, i=ln,

0., (s.0)|<Ce",

r=1m

(20)

By applying (18)-(20) in (16), we obtain

asymptotic estimations of the solution (17).
Theorem 2 is proved.
We consider the following nonstandard
unperturbed initial value problem:
L[y(t)]= ZA,((f)y (=
@2y

L nem—=1

=F@o+[ Y H,( 0y (x0)dx,

0 Jj=0
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Y 0)=a, i=0n-1. (22)

We introduce the initial functions for the
problem (21), (22), similar to functions (7):

(23)

where Wi(t,s) is the n—th order determinant
obtained from the Wronskian W(s) by replacing

thei —th row with  y,,(¢), V,0(), -..s Y,0(0).

m—2

Loly(0)]= F(2) +

k=0

where B,, k=0,m—2 are arbitrary constants,

operator Q is a linear integro-differential operator

L ptm—1 )
(m-1) Y
> a0y (s,
0 J=0

o)1= (25)

symbol H{"™V(t,x) means the m—1—th order

derivative with respect to variable ¢ of the function
H,;(t,x).

(0= ZCK a 0)+¢(r)+ZBk<ok(r) + j

where I?i (t,s), i =1,_n are the initial functions,
operator Q is defined by the formula (25),

o= [ Ko

F(s)ds,
o 4, ©

b= [KullS) 5

—ds, k=0,m-=2
0 An() k‘

(28)

(p—9)"" P

K, (t,9)= j K000 =55

It is clear that the initial I?i(t,s), i=1,_n
functions will be the solution for the following
problem:

Lol?i(t,s)zo, i=1,_n, t#s

KUYV (s,5) =6, =1,n, j=1,_n.

i,j-1°

Differentiating m —1 times the equation (21)
with respect to wvariable ¢, then backwards
integrating m —1 times on the segment [0,7], we
get the auxiliary equation:

(t _ S)m -2
————0[y(s)lds, (24)
k! d (m—=2)!
If the constants B,, k=0,m—2 satisfy the
conditions
L pym-1 .
B, = _[ ZHj.k)(o,x)}(”(x)dx, k=0,m—2 (26)
0o J=0

then the equations (21) and (24) will be equivalent.
Let us consider the equation (24) with initial
conditions (22).

The solution of the Cauchy problem (22), (24)
is as follows:

(,s)

A()Q[()]

27

0

Function I%n (t,s) satisfy the following problem:
(t _ s)m—Z

(m—2)!

I%r(lj)(S,S)Z 0, ]=O,m—2‘
1 j=m-—

Ly[y(t)]=

b

—

Substituting (27) into (22), in view of the

condition of the initial functions I?i(t,s), i:I,_n,

we find the constants C,=¢; ,, i=Ln. We put

defined constants C;, =, ,, i= I,_n in (27):
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2 (t,5)

40 Oly(s)lds (29)

0= Za, K 0>+<o(z>+ZBk<ok 1)+ j

0

where Ei (t,s), i=1n are the initial functions, Applying operator Q to the equation (29), we arrive

operator Q is defined by the formula (25), functions ~ Fredholm integral equation of the second type

o(t), @(t), k=0,m-2, I%n(t,s) are defined

by the formula (28).
n m—2 1
u(r) = Z a, K, (t,0)+ o) + ZBk o, () + J.M(t, syu(s)ds, (30)
i=1 k=0 0
where
0 pim—1
ZHﬁm_l)(t’ T)I%:lj) (T,S)dT + Hn+m—| (t,S), s<0
Mt5)={3 7~ , (1)
j D H D @ORY (,5)d7 + H py (15), 520
s J=0
functions

3 _ where function I_Q(t,s) is a resolvent of the kernel
u(@®), @), o, k=0m=2, K(©0), i=Ln are  pr ) In view of the condition (C5), then the
expressed the following form: integral equation (30) has an unique solution and
that can be represented in the form:

u(t) = 0y(0)], o(t)=0l(1)],
u(t) = z a._ AK (1,0) +

o () =0lp. ()], k=0,m-2, - (34)
~ _ o +Ao()+ . B, Aw, (1)
K;(t,0)=0K,(¢,0)], i=Ln. (32) k=0

where operator A4 is defined by the formula (33),

(C5) 1 is not an eigenvalue of the kernel M (¢,s) o), o), k=0,m-2, I?l. t0), i=Ln are
We introduce the operator: defined by the formula (32).

