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Protoplanetary three-body problem with variable masses and its solutions

Abstract. Two protoplanetary three-body problem is considered in the case when the masses of all three
bodies vary isotropically in different rates 7, /m, # mt, /m,, m,/my #m,/m,, m/m, #m,/m,. It

is assumed that the mass of the protoplanets much less than the mass of the proto-Sun
my(t) <<my(t), m,(t) <<m,(t).Laws of change masses of bodies are known. The bodies are assumed

as material points. On the basis of motion equations in the Jacobi coordinates the problem is described in
the analogues of the Poincare second system. The perturbation function is symbolically computed in the
system of the analytical calculations Mathematica up to the second degree of small quantities

€|, €, 1I;, I, inclusive. It is obtained the equations of secular perturbations and its solutions for the

protoplanetary three-body problem with masses changing isotropically in different rates.
Keywords: three-body problem, secular perturbations, protoplanets, variable masses, analogues of the

Poincare second system

Introduction

Everyone knows that the cosmic bodies are
unsteady. Over time they change the mass, size,
shape and structure of the mass distribution within
the body. These processes often occur in binary and
multiple systems. In this regard, we are considered
the problem of the three bodies with variable masses
which had been investigated by the methods of
perturbation theory [1-4].

The formulation of problem. The equations of
motion in the coordinate system of Jacobi

Under consideration a system of mutually
gravitating three bodies: 7, is protosun with

variable mass m,=m,(¢f), 1, is internal
protoplanet with variable mass m, =m,(t) and T,
is external protoplanet with variable mass

m, = m,(t). Fulfills the conditions

m, (t) <<m, (1), m,(t) <<my(t). (1)
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The masses of the bodies vary isotropically in
different rates

_0¢_1’ _075_2’ _1;,5_2. (2)

my m m, m, m,m,

The equations of motion in the Jacobian
coordinates [1-5] can be written as

Wr = gmd;lU,

- e 3)
Hlh, = gradfo - 1,2V +Vin),
where
o= ()= L UL const,
m, +m,
+

m, +m, +m,

reduced masses and
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m
U = f[ mom, | myht, | mnt, j’ v, =v,(t) = ————# const,
Tor T ha Mo = 1,
m
v, =V, (t) = —— # const
2_ 2, 2, 2_ 2 0 = Yo )
Ty =X+ +zp =1, my, +m,
r=X 4yl +z2, f is gravitational constant. For the problem

under study, on the basis of the equations of motion
(3), is constructed the perturbation theory for
aperiodic motion on quasiconic section [1].

rnin<l,

2 __ 2 2
o = (5 +vix) "+, +vin)" +
The equations of motion in the analogues of

+(z, + V1Z1)2a .
the Poincare second system

ry = (0 =vex)’ + (1, = Vo))’ + The analogues of the canonical elements of the
+(z,—v,yz,)’, Poincare second system A, A,&.7.,p.,q; are
determined by the following formulas [5]

Aizﬁi\/;i’ A=nlgO)-¢D]+7, = +Q +w,

¢ =\/2Aii1—111—ei2 icosni, n; =—,I2Ai|1— 1-¢’ |sin7zi, m,=Q,+aw, 4)
)2 =\/ZAl.\/l—ef(l—cosil.)cosQl., q. =—\/2Aﬂ/1—el.2 [1-cosi ]sinQ..

where @, e, ®, Q. i, ¢(r;) orbital equation of secular perturbations in the analogues of

i i ;
elements are corresponding analogues of the the Poincare second system (4) have the form

Keplerian elements. In the non-resonant case the

*

A =0, é‘:%, p:%’
i * ! 8771, ) l aq,-* 5)
’ OA, ’ O, ’ op,

where

R = 1 ﬁl4 +L _blrlz+f(m0m2+mlm2_m2(mo+ml)j
RO 2mA 2 T hy h e

(6)

R = . A +L _bzrzz+f(mom2+m1mz_mz(mo+m1)j 1 %
) 2Ny, 2 T2 "2 6 w V2 -

Ve = I[(2Vix; + VX)X, + vy +V 3y, +(2viZ, +Vi2))z, ]

sec?
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b, :bl(t)::ul%a 7T

1

b, =b2(t)=/127—2, 7, =1, =

72

Elz = 1w t)m (1,)my (1), 522 = 1w (t)my (2)[my (2y) + m, (1)1,

my (t,)+m ()
my (1) +my (1)~

7)) =

my(t,) +m,(t,) +m,(t,)
m (£) + m, (t) + m, (¢)

M ()

v, =y, ()= .
Mo p(5)

It follows from equation (5) that the study of the equations of secular perturbations reduces to the

solution of the next system

. OR..
%= on; ’
R,
m == o >

where

. aRz sec
b = >
aq,
l* 7
. aRz sec ( )
@ op; ,

A =AN@)=A()= lglx/a_l = \/f/v‘l(to)ml(to)mo(to)\/al(to) = const,

®)

A, = A1) = Ay (1) = BonJa, = f 1(t)my (2)my (2,) + m, (1) [\ ay (2,) = const.

In this article we obtain the equation (7) in an
explicit form.

Equations of the secular perturbations
For writing in expanded form the right side of

equation (7) it is necessary to express the perturbing
functions (6) in the analogues of the Poincare

5 L&)
on,

422 — an*sec(fnﬂ,-J)’
on,

and the optical elements p,, g, as follows

second system (4). In this article in expansion of
perturbing function (6) the terms up to the second

degree inclusive of small quantities e, e,, i}, i,

had been saved [6].
The equations of secular perturbations for the

eccentric elements (f,-, 7); have the form

__OF(&om0)
7 ,
94 o
i, =~ o000
2 b
o,
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— 6E2ec (pl > qi’ t)
aq,

1

2

8%
where
EZec(piaq,‘at) = Wl*(t)F(piaq,‘)a

_ Jmm,v,B,

* t —
w, (1) 8,

F(p.q,)=K (p] +4))+ K, (p; +4;) + K;(p,p; + 4,4,)s

« 1 *

K'=—, K=

B, is Laplace coefficient. Solving of systems of

differential equations of secular perturbations (9)-(10)
can be obtained numerically and analytically [1-4].

In this article, according to the assumption, in
expansion of the perturbing function we restrict to
the second degree inclusive of small quantities

e;, i;. Therefore, also restricting up to the second

degree inclusive of small quantities e;,; in the
formulas (11), we have
DA, sini; cosQ),,
(12)
g,=—+/ A, sini; sinQ
Hence we have
A sin’%i(t) =p’+q’,
isinT (1) =p;+q; (13)
18Q.(tF-q,/ p;.
Analytical relations (12)-(13) completely

describe the time variation of the orbital elements
i.(¢), Q.(¢) for arbitrary changes of the masses
laws (1)-(2).

Conclusion
The problem is studied in the analogues of the

Poincare second system. With the help of analytical
calculations  system  Mathematica for the

— aFv;sec (pl b4 qi i ZL)

s
A,

_ aEZec (pi’ qi’t)

— aF;sec(pi’qi’t)

2 op,

F2*sec(pi’Qi’t) = ‘//;(t)F(p,a%)a

vl () = - Lo,
8y,
(1)
Ky =- 2
AIAZ

protoplanetary three-body problem with masses
changing isotropically in different rates the full
expression of the perturbing function that consists of
684 terms was calculated.

On the basis of the perturbing function it was
first obtained the equation of secular perturbations
of the problem - non-autonomous canonical
equations of secular perturbations.

The results of this work can be used to analyze
the influence of the effects of masses variability on
the dynamic evolution of non-stationary
protoplanetary systems.
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