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Solvability of a two-point boundary value problem with phase and integral constraints

Abstract. New mathematical techniques for considering the complex boundary value problems to solve
topical problems of natural sciences, technology, economy and ecology etc. are needed. Mathematical
models of nuclear and chemical reactors management processes, control of electric power and robotic
systems, economic management and others are complex boundary value problems of ordinary differential
equations. Boundary value problems are called complex if besides the boundary conditions there exist the
phase constraints and integral constraints on the phase coordinates of the system. The main objectives are:
the necessary and sufficient conditions for the existence of solutions of boundary value problems and the
methods of construction of complex solutions of boundary value problems. The aim of the work is an
attempt to create a unified theory of the study of solvability of boundary value problems and the
construction of a general method for solving them, based on the use of modern computer technology. The
work is devoted to solving the problems of boundary value problems of nonlinear systems of ordinary
differential equations. We consider the boundary value problem with boundary conditions of the given
convex closed sets. The necessary and sufficient conditions for existence of a solution of the problem and
construction its solution are obtained. The basis of the proposed method for solving of the boundary value
problem is a possibility to reduce to a class of linear Fredholm integral equation of the first kind [1]-[9].
Necessary and sufficient condition for existence of a solution of integral equation is proved. Fredholm
integral equation of the first kind belongs to the insufficiently explored problems in mathematics [11]-
[22].

Key words: integral equation, solvability, construction of a solution, extreme problem, functional
gradient, minimizing sequence.

Introduction

We consider and find necessary and sufficient
conditions for existence of a solution of the
boundary value problem

x=At)x+u(t), t el =[t,,t], (1)

(x(l‘o):xo,x(tl)le)ESCRZ", (2)
at phase constraints

x(t) eG(t);
G(t)={xeR"/ w(t)<L(t)x<¢(1),
tel},

integral constraints

gj(X)SCA/., jzlamla

gj(x)zcj, j=m +1m,,
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4 _
gj(x):J.< aj(t),x>dt, j=1m,,

here A(t), L(t) are matrixes of nxn, sxn order,
accordingly, with piece-wise continuous elements,
S is the given closed set, (t), @(t), t € are the

prescribed continuous vector functions sx1, a; (t),

j=1m, are the given piece-wise continuous

vector functions of nx1 order, C Iz j=1m, are

unknown constants, [,,f, are the fixed time
moments, zt)=(g4(¢)....14,(¢)) is the prescribed
piece-wise continuous function, <--> is a scalar
production. We construct a solution of the linear
system (1) with boundary conditions (2).

We represent the matrix A(f) of nxn order
with piecewise continuous elements as the sum

A(t) = A, (t) + B(¢), t € I, that the matrix
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W(t,t,) = j' D(t,,t)B()B (1)@ (t,,t)dt

Iy

of nxmn order be positive defined, where
D(t,7) = 0t)0 ' (r), O(t) is a fundamental matrix
solutions of the linear homogeneous system

f:Al(t)gg. We note, that the matrix 6(f) is a
o) = 4,(1)0(),

0(t,)=1,, where I, is an unique matrix of nxn

solution of the equation

order. There are many options for representation the
matrix A(f) as the sum A(¢) = 4,(t) + B(2),
tel:

1. The matrix A (¢#) can be chosen as a
constant matrix A, of nXn order. In this case
H(I)ZeAll, tel;

2. The matrix B(¢) is chosen in the form
B(t) = B,(t)P, where B,(t) is the matrix of nxm
order, P is a constant matrix of mxn order,

moreover P = (I ) — ), where [, is an unique

matrix of mxm order, 0 is a rectangular

m,n—m
matrix of m x (1 — m) order with zero elements.

Since the matrix A(¢) = A4,(t)+ B(t), tel,
that equation (1) is written as

x=A,)x+B)x+u(t), tel=[t,t;]. 3)

In the case of a choice B(t)=B,(¢)P the
equation (3) has the form

x=A,t)x+B,(t)Px+u(t), tel, “4)

where B,(¢) is a matrix of nxm order, Px is the
vector function mx1. If m=n, then P=1,

B(t)=B,(t), tel. Without loss of generality,

further we believe, that equation (4) is represented
in the form (4), the matrix

W (ty,1,) = [ O10,0)B,(0B; (00" (tp,0)dt . (5)

fy

In addition to (4), we consider the linear control
system of the form

y=4,@O)y+BOu®)+u®), tel, (6)
(y(to):xoay(tl):xl)eSCRzna (7
u(el, (I,R™). ()

We note, that if u(¢) = Px(t), t € I, then the
system (6)-(8) coincides with the origin system (1),

2.
Solution of a linear control system

We use the following theorems 1 and 2. The
theorems are proved in our previous works [1]-[9].

