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A modification of the method of fictitious domains
for stationary model of non-Newtonian liquids

Abstract: The substantiation of one modification method of fictitious domains with continuation on
junior coefficient for the stationary equations of non-Newtonian liquids is given in this work. The domain
is three-dimensional and bounded. A theorem of an existence and convergence of the generalized solution
of an auxiliary problem is proved. The theorem is proved by the method of a priori estimates. Inequality
of imbedding theorems, Holder inequality and Young's inequality are used. The sequence of approximate
solutions is constructed using the Galerkin method. The limit in the integral identity through the selected
sequence. For solutions obtained uniform evaluation standards of functional spaces. An estimation of
convergence of the strong solution of the approximating problem is deduced.
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Introduction

It is known, that the method of fictitious
domains (MFD) is applied for a wide range of
mathematical problems. The given method has been
described in work [1] for the first time.

The stationary mathematical model of non-
Newtonian liquids [2] will be considered in the

domain Q< R’:
Re(v-VIV+VP=(1-a)Av+V-S+f, (1)
S+We(v-V)S =2aD, 2)
divv =0, 3
with boundary conditions
V], =0. (4)

where: v = v (x) is a velocity vector of a liquid,
P =P (x) is a pressure, S = S (x) is an elastic part of
stress tensor, the tensor function

D= (VV + (VV)T )/ 2 is a tensor deformation rate,
Re=ul/py and We=Au/L are accordingly
Reynolds's number and Vensenberg's number,
a=1-4,/4, is A, is
relaxation time, A, — lag time , 0< A, <A,. u,L

numerical parameter,
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are the characteristic velocity and the size of model,
f=f(x) is a vector of mass forces, B is boundary of
domain Q.

The "classical" type of the method of fictitious
domains with continuation by junior coefficients is
proved for the described model with equations (1) —
(4) in the work [3] and the following estimation of
convergence rate is obtained for a strong solution:

Further modification of the method of fictitious
domains is researched. An estimation of
convergence rate of this method has higher order
than the estimation (5).
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Main body

Thus, we will consider a modification of the
method of fictitious domains (MFD) with
continuation by junior coefficients for the problem

(1) — (4) in the domain D, > Q:

Re (Ve -V) v+ VP =(1-a) AV’ +
£(x) . (6)
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¢+ Welv® -V)S* = 2aD°, %
divv*® =0, ®)
v, =0, 9)

where: 0< <1, S, is boundary of domain D,

S,NB=0, f is continued by zero outside of
domain Q, € >0,
691

0, Q2
1, BD, =D, \Q.

—Re((vg -V)(Dvg)

Ly(Dy)

Theorem 1. Let f* € H '(D,). Then there is

even one generalized solution of the problem (6) —

2 2

&

v S

*|

H(Dy)

Here and in the further through universal C we
will designate the constants only depending from
data of the task and various constants from well-
known inequalities [4], and not dependent from
desired functions and parameter & .

S¢ +Welvt, -V)S% =2aD, j=12,...N.

+(1—a)(v5,(D)H(D0) = —(S‘g :

Ly (D) s

ey (), xeQ
4 (x)_{O, xeD,.

If we will allow £ =0 in (6) — (9) such a problem
is the "classical" variant of MFD [3]. The used
spaces 1 (DO) and H™' (DO) are described in [4].

Definition 1. The finctions v° e H(D,),

Sel, (DO) are called the generalized solution

of the problem (6) — (9) if they satisfy the following
integrated identities

(11)

(9) and there is the next
solution:

estimation for this

! = <C<w.
L(Dy)

&

\%

&

Proof. The approximate solution of (6) — (9) we

N

shall search in the form of v (x) =>a ;@; where
=i

{a)j} is the basis in H (Do)- Let numbers & j are

from system of the equations:

1 .
_;)%(D)__X 7 (VN’a)/)LZ(Dl)+(f’a)./)L2(D0)’ (12)

