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Abstract. This review article explains the properties of virtual states and discusses their impact on realistic nuclear
structure and nuclear reaction problems. The first half of the paper defines virtual states as poles of the scattering matrix,
i.e., zeros of the Jost function, and discusses their similarities and differences with bound and (zero energy) resonant
states. The second half of the paper provides concrete examples of the effects of virtual states in real nuclear systems.

Regarding nuclear structure problems, we demonstrate the valence neutron occupying virtual state plays important roles
in the formation of the anomalous structures in the binary and three-body systems: °Li + neutron and & + o + neutron.
On the other hand, in reaction problems, we address thermal neutron scattering by various targets and discuss the close
relationship between the peak structure in the so-called S-wave strength function and the virtual states. By synthesizing
the calculation about the neutron scattering, we propose a new reaction picture for thermal neutron absorption reactions.
Keywords: Virtual states, nuclear structure, neutron scattering, neutron capture, nuclear reactions.

1. INTRODUCTION

A virtual state can be said to be a state in
which a bound state fails to become a resonance
state. The existence of a virtual state was first
noticed in the low-energy scattering of neutrons
and protons [1, 2, 3]. The only bound state in
a two-nucleon system is the deuteron, which is
the proton-neutron 3 state. It is known that the
IS state is not a bound state, but is a state called
a virtual state. Recently, the existence of virtual
states in several nucleus-neutron systems, not just
neutron-proton systems, has attracted attention in
connection with the formation of large cross sec-
tions near the neutron emission threshold energy
(neutron separation energy) and the formation of
spatially extended structures such as neutron halo
structures near the threshold.

Virtual states are a special state with nega-
tive energy that appears only in neutron S-wave
scattering in nuclear systems. When it exists near
zero energy, it significantly affects the low-energy
scattering state. However, it is rarely discussed
in standard quantum mechanics or scattering the-
ory textbooks [4, 5]. A concept similar to virtual
states is called zero-energy resonance, which is
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often explained in textbooks [4, 5, 6, 7] and is of-
ten confused with virtual states. However, the two
are fundamentally different states and should be
strictly distinguished. (Incidentally, while zero-
energy resonance states are called resonances,
their properties differ from the well-known nor-
mal resonance states.)

In this article, we focus on virtual states,
which have rarely been discussed in detail un-
til now, and explain their properties, particularly
their differences from zero-energy resonances and
bound states. In addition, we introduce recent
researchs on the role of virtual states in nuclear
structure and thermal neutron elastic scattering
and discuss the role virtual states play in real nu-
clear systems. We hope this article helps readers
deepen their understanding of virtual states.

As an aside, the term virtual state often ap-
pears in other fields as well. For example, in
the application of perturbation theory, it is well-
known that intermediately excited quantum states
are often called virtual states. On the other hand,
states that are close to bound states but are not
strictly eigenstates of the Hamiltonian are also
sometimes called virtual states [6]. The term vir-
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tual state also appears in reactor physics, which
is closely related to nuclear data, but it refers to
energy levels that exist in the energy region above
the minimum threshold for particle decay [8]. We
should add in advance that the virtual state we are
attempting to explain here is a special quantum
state that is fundamentally different from these
terms.

2. WHAT IS A VIRTUAL STATE?

a. Classification of quantum states in complex mo-
mentum space

Since scattering states are typically observed
over real momentum or energy, various quantum
states are often defined over real energy. Resonant
states are a typical example [4, 5, 6]. Here, we
classify various quantum states, including virtual
states, in complex momentum (k) space rather
than real energy space [4, 5, 9]. Classification in
complex k space is mathematical and somewhat
divergent from real scattering phenomena, but it
has the great advantage of being able to classify
and define quantum states without uncertainty.