A solution of the boundary value problem
relates to properties of the solutions of the following
integral equation

Ku=j1<(t0,t)u(t)dz=a, tel=[t,t,], 2.1)

f
where K(Zo,t):“Kij(to,t)
the known matrix of nxm order with piecewise
at fixed f,, ¢,

, i=ln, j=Lm is

continuous by ¢ elements

u(-ye L,(I,R™) is the origin function, operator

K:L,(I,R")—> R", acR" is prescribed vector.
Theorem 1. /ntegral equation (2.1) at any fixed
a € R" has a solution if and only if the matrix

C(ty,t,) = jK(zo,t)K*(to,t)dt

ty

2.2)

of nxn order is positive defined, where (*) is a
transposition sign, t, > t,.
Theorem 2. Let C(¢,,t,) > 0 be a matrix. Then

the general solution of integral equation (2.1) has
the form

u(t)=K (t,,t)C'(t,,t)a+v(t) -

—K"(1,,1)C"" (tO’tl)j.K(to,t)V(t)d[ . (23)

)

where tel, v()eL,(I,R") is an arbitrary

function, a € R" is any vector.
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6 Solvability of a two-point boundary value problem

Theorem 3. Let the matrix VVl(tO,l‘l) of nxn
positive  defined.  Then
u(-)ye L,(I,R™) transfers the trajectory of system

order be control

(6) from any initial point y(t,)=x, € R" to any
finite state Y(t,) =X, € R" if and only if

u(tyeU ={u()eL,(I,R")/ u(t)=

v(t) + A4 (1,0, %) + ©)
+N,(t)z(¢,,v),t € I,Yv,v() e L,(I,R")},

where

At xy,x,) = Bl* (t)q)*(tht)VVl_l (ty,t))a,

4
a=d(ty,1,)x, — X, — j D(t,, 1) p()dt,

ty

N, (6) = =B (D" (o, W, (ty,1,) D2, 1,).

Function z(t,v), tel is a solution of the
differential equation

z=A(t)z+B,()v(t), z(t,) =0,

v() € L(L,R"). (10)

Solution  of  differential  equation  (6)
corresponding to control u(t) €Uis defined by
formula

YO =2(8,v)+ A (%), %) +

Ny 0 Y

where t € 1,

Ao (£, %) = @8, 0 WV, (6,017, (19,105 + (1)W1, O, (19,1 )Pty )%, +

+j O(t,7) u(z)dr —O(, )W, (1, t)Wf1 (19,1, )JL (1, 1) p(t)dt

N2 (t) = _q)(t’ Z‘O )Wvl (tO > t)VVv;l (tO 2 tl )(D(tO 2 tl ) )

Wi(t,,t)= j.(l)(to ,7)B,(7)B, (r)® (t,,7)dT,

W(t,t)=W(t,,t,)—W(t,,t).

Proof. Solution of the system (6) has the form

y(t) =D(t,t))x, + j.d)(t, 7)B (t)u(r)dr +

&

+j O, )u(r)dr, tel

)

Then the control which transfers the trajectory
of system (6) from initial state x, € R" to the state

X, € R" is defined by condition
y(t) = x, = D(t;,1))%, +

+]' DO(t,,t)B,(H)u(t)dt +]' O, )ut)dt”

) )

This implies
[, 0B (tyu(t)dt =

)

,] (12)
=x; —D(t,,1,)x, — J(D(ll ) p(t)dt

ly
Since D(z,,1) = D(¢,,1,))D(2,,1),
@7'(¢,,t,) = D(t,,1,), that expression (12) is

written in the form

j] D(t,,)B (Hu(t)dt =

ty

. (13)
+D(ty,4)x, =X, — [ D(ty, ) p(t)dt = a
l
Thus, the origin equation u(-) € L,(/,R") is a
solution of the integral equation (13). Integral
equation (13) can be represented as

Ku= j K(t,,u(t)dt =a,

K(t,,0)=D(t,,0)B,(1), tel .
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As it follows from theorem 1, integral equation
(13) has a solution if and only if the matrix

C(t,,1,) = j K(t,,0)K " (1,,0)dt =

f

= J.CI)(tO,t)Bl (O)B. (D" (¢,,0)dt W, (1,.1,)
fo
of nxn order is positive defined. Consequently, the
set U#0, J is an empty set if and only if
W (t,,t,) > 0. It means, that the system (6)-(9) is

controlled.