(13)
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For the proof of existence of the solution of the regularizable problem (12) — (13):

—Re((v;,’g 'V)a)le;/v’g)+(1_a)(v‘;;g’a)f)H(Do)

v 1 v (14)
=_(SN’ :wa)[Q(D)_T(VN’ ’a)J‘)LZ(DI)+(f’a)J)L2(DO)’

Sy + Welviy VS5 =2aD}" +vAS)”,
oS}

=0. 15
n (15)

S

Operating also as in [3], for solution (14) — (15) it is possible to get an estimation:

By virtue of an estimation (16) and Brayer’s V¢ — v, weakly in H(Do), ViV s
lemmas, it is similar [3], existence the theorem for strongly in L,(Dy)
regularized problems (14) — (15) is easy proved. gY AR5

In an estimation (16) the constant C does not Sy =Sy weakly in L,(D,), \/;SX/ -0
depend from ¢,v. Hence, from sequences  weakly in W; (Do)'

V,E 2 Sv,g 2 2 1 v,
VN N N

+—|v
Lz(Do) &

H(D,) +‘

) + VHVS v

2-p
L(Dy) < C”f”i["(po)' (16)

LZ (DO

{V;,"g }, {S X,g} it is possible to allocate the Further in (14), multiplying 2-nd equation by
subsequences for which at v—>0 we have @€, (D,) and integrating in Dy, we pass to a
correlation: limit on the selected sequences and as a result we
shall get
—Re((VN ~V)a)jVN )Do +(1—0{)(VN,a)j )H(DO) =
& 1 &
:_(SN 'Va)f)Lz(Do) _8 vE s (VN’wj)LZ(D]) +(f’a)j)L2(D0)’
Nllzy(py)

(55 : cﬂ)Lz(Do) ~we((s; - V). V'SN)LAD(,) =2a(Dj; : ¢)Lz(Do>‘

Hence, we have (12) — (13). Further we shall to  shall integrate over domain D, and as a result we
multiply  (12), (13) by &, Sy accordingly, we  ghall get

:(l;) - _(Slff :vv}g\’ )Lz(DO) +(f’ Vf\’ )LZ(DO) i

“=2a(D; 55

& &
Vy Vi

(l—a)‘

2 1
o
H(D,) g

Sy

Ly(Dy)
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When using the equality Sy : Vv}, =Sy : Dy, it is easy to deduce the estimation of

2

52
SN

+|

&
A\
N H(D,)

In estimation in (17) the constant C does not

depend from N,&. Hence, from sequences

{Vf\, }, {S,‘f,} it is possible to allocate subsequences
for which:
v, — v* weakly in H(D,),

12
&

v

&

+‘S

H(Dy)

So, the theorem — 1 is proved.

Theorem 2. Let the condition theorem 1 are
satisfied. Then the solution of (6) — (9) at &€ —> 0
converges to the solution of (1) — (4).

The given theorem is proved as well as the
theorem 1 on the basis of estimation (18).

Definition 2. The strong solution of (1) — (4) is

referred to  the V(x), S (x), P(x),
possessing the quadratically as the summable

derivatives are entering into the equations (1) — (2)
and satisfying to the system (1) — (3) and to

functions

+—
L(Dy) g

Ly (Dy)

s ||>#

N L (D))

<C. (17)

v%, — v strongy in L4(D0),
Sy — S° weakly in LZ(DO)’

is correctly at N — oo . At that v°,S° are to have a
place the estimation

2-p

e
\% =
Ly(Dy)

1
o
&

(18)

boundary conditions in (4) almost everywhere in €2
by adequate measure.

The concept of the strong solution of an
auxiliary problem (6) — (9) is determined similarly.

Now we shall find estimations of convergence
rate of the strong solution of (6) — (9) to the strong
solution of (1) — (4). We assume that it is executed
the following condition:

Condition 1. Let a strong solution of (6) — (9)
and of (1) — (4) exist with an estimation:

3C,, 0> C, >0 v, ) +[VS], o, SC. (19)
and numbers Re and We let satisfy inequality
3
6
£(C1 We) —2%/48C,Re<1-a. (20)
(24
Theorem 3. Let conditions of theorem 1 and condition 1 are satisfied, then the estimation of
325
& & < 4-3p4
v VLZ(Q)+‘S S|, o SCE70<p<L. Q1)

is fair.
(We shall notice, that at [ — 1 this estimation
has the order &, that it is much better than in (5)).

Proof. We shall to multiply (1) by trial function
v divy =0, I//|S =0 scalar in LZ(Q):

“Re E[((V-V)«//V)dx+(1—a)gJ;VVVt//dx—(l—a)i%l//dBJr

+[S:Vydx—[S-n-ydB+[P-n-ydB— | fydx=0.
Q B B Q

(22)
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Further we shall to multiply (6) also by y scalar in L, (DO):

—Reg((vg-v)y/vg)dx+(1—a)jvw‘-vwdx+ [5°-V yx -

D, D,

— | fydx +

[vipdx=0. (23)
D, EHVE -V

Dy

L(Dy)

Let us designate execute and shall consider a difference (23) and (22):

—Rej((a)-v)a)vé‘)dx+(1—a)jVa)-Va)dx+ je-vmx—

D, D, D,

—ande+1 ajavwdmjsnwdm el ) =0- (24)
Now we shall to multiply (7) by trial function ¢ scalarin L, (DO ):
[S°: gdx—We [(v¢-V)p-S?dx = 2a [ D : gx, (25)
Dy Dy Dy
Let us to multiply (2) by ¢ scalarin L, (Q):
[S-gdx—We[(v-V)p-Sdx=2a[D-gix, (26)
Q Q Q

Let us continue Vv, S outside of € zero, we shall take ¢ =@, then from a difference (25) and (26) we
shall get:

6" ~We [(w-V)- Sdx = 22 j (D° ~D)-6dx. 27)
Dy

Further we shall divide in (27) by 2a and sum up (24):

1 1 - We
1 a)”Va) L(D,) +Z”9 iz(Do) +E||a) izi‘;) —Z—SDJ.(a)V)QSdX =
—Re [((e V) Wi +(1-a)[ X xdB + [S-n-dB~ [ P-n-wdB (28)
D, pon B B

Let us appreciate some integrals in (28), using inequalities of Gelder and Yunga, the embedding
theorems [4] and in (19):

” — | (0-V)0- de___a (0-V)S- o . 6

2
<Lyop +a(@qj a8
4a 2a
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ReI((m-V)wvg)dx:Rej(w V)

Dy D,

((l—a)?JrS-n—P-njdes(

n

—_—

B

1/2
Ly(Dy)

<Clel, ., <ClVel, el

<C(

2

1—
As aresultat o =

I-a
2

ol

XL, Dl /

2
a(?qj J48 - ¢, Rex6/48] o
(04

v <
onl, LZ<B>J 1(5)
1/2
<C(fe hqﬂlﬁfu)ﬂlﬂz

pl4
L(D) —

1/2
) o

1/2
scllod )+ ||szm) ol <
<o{Joul o+ Lol )+ ool

d it can be obtained from (28)

2
(Do) +Z”0”L2(Do) * (29)

1 _
+o el b, = el g,

Where we estimate the right part by Yunga ‘s inequality with indices , = M

B2

1/2”
L, Dl)

Then in view of (20) from (29) the estimation is follows:

2
*L, (Do

|w

L,(Dy)

p/: 2(2_ﬂ)
B 4-3p
6-4p
||a) Loyt Ce*3F .
6-4p
+|| L Ce*/

i.e. we shall get required estimation of convergence rate (21). The theorem 3 is proved.

Conclusion

A theorem of an existence and convergence of
the generalized solution of an auxiliary problem is
proved. An estimation of convergence of the strong
solution of the approximating problem is deduced.
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