Substituting the solution (34) into (29), we

_ obtain the solution of the unperturbed problem (21),

Avu(t) = o(t) + J-R(t, s)u(s)ds , (33) (22):

y(t) = Za, K, (t0)+go(t)+J' (( )Aw(s)ds+mz_:Bk[(ok(t)+ J‘w/la)k(s)dsJ (35)

0 ~ ) 4,0

where n - (4,9)

- _ n0= ) a,,K;t0)+e@)+ Aa(s)ds,
K.(1,0)= K,(,0) + IK o9 4R (5.0)ds, i=Tn. Z 1 -([ A4,(0)
O =4,()+ j ©2) 1o, (s)ds,
We'i . ) A, (1) (36)
e introduce the following symbols:

k=0,m=-2
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Then the solution (35) is as follows:

m—2
WO =)+ D By, (o) (37)
k=0

If applying operator Q to the functions

n(), n.(¢) in (36), we get the following equalities:

Ao(t) = n(®), Aw, ()= ln, 1)),

38
k=0,m-2 (3%)

where operator A is defined by the formula (33).
Taking into account formulas (36) and (38), it is
easy to verify that the function (37) satisfies
equation (29). That this function is a solution of the
equation (21), it is necessary to subordinate the
constants B,, k=0,m—2 to the conditions (26).
Substituting (37) into (26), we get the following

k=0m—2:

system for determining B,

B, —Zakl»Bi:ak, k=0,m—-2, (39)

Lu= Zg An+,(t)u("+r)+ZA (t)u(k)——ZE A, o0 + j H,(t,0u (x,)dx

r=1 r=1

u0,6)=0, i=0,n—1,

u0,6)=a, -y (0), i=mnim—1. (42)

[ (1,8)| < c[z

r=1

m=1

+Ce" ¢ e [Za

g -la

o (0)‘ + gj.
k=1

where

n+m—1

) %)
H i (0,x)n" (x)dx,

II
S S——

Jj=0

n+m—1

H'"(0,x)n (x)dx.

II
S ——

Jj=0
Let A be a determinant of the system (39).

(C6) A #=0. If the condition (C6) is valid, then
k=0,m—2 is defined single-

the constants B,
valued.

Theorem 3. Let assumptions (C1)-(C6) hold.
Then the nonstandard unperturbed problem (21),
(22) on the segment 0 <¢ <1 has an unique solution
and is defined by the formula (37).

Let us denote by

u(t,8) = y(,8)= () = ¥(1,8)=u(t,8)+y(0). (40)
Substituting (40) into the problem (1), (2), in

view of the problem (21), (22), we get the following
problem for u(z,¢):

Lpm—1

(41)

0 Jj=0

The problem (41), (42) is of the same type as the
problem (1), (2), by applying estimates (17), we get
asymptotic estimations for the function u(t,&) as
e—>0:

(n 147)
n=l4r

(0)‘ + aj

—J
N wemek M ()@, (1)
z(_l)z +m+k k—,,+1 k

4, (0)

, (43)

q=0,n+m-1
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From the estimations
limiting equalities hold:

(43), the following

limu'?(t,e)=0, 0<t<1, ¢=0,n,
&0

linau(‘”(t,g)zo, 0<t<l, g=n+ln+m-1.
£

Theorem 4. Let assumptions (C1)-(C6) hold.
Then for the solution y(t,&) of the Cauchy problem

(1), (2) the following limiting equalities hold:

lim ' (1,6)= """ (@), 0<1<1, q=0n,
&>

lir%y(")(t,g):;(q)(t), 0<t<l, g=n+Ln+m—1,
£

where function y(¢) is the solution of the

nonstandard unperturbed problem (21), (22) and is
defined by the formula (37).

Conclusion

The article is devoted to study the initial value
problem for singularly perturbed the n+m—th
order linear integro-differential equation with a
small parameters at the m —th derivatives. An
explicit analytical formula of the solution of
singularly perturbed initial value problem is
obtained. The nonstandard degenerate initial value
problem is constructed. The solution of the
nonstandard degenerate initial value problem is
obtained. The asymptotic convergence of solution of
a singularly perturbed initial value problem to the
solution of the nonstandard degenerate initial value
problem is proved.
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