To explain the classification of quantum
states, we must first discuss the relationship be-
tween the Jost function and the scattering matrix
(S-matrix). For clarity, we consider a simple neu-
tron one-body potential problem and take the or-
bital angular momentum of the system to be an
S-wave. We also assume that the one-body poten-
tial is given by a finite range of attractive forces
and real numbers. In this case, the radial solu-
tion rR(r) of the Schrodinger equation is known
to have the following asymptotic form [6].

lim rR(r) = %

r—o0

{y(—) (k)e—ikr i gz(—‘—) (k)e-l—ikr}
ey

Here, r is the radial coordinate of the neu-
tron, and k represents momentum, which is gen-
erally a complex number. The amplitudes of the
incoming and outgoing waves, .% () (k), are func-
tions that depend on k and are called Jost func-
tions [4, 6]. The scattering state of a neutron is
described by the S-matrix (S(k)), where S(k) is
given by the ratio of the amplitude of the outgoing
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wave to the amplitude of the incident wave (in-
coming wave). Therefore, S(k) can be expressed
using the Jost function as follows:

F ) (k)
FE) (k)

As can be seen from Eq. (2), kar satisfying
F () (k§) = O represents a zero point of the S-
matrix, and k,, which satisfies .# (*)(ka ) =0,
corresponds to a pole of the S-matrix.

Now, let us consider the behavior of the wave
function, Eq. (1), at the latter pole, k = k, . In this
case, only the outgoing wave component (e ")
remains in the wave function, and the boundary
conditions of the wave function are uniquely de-
termined. Therefore, the wave function at k = k;
corresponds to a quantum state determined by
the boundary conditions, and its eigenenergy E
is given by E(k, ) = h*(ky )*/2u (where p is the
reduced mass of a neutron). k, takes on vari-
ous complex values depending on the boundary
conditions, and is classified into several quantum
states depending on its location on the complex &k
plane. Figure 1 shows a schematic diagram of the
distribution of k, and the corresponding classifi-
cation of quantum states. [9]

In Fig. 1, the blue and white circles on the
imaginary axis (vertical axis) at k = k,,, 1.e., the
positive and negative regions on the imaginary
axis, correspond to bound states (B.S.) and anti-
bound states (A.B.S.), respectively. Meanwhile,
the poles in the fourth and third quadrants, the
black and white diamonds, are called resonance
states (R.S.) and antiresonance states (A.R.S.), re-
spectively. Virtual states are also classified as
poles on the complex k plane, but they have a

S(k) = @)

-slightly different character from these quantum

states. Let us explain step by step. The arrows
in Fig. 1 roughly represent the movement of the
poles as the attractive force of the neutron poten-
tial is increased. In this case, resonance (R.S.) and
antiresonance (A.R.S.) move toward the imagi-
nary axis, eventually colliding at a finite nega-
tive coordinate on the imaginary axis (cross). As
the attractive force becomes stronger, these two
states bifurcate at the cross point on the imaginary
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Figure 1 - (Color online) Schematic diagram of the pole distribution of the S-matrix on the complex momentum
(k) plane. Consider a one-body potential system of neutrons, where the potential is real and has a finite range
of attractive force. We also assume an S-wave state. The horizontal and vertical axes represent the real and
imaginary parts of the momentum (wave number k), respectively. The blue and white circles represent the
bound state (B.S.) and antibound state (A.B.S.), respectively, while the black and white diamonds represent
the resonance state (R.S.) and antiresonance state (A.R.S.), respectively. The arrows indicate the direction of
pole movement when the attractive potential is strengthened. The cross mark indicates the collision point of
resonance and antiresonance, and the poles (red squares) that exist between the collision point and the origin

are virtual states (V.S.). Reprinted from Ref. [9].

axis, evolving into a bound state (B.S.) and an
antibound state (A.B.S.). The virtual state (V.S.)
refers to a state that exists in the special region
between the origin and the collision point (cross)
of R.S. and A.R.S. (red square). Therefore, V.S.
is possible to exist around the origin k = 0 corre-
sponding to the threshold energy but the location
of A.B.S. moves to the large negative imaginary
point, being far from the threshold, as the poten-
tial attraction is more enhanced.

Since both virtual state (red square) and
A.B.S. (white circle) exist in the negative region
on the imaginary axis, they are often confused,
but they must be clearly distinguished. This is
because the virtual state (V.S.) is a special state
that exists only in S-wave states. It is easy to ex-
tend the discussion so far to finite angular mo-
mentum states, such as P-waves and D-waves.
When this is done, the orbits associated with in-
creasing attractive force shown in Fig. 1 change
significantly. The R.S. and A.R.S. move coun-
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terclockwise and clockwise, respectively, while
colliding at the origin k = 0 and eventually bi-
furcate into B.S. and A.B.S. [9]. In other words,
with finite angular momentum, the collision point
(cross) moves to the origin, and the virtual state
(V.S.) disappears. This is why virtual states are
classified as a special state of S-waves.

b. Specificity of S-wave states

So why do virtual states only appear in S-
wave states? While it is difficult to definitively
answer this question, it is natural to think that they
are closely related to the specificity of S-wave
states. Typically, when considering the problem
of the finite-range attractive potential of neutrons,
for finite angular momentum states such as P-
waves and D-waves, the Hamiltonian includes not
only the attractive potential but also a centrifu-
gal potential arising from kinetic energy. When
a centrifugal potential is added to a finite-range
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attractive potential, a repulsive barrier is formed
near the surface of the attractive potential. This
is called the effective barrier, and it has the ef-
fect of tightly confining the wave function of the
quantum state shown in the system diagram Fig. 1
within the potential region, and particularly acts
to stabilize resonant states.

On the other hand, the S-wave state does not
have this centrifugal potential, so the wave func-
tion is not confined or stabilized by the effective
barrier. Instead, confinement occurs due to the
reflection of outgoing waves at the potential sur-
face. A finite-range attractive potential always
has a surface, and when an outgoing wave trav-
eling from the interior of the system outward is
reflected at the potential surface, and the inter-
ference between the outgoing wave and the re-
flected wave increases the amplitude in the po-
tential region, confinement of the wave function
occurs. This interference-induced confinement of
the wave function within a potential region is a
phenomenon unique to S-waves, and its unique-
ness may be one of the factors that lead to the
formation of a somewhat unusual quantum state
known as a virtual state.

c. Virtual States as Negative Energy Resonance
States

So far, we have classified quantum states as
poles of the S-matrix and discussed the unique
properties of virtual states. Here, we will com-
pare virtual states (V.S. in Fig. 1) with the well-
known bound states (B.S. in Fig. 1) and reso-
nance states (R.S. in Fig. 1). First, comparing
bound states and virtual states, they exist in the
positive and negative regions on the imaginary
axis of the k-plane, respectively, and their mo-
mentum is given by the pure imaginary number

o = *iB (B > 0). Recalling the energy equa-
tion, E(ky ) o< (ky )*> = —B2, so both have nega-
tive real energies. However, from the k o< VE-
equation, momentum k is given by a two-valued
function of energy E. Therefore, when consid-
ered in the complex E-plane, bound states exist
in the first Riemann sheet of the E-plane, while
virtual states exist in its second sheet. (The up-
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per half of the complex k-plane corresponds to the
first sheet of the complex E-plane, and the lower
half corresponds to the second sheet, with a cut
on the real axis of £ > 0.)

On the other hand, resonance states exist in
the lower half of the complex k-plane (the fourth
quadrant), which means they exist in the second
sheet of the complex E-plane. In other words, vir-
tual states have negative energy, just like bound
states, but they share the same energy plane fea-
ture of existing in the second Riemann sheet, just
like resonance states. Furthermore, if we weaken
the attractive potential, the bound state smoothly
transforms into a virtual state, following a path
in the opposite direction of the arrow in Fig. 1,
and ultimately transitions into a resonance state.
These facts are the reason why we mentioned
at the beginning that “the virtual state may be a
bound state that fails to become a resonant state”.

However, the properties of resonance states
observed in neutron cross section measurements,
etc., are fundamentally different from virtual
states. Let us consider again the distribution of
the poles of the S-matrix on the complex k-plane
shown in Fig. 1. Only the region k > 0 on the real
axis of k (the horizontal axis in Fig. 1) can be ob-
served experimentally. The resonance state (R.S.)
shown in Fig. 1 exists near the real axis of k£ > 0,
and is observed as a clear resonance state in mea-
surements only if the real part of the pole momen-
tum k, = a —if (a,B > 0) is sufficiently larger
than the imaginary part (o > ). Resonance
states result in an increase in the elastic scatter-
ing cross section, and if a resonance state consists
of an isolated pole, it is known that the increase in
the cross section can be well explained by a Breit—
Wigner type formula [10, 3]. Since virtual states
are equivalent to resonance states in the sense that
they are poles of the S-matrix, when they exist
near the real axis, i.e., k = 0, they will increase
the cross section just like resonance states. How-
ever, the real energy Re(E (kg)) o< o> — B2 of a
resonance state is positive, while that of a virtual
state is negative, making them different. Since
both have the common feature of increasing the
cross section, a virtual state could be considered
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a negative-energy resonance state. On the other
hand, considering virtual states to be on the same
level as resonance states can sometimes lead to
the misunderstanding that virtual states have pos-
itive energy, so it is important to properly distin-
guish between virtual states and resonance states,
including whether their energy is positive or nega-
tive. (Incidentally, a detailed explanation of reso-
nance states and terminology can be found in ref-
erence [5].)

d. Characteristics of Virtual States:
Length and Phase Shift

Scattering

We have explained the mathematical defini-
tion of virtual states and their comparison with
resonant states. Here, we will assume that vir-
tual states exist near k = 0 and compare them
with zero-energy resonance, which is frequently
discussed in textbooks. Zero-energy resonance
refers to a situation in which a weakly bound
state exists near zero energy. For stricter discus-
sion, we will divide zero-energy resonance into
two cases: one in which the absolute value of
the binding energy is small but finite, and one
in which the energy is exactly zero. The former
corresponds to the bound state (B.S.) in Fig. 1
approaching the origin, while the latter will be
called the null state (N.S.). As mentioned above,
the virtual state increases the cross section. Since
the null state (N.S.) and weakly bound state (B.S.)
are also poles on the k-plane, if these poles exist,
the cross section increases near the correspond-
ing energy, i.e., zero energy. The increase in cross
section is a property shared with virtual states.

However, the most significant difference be-
tween virtual states and zero-energy resonances is
reflected in the scattering length and phase shift.
To roughly understand the behavior of the scatter-
ing length, we will first consider neutron S-wave
scattering again and adopt effective range theory
[6, 11]. According to effective range theory, the
Jost function .Z () is given as follows [6]:

k—ixk

FO) = k+iC’

(3)
Here, x and C are real numbers, and we as-
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sume C > 0. The single zero of ﬂ(_), 1.e., the
pole of the S-matrix, is at k = ik, and |k| is very
small or exactly zero. k > 0 corresponds to a
bound state (B.S. in Fig. 1), k¥ < 0 corresponds
to a virtual state (V.S. in Fig. 1), and ¥ = O corre-
sponds to a null state (N.S.). Using the Jost func-
tion given in Eq. (3), the scattering length a can
be calculated in a completely closed-form man-
ner with respect to k, as follows [6]:

1

2
- = K — =rgk”. 4
a 2r0 “)

Here, ry is the effective range. When the Jost
function is given in Eq. (3), ro =2/(x+C).

When the virtual state exists near the origin,
ie., |k| =0 and Kk < 0, the scattering length a
is negative and diverges, as can be easily seen
from Eq. (4). In fact, it is known that the scat-
tering lengths of the neutron-proton and neutron-
neutron 'S channels are negative and large [1, 2,
3], and have been confirmed to be virtual states.
On the other hand, in the case of a bound state
with a pole near the origin where K > 0, a is pos-
itive and diverges, as can be seen from Eq. (4).
Furthermore, it can be seen that the null state
where kK = 0 represents a discontinuity in the scat-
tering length.

Next, we will explain the difference in phase
shift. It is known that the phase shift in neutron S-
wave scattering monotonically increases with de-
creasing collision energy, but its behavior when
zero energy is reached depends on the nature of
the pole present in the vicinity [6]. The phase
shift near zero energy can be clearly understood
from Levinson’s theorem [6]. To review, Levin-
son’s theorem is presented below. For S-waves,
the zero-energy (k = 0) phase shift 6y(k = 0) is as
follows:

1
60(0) = <n0 + 5) ¥ When there is a null state
(%)
60(0)=np-m Otherwise. (6)

Here, ng represents the number of bound
states for S-waves.
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Let us again consider the Eq. (3) that repre-
sents the Jost function. When x > 0 and the pole
is located at the bound state position, there is one
bound state, so from Eq. (6), 6y(0) = 7. In other
words, if there is one bound state, the phase shift
increases monotonically as the energy decreases,
reaching the value of & at zero energy. On the
other hand, if there is a null state (x = 0), from
Eq. (5), 0p(0) = m/2, so the phase shift also in-
creases monotonically and takes the value of /2
at zero energy. When the pole is a virtual state
(k < 0), there is no bound state, so according to
Eq. (6), 9(0) = 0. Therefore, as the energy de-
creases, the phase shift initially increases mono-
tonically, but then peaks somewhere and finally
settles to zero at zero energy. As can be seen from
these explanations, the behavior of the phase shift
near zero energy varies depending on the value of
k. However, since the simple example described
here is for a single pole, it should be noted that if
there are another ng poles in the bound state, the
phase shift will increase by ng - 7 at zero energy.

Let us also show the behavior of the phase
shift and scattering length when a single-level res-
onance exists near zero energy. Here, we assume
that there are no bound states and only an iso-
lated single-level resonance exists near zero en-
ergy. Single-level resonances are often described
by the Breit—Wigner formula. When only elastic
scattering of S-wave neutrons occurs, the phase
shift 6,(E) and S-matrix S,(E) near the resonance
are given by the formula [3, 5, 10]:

8.(E) = —cot™! (%) (7)

il

S.(E) = (1 ) e 2R (g)

Here, E, is the energy of the resonance state
near zero energy (E, ~ 0), I';; is the neutron width,
and R’ is a radius parameter with a magnitude
similar to the nuclear radius [12]. The first term
in Eq. (8) represents the contribution from hard
sphere scattering, and the second term represents
the contribution from resonant scattering.
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For the resonance energy (E = E,), from
Eq. (7), 6(E = E,) = /2. Here, the well-known
relationship d6,/dE|g—g, =2/T, > 0 [5, 13] is
satisfied. If we express the energy dependence of
the phase shift by adding the non-resonant con-
tribution (background) to the resonant term in
Eq. (7), the phase shift initially increases with
decreasing energy. However, as the phase shift
approaches the resonance energy E,, its value
rapidly decreases, cutting off 7/2 at E = E,, and
the phase shift reaches zero at zero energy (see
Levinson’s theorem, Eq. (6)).

On the other hand, the scattering length a can
be calculated using the following equation:

€))

Here, since E, is close to zero and the condi-
tion E, > I';, holds, we assume that the contribu-
tion of the second term (resonance term) in Eq. (8)
can be ignored in the limit of kK — 0 (E — 0).
In fact, experimental data in Ref. [3] shows that
this assumption holds well for light target nu-
clei where neutron absorption and (n, ¥) reactions
rarely occur. In this case, Eq. (9) can be easily cal-
culated using only the first term in Eq. (8), yield-
inga=~rR.

If the second term in Eq. (8) cannot be ig-
nored, the scattering length generally becomes a
complex number. In this case, it means that the
neutron absorption reaction, the (n,7) reaction,
occurs simultaneously with elastic scattering, and
the effect of the y-ray emission width I'y is added
to Eq. (8). It is known that, particularly for nuclei
that strongly absorb neutrons, the imaginary part
of the scattering length increases with a negative
sign (because the imaginary part of the scattering
length is directly proportional to the neutron ab-
sorption cross section) [11, 14, 15].

The scattering length and phase shift values
discussed so far are summarized in Table 1. It
should be emphasized that the results in Table 1
are for cases where only S-wave neutron elastic
scattering occurs, and the S-matrix has only one
pole.

One may consider that the anti-bound state
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Regionof K, E, | k<0 k=0 Kk>0|E - ~0
Quantum state V.S. N.S. B.S. R.S.
Scattering length | —o | Discontinuity | oo R
Phase shift 0 /2 /4 0

Table 1 — Summary of quantum states of S-wave neutrons and the corresponding scattering lengths and phase
shifts. The first line shows the sign of k in Eq. (3) and the resonance energy E, in Eq. (8). The second line
shows the type of quantum state (pole): V.S. stands for virtual state, N.S. for null state, B.S. for bound state,
and R.S. for resonant state. The third line shows the scattering length, and the fourth line shows the value of
the phase shift at zero energy, with R’ representing the radius parameter included in Eq. (8).

(A.B.S. in Fig. 1) affects the scattering length and
the phase shift because it is the pole located on
the imaginary axis, which is the similar situation
to the virtual and bound states. In the S-wave scat-
tering around the zero energy, however, A.B.S.
cannot contribute to the scattering cross section
becaues of its pole location far from the origin
k = 0. In the case of the non S-wave scattering,
the pole of A.B.S. can be close to the threshold,
zero energy, and A.B.S. seems to affect the scat-
tering cross section in the non S-wave scattering
(See discussion in Sec. a). However, the finite
partial waves themself do not contribute to the
scattering process around the zero energy. Thus,
A.B.S. is difficult to contribute to the scattering
cross section around the zero energy, and we can
exclude the discussion about the effect of A.B.S.
on the scattering observables from Table 1.

3. JOoST FUNCTION METHOD (JFM)

In the previous sections, we have explained
virtual states based on the validity of the Jost
function and its zeros, i.e., the properties of the
poles of the S-matrix. To actually identify the
poles in the complex k-plane for a real sys-
tem, one must typically numerically solve the
Schrodinger equation in complex k-space and cal-
culate the Jost function from there. However, by
using a technique called the Jost Function Method
(JEM) [9, 16], it is possible to calculate the Jost
function directly without going through a wave
function.

The JFM can be briefly described as follows:
To recap, the Jost function is the amplitude of
each wave function when it is expressed as a su-
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perposition of incoming and outgoing waves in
the asymptotic region, as shown in Eq. (1). In
JFM, the radial wave function, which is the ex-
act solution to the Schrodinger equation, is ex-
pressed as a superposition of incoming and outgo-
ing waves, which is the similar manner to Eq. (1),
and a first-order differential equation is derived
in which the amplitude of each wave function is
an undetermined function. By numerically solv-
ing this differential equation, the undetermined
function (amplitudes of the outgoing and incom-
ing waves) is naturally connected to the Jost func-
tion. For details on JFM, see Refs. [9, 16]. JFM
is capable of calculating the poles of any type of
quantum state, including virtual states, for gen-
eral two-body scattering problems, making it an
extremely advantageous computational method.

4. VIRTUAL STATES SEEN
STRUCTURE

IN NUCLEAR

a. °Li + n system

For the halo structure of 'L, Thompson and
Zhukov [17] discussed that an s-wave! compo-
nent is important in the halo state for solving
the under-binding problem. They suggested that
a low-lying virtuals-state in the °Li + n subsys-
tem (OLi) of the °Li + n + n system (ML) is
necessary to explain the mechanism for the s-
wave component in ''Li. However, we encounter
a problem why such the s-state comes down to

the p-shell energy region in the light nuclei. In

'In the shell model for nuclear systems,the orbital angu-
lar momenta of the single-particle states are described usu-
ally with small letters like s, p, - - -.
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the study of the 9Li—n interaction, Kato et al.
[18] discussed the importance of dynamical ef-
fects induced by a Pauli-blocking for a pairing-
correlation in the °Li—core. They showed that
the Pauli-blocking gives rise to a strong repul-
sive effect for the Op, /,-orbital, and that the 1sy /-
orbital could be expected in the same energy re-
gion of the Opy p-orbital. This analysis exploits
a theoretical understanding of the low-lying 1s-
states in the °Li + n system [18]. A similar effect
was also discussed in the Be-isotopes by Sagawa
etal. [19].

Masui et al. applied the Jost function method
[16] to investigate in detail the properties of the
s-wave poles of the °Li + n system using the
Li-n interaction including the dynamical Pauli-
blocking effects. The obtained results of the s-
wave pole behavior are shown in Fig. 2. We can
see that the original potential (& = 0) gives the
virtual state pole just below zero on the momen-
tum plane and at the very small negative energy
on the energy plain.

Such a virtual state of s-waves has been
shown to play an important role in the formation
of the halo structure in !'Li. Furthermore, Myo
et al. [20] investigted the Puali blocking effects
due to tensor force correlations in addition to the
pairing correlations.

b. 3Be + n system

As another example of a virtual state appear-
ing in nuclear structure, we will introduce the
study of the °Be nucleus. Observed energy lev-
els of ?Be [21] reveal that 1 /2" exists as the first
excited state just above the ground state (3/27).
This excited state, located just above the threshold
of ®Be + n, has long been the subject of debate as
to whether it is a resonance or a virtual state. As
we have pointed out, the virtual state itself exists
in the negative energy region but it generates a
prominent peak for a cross section in the positive
energy region just above the particle threshold be-
cause of its close location to the threshold, zero
energy. Thus, experimentally, the enhanced peak
observed in the positive energy region is assigned
to a special state originating from the virtual state.

Int. j. math. phys. (Online)

The 8Be nucleus, with one less neutron, is
known to be in a resonance state of two o clus-
ters, and the structure of the ?Be nucleus needs to
be investigated using the o + a + n three-body
model. Here, we present the results of Odsuren
et al’s a + a + n three-body calculations, which
argued that the 1/27 state is a virtual state of ®Be
+n [22].

To describe the virtual state of 8Be + n, since
8Be is a resonant state of o + ¢, it is necessary
to simultaneously solve the bound, scattering and
resonance states of the o + a + n three-body sys-
tem. Odsuren ef al. solved this problem using
the complex coordinate scaling method (CSM)
[23]. However, in CSM, since virtual states can-
not be solved as isolated poles, it is difficult to
drow a pole-trajectory like those shown in Fig.2.
Therefore, they investigated the photodisintegra-
tion reaction cross-section observed just above
the threshold and confirmed that this large cross-
section originates from the virtual state.

In recent years, precise observations [24]
of the reverse photodisintegration cross-section
have been performed, and the results in the low-
energy region, along with theoretical predictions,
are shown in Fig.3. The observed cross sections
are well reproduced, except for a very sharp peak
at E, = 2.43 MeV (5/27), with the lowest peak
just above the 8Be + n threshold corresponding
to the 1/27 state. Looking at the contribution of
each excited state in Fig.3 (B), we can see that
very narrow state (5/27) is difficult to observe ex-
perimentally, but relatively wide resonance states
(1/2 and 5/27) exhibit the Breit-Wigner distri-
bution. The 1/ 2" peak, which deviates from the
Breit-Wigner distribution and exhibits an asym-
metric cross-section, suggests that it is a virtual
state rather than a normal resonance state. De-
tailed analysis [25] confirmed that the calculated
1/2% state is indeed a virtual state.

Thus, it has become clear that the virtual
state results in a large neutron capture cross-
section just above the neutron emission thresh-
old. If virtual states exist in other atomic nuclei
as well, large neutron capture cross-sections are
expected, and these are anticipated to play an im-
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the behavior of the pole. (Taken from Ref.[16].)

portant role in the nucleosynthesis process. Re-
search into the contribution of virtual states to the
nucleosynthesis process is an interesting topic for
the future.

The virtual state has a negative energy, but it
is not a bound state, so it is not shown in the cal-
culation results of the energy levels in Fig.3 (C).
However, it is expected that a miror state in the B
nucleus can be observed as a resonant state. Be-
cause the valence neutron in the 8Be + n virtual
state is replaced by a proton in the °B nucleus,
the Coulomb intercation between the proton and
the ®Be core makes a barrier. The virtual state has
negative energy, but it is not written as a bound
state in the calculation results of the energy lev-
els in Fig.3 (C). On the other hand, it is expected
that a mirror state corresponding to the °Be virtual
state will be observed as a resonant state in the °B
nucleus. This is because the valence neutron in
the 8Be + n virtual state is replaced by a proton in
the °B nucleus, and the Coulomb interaction be-
tween the proton and the 8Be core is thought to
form a barrier that prevents particle emission and
creates a resonant state.

According to Odsuren et al.’s three-body cal-
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culation of o + o + p for °B, in addition to the
1/2% resonance state at E™ = 1.81 MeV mea-
sured from the o + o + p threshold, another res-
onance state is predicted at a very close energy
E™ =12.38 MeV [22]. These results suggest the
breaking of the mirror symmetry in the virtual
state due to a large effect of the Coulomb inter-
action.

5. VIRTUAL STATES IN THERMAL NEUTRON
SCATTERING

a. S-Wave Neutron Strength Function

In Section 2, we looked at various aspects of
the properties of virtual states. In addition, the
effects of the virtual state on the nuclear struc-
ture aspect were discussed in Section 4. Return-
ing to the well-known scattering of thermal neu-
trons with various atomic nuclei, we notice the
potential for virtual state effects. In fact, the S-
wave neutron strength function So =T, /D (where
I',, is the neutron width and D is the mean level
spacing) in the thermal neutron energy region, or
the thermal neutron compound nucleus formation
cross section ooy = 272 / k2 - Sy, exhibits a pro-
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experimental data [26]. (B) Contributions from each spin-parity state to the photodisintegration cross section.
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nounced peak structure in a specific mass number
region. As discussed below, optical model analy-
sis has argued that this peak structure is due to the
presence of zero-energy resonances [28, 29]. H.
A. Weidenmuller pointed out that this zero-energy
resonance is actually a virtual state. (See, for ex-
ample, Ref. [30]).

To examine the effect of the virtual state on
thermal neutron elastic scattering, a new reanal-
ysis using the optical model was performed by
Yamaguchi et al. [9]. In this reanalysis, the
same spherical Woods-Saxon potential as in pre-
vious studies was used as the optical potential,
but it was extended to include proton and neu-
tron number dependence [28]. The parameter
set for the optical potential was determined to
qualitatively reproduce the increasing trend in the
compound nucleus formation cross section in the
A ~ 10, 160 region.

The results of the S-wave neutron strength
function calculations using the optical model are
shown in Fig. 4, which is calculated by Okada
and Yamaguchi. The theoretical calculation (open
circles) shows peak structures in the mass num-
ber region A ~ 10,50,160 (arrows), which cor-
respond well with the experimental data (solid
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lines with error bars) [29]. This is consistent with
previous research, and similar peaks have been
obtained in calculations using the optical model
shown in Refs. [28, 29]. In other words, it is
a universal fact that peaks appear in the three
mass number regions as long as a standard optical
model is used.

b. Analysis of S-Matrix Poles Using JFM

Next, Yamaguchi et al. investigated the dis-
tribution of S-