u(t) = B, ()" (t,, OO0V, (t,,1,)a +v(t) — B, ()" (t,, ) x W' (¢,.1, )j(l)(to,t)B1 (yv(r)de, tel,

where V(-) € L,(I,R™) is any function. We note,

that solution of differential equation (10) has the
form

z(t)=z(t,v) =D(t,t,)z(t,) +

+j®(t, 7)B, (t)W(r)dt =

)

(15)

= j@(l, 7)B,(v)v(7)dr

f

where z(#,) = 0. Consequently,

From theorem 2 it follows, that the general
solution of the integral equation (13) has the form

u(t) =K (t,,0)C”'(t,,t,)a+v(t) -

—K (t,,H)C™ (ty,1,) f K(t,,)v(t)dt’

ty

where
K(t,,t)=D(t,,1)B,(?),
C1(ZL091‘1) = VV; (t09t1) .
This implies

(14)

fy

(1) = 2(0,9) = [ O, 0B, (OV{0)dt =

l

. (16)
=d(1,,1,) j D(t,,0)B,()W(0)d.

From (14)-(16) it follows, that the origin control
u(t) =v()+ A4 (.0, ) + N (O)z(4,), t e,
vv, () e L,(I,R").

This implies proposition of the theorem that
u(t) € U . Finally, inclusion (9) is proved.

Let u(t) €U . Then solution of differential
equation (6) has the form

(1) =D(t,,)x, + j.CD(t, 7)B,(D)[W(7) + A4 (7, %), x,) + N, (7)z(¢,,v)]d7 +

0

+ j.q)(t, T)u(r)dr =j. O(t,7) B, (v)v(r)d T +D(1,1,)x, + j@(z, 7)B,(7)x

fy )

Iy

XBI* (T)q)*(toﬂ)df VVFI (Lo, 1)[P(Zy,1,)x, — X, —JI-CD(tO,t)y(t)dt]—

fy

- j-QD(t, 7)B (T)Bl* (T)CD*(toa T)dt WT] (19,1)) D1y, 1,)2(8,,v) = z(t,v) +

2}

+A4,(t, %0, %)+ N, (0)z(t,v), tel.

This implies representation of solution of the
system (6) in the form (11). Theorem is proved.
It is easy to make sure in that

Wty) = 2(ty, V) + A (1, X0, %) + N, (8,)z(8,v) = X,
W(t) = z(8,v) + A4, (8, %0, %) + N, (8)2(1,v) = x;.
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Since proposition of the theorem is valid for any
x, €R", x, €R", that it is valid, when
(x,,%,) €S R,

Lemma 1. Let W,(t,t,) >0 be a matrix. Then

the boundary value problem (1), (2) is equivalent to
the following problem:

W0+ (0%, + T30, + i(t) +

Noew=pe) 7
tel
z=A/()z+ B, ()v(), z(t,) =0,
tel
w() e L,(I,R"), (18)
(x4,X,) €S, (19)

where

T; ()= _Bl* (t)q)*(to’t)VVlil (tO’tl),

Tz ()= B1* (t)q)*(toat)Wil (tO’tl )CD(tO,l‘l),

I(v,%,,x,) = j V(1) + T (0)x, + T, (0)x, + Ja(0) + N, (£)z(t,,v) - Py(t)|2 dt —inf |

ly

at conditions

z=A()z+B,)V({), z(t,) =0, tel, (22)

v(')ELZ(]ﬂRm)a (xo,xl)GS, (23)
where Y(f) = y(t,v,X),X,), tel is defined by

formula (23).
We note, that:

1. Functional  1(v,Xy,X,)=0. Consequently,
functional /(V,X,,X,) is bounded below on the set
X=L,(I,R")xS, where (v,x,,x)eXCH,
H=L,(I,R")xR™.

2. 1f I(Ve, Xy X2 ) = 0, where (Vi, X, X)) € X,

is a solution of the optimization problem (21)-(23),
then

H(t) = ~B ()" (10, O, (1, >]'<D(to,t>u<r>dr,

0}

y(@)=z(@,v)+C@O)x, +C(O)x, +

HONOLy 0 Y

Ci(1) = DLt )W, (6,1, )1, (8,11,

C, (1) = D(2,1, )W, (tO’t)VVl_l (25,1, 1)),
S =[®.0u)dr -

(Wt O, (1) | Dty ) ()l
Proof of the lemma follows from theorem 3 and
the equality y(t)=x(¢), tel, at u(t)eU,
u(t)=Py(t), tel. It is easy to make sure that
expressions (17) — (19) are equivalent to the
expressions (1), (2), at W,(¢,,¢,) > 0.

We consider the optimal control problem:
minimize the functional

e2y)

X (1) = yu(t, Ve, X X3 ) = 2(E, ) + C () xp0 +
+C, (0x + (D) + N, (Dz(1,,v.),

t € I is solution of the boundary value problem (1),

2).

Necessary and sufficient condition for
existence of a solution of the two-point boundary
value problem

Theorem 4. Let W,(¢,,t,) >0 be a matrix. In
order to the boundary value problem (1), (2) has a
solution, necessary and sufficiently, that the value
1(Vi, Xpy %) =0, where (Vi,Xpo X)) €X is a
solution of the optimization problem (21) — (23).

Proof. Necessity. Let boundary value problem
(1), (2) has a solution. We show, that the value

International Journal of Mathematics and Physics 8, Nel, 4 (2017)
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IV, Xy, X)) =0, Let  x(t;¢,,Xp, %), tel,
(Xge, X< ) €S be a solution of differential equation

(1). As it follows from lemma 1, boundary value
problem (1), (2) is equivalent to the problem (17) —
(19). Hence,

V() + T + T (0, +

(L) + N,(02(t,v.) = Pra(t)’
tel,

24

2(t,v) = A, (D)z(t,v.) + B, (H)v.(1), z(2,) =0,

i}
I(Vey X, X;0) =I

ly

by identities (24), (25). Necessity is proved.

Sufficiency. Let 1(Vi, Xy, %) =0 be the value.
We show, that boundary value problem (1), (2) has
a solution. In fact, the value I(Vi,Xp,X,)=0 if
and only if the equality

V() + A (8, X, %) + N (0) (8, v.) =
=Py(t, Vi, Xpe, X;1)

is held, where

Y,V Xgur X0) = Z(8, 1) + A, (8, X, X ) +
+N, (0)z(t, ),
tel.

Function J(f,Vi,Xgs,Xx), te€l is solution of

differential equation (6), at conditions (7), (8).
Consequently,

Fy(g.0) =+ ()%, + T,(0)x, + () + N, (02(8) = Py(t,v, x,%,)|

where

tel,v()eL,(,R"), (25)

V() =z(t,v.) + C ()X + C, ()X, +

+1(O)+ N, ()z(1,,v.) ’
tel

where (Xp, X ) €S, u(®)elU, u(t)=Py.(t),
tel, y.(t)=x(t;t,,Xp, X)), tl.

Then

Vo0 + T, (0% + Ty (6)% + F(0) + N, (1)z(t,,v.) — Py.(0)] d =0,

Y Ve X X30) = A (O V(L Ve X X ) +
LB (00 (0)+ 1(0) = AV Vo %)+
+B, () Py (1, Vs, X, X2 ) + £4(1)

where M*(t) = V*(t) +ﬂ1(t,x0*9x1*) +M(Z‘)Z(l‘1 9V*) >

Y(ty) =X, y(t,) = xp, (Xpe, X)) €S,
u.(t)eU. This that

y(z‘, v*,xo*,xl*) = x(t; z‘o,xo*,xl*), t el is solution

implies,

of the boundary value problem (1), (2). Sufficiency
is proved. Theorem is proved.
As it follows from theorem 4, if the value

I (Vi, X, %) > 0, then the boundary value problem

(1), (2) has not solution. Thus, for constructing of a
solution of boundary value problem (1), (2)
necessary to solve optimization problem (21) — (23).

Lemma 2. Let W (t,,t,)>0 be a matrix,

function

(26)

Wt v, x,x) =2+ C(t)x, + C,(O)x, + f () + N, (0)z(t,), g = (v,Xy,%,,2,2(t,)) € R" xR"xR"xR"xR" .

Then the partial derivatives

0

FAGLD) _ [y 4 105, + 1,003, + 70) + Ny (0=(8)~ P
%

(27)
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10 Solvability of a two-point boundary value problem

%Z’Z) =[27; (1) = 2C, () P"|[v + T, (1) x, + Ty (1)x, + () + N, (1)z(t,) — Py], (28)
%j”) =275 (1) = 2CS ()P v+ T,()x, + T, (), + F (1) + N, (£)z(t,) - Py], (29
% = 2P (O)[v+T,(1)x, + Ty (1)x, + F(1) + N, (1)z(1,) - Py], (30)

% =[2N, (1) = 2N5 () P 1w + T, (1), + Ty (0)x, + F (1) + N, (0)2(t,) — Py]. (31)
Formulas (27) — (31) can be obtained by directly 1) Functional (21) is convex, at conditions

differentiating the function Fy(g,?) by variable ¢ . (?2), (23);

2) Derivative
Lemma 3. Let W,(t,,t,) >0 be a matrix, set S
be convex. Then:

3 OFy(q.t) _( OFy(q,t) OFy(q.t) OFy(q.t) OFy(q,t) OFy(q.t)
oq v ox, Coox, T oz ooz(t)
4) satisfies to the Lipschitz  condition Fy(aq' +(-a)¢*,0) <aF,(q',1)+

[oF,(a + Aq,1) _ oF,(q,0)]

b

I~ a o L|Ag], Vg, +H(1-a)F(q’.1)
q ) q \v/ql’ 6]2 eRm+4n, Va. ac[0]]. (32)
c]+AqeR’”+ " where L = const > 0.
Proof. It is easy to make sure that For any w(-)eL,(I,R"), v,()eL,(I,R"),
- . and at all a>0, a€[01l] the solution of
F (q.t)=q E (H)E(t)g+2q E (¢t t)— ’ >
o(@0=4 _() ( )q . (i (OLA®) ,tel, differential equation (23) under
—PfO)]+[u@) - Pf )] [u@) - Pf(0)] v, ()=, () +(1—a),(t), tel possesses by
where E is a matrix of mx4n order. Then the property
2
aFO—(zq’t):2E*(t)E(t)ZO for any ¢, tel. z(t,v,) =oz(t,v)+(1-a)z(t,v,), tel. (33)
Consequently, function F,(g,?) is convex with In fact,

respectto q , i.e.

2r,) = [O,OB, (2, (D)dr =[ 01,08, (v, (7) + (-, (W =

fy

= aj O(t,7)B,(r)v,(r)dT +(1- a)j‘ O(t,7)B,(v)v,(r)dr = cz(t,v)) + (1 —)z(¢t,v,) , te 1.

t lo

Let & =(v, (t),x(l),xll) eX, E =aé +(1-a)é, =(av, +(1-a)v,,ax, +
& =, (¢),x;,x7) € X . Then the point +H1=-a)x;,ax +(1-a)x) e X ‘

International Journal of Mathematics and Physics 8, Nel, 4 (2017)
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The functional value

K@)=}%@M+U—ah@a%+ﬂ—ahéaﬁ+ﬂ—ahi2@aw+O—aWJ,

)

]
z(t,ov, +(1—a)v,),t)dt = jFO(avl +(=-a)wv,,ax, +(1-a)x;,ax +(1-a)x;

)

az(t,v,) + (1= a)z(t,v,), 0zt v,) + (1= @) z(t,, v, ), 1 )dt < a]LFO(aql(t) +(1-@)g*(t))dt <

fy

<a|Fy(q'@O.0dt+(1-a)[ Fy(q* (0)t)dt =ad (£) + (1 - a)I(£,), V&, &, € X .

fy o)

In virtue by expressions (32), (33), where

ql(t) = (vl(t)ax(l)’xll’Z(tavl)az(tlavl)) )
qz(t) =(v, (t),xé,xf, z(t,v,), (8, v,)) -

This implies the first proposition of the lemma.
Since derivative

% =2E (1)E(t)q +2E (t)[1(1)— Pf ()],

that

oF,(q +Aq,t) 0F,(q,1)

=2E" ()E(H)Aq,
o o0 (1)E(t)Aq

where Ag = (Av,Ax,,Ax,,Az,Az(1,)), E"(0)E(t) is
the matrix of (m + 4n)>< (m + 4n) order with
piecewise continuous elements. Then

|9Futa + Aq0) _OFy (@0 _ pj
I o o |
where L = sup |[E"(t)E (t)” > 0 . Lemma is proved.
ty<t<t
Conclusion

Scientific novelty of the results is that the origin
problems are reduced to the corresponding
Fredholm integral equations of the first kind.
Necessary and sufficient conditions for existence of
a solution of the integral equations are proved by

theorem. It is shown, that the boundary problem of a
linear system of ordinary differential equations can
be reduced to the corresponding initial optimal
control problems. From the solutions of initial value
problems of optimal control can be obtained the
following solutions: boundary value problems with
constraints, boundary problems with a parameter,
construction of periodic solutions of autonomous
systems. The basis of the proposed methods for
solving boundary value problems with different
constraints is a possibility of reducing these
problems to a class of linear Fredholm integral
equation of the first kind. Fredholm integral
equation of the first kind belongs to the
insufficiently explored problems in mathematics.
Therefore, fundamental research on integral
equations and solution on their basis of boundary
value problems of linear ordinary differential
equations is a mnew promising direction in
mathematics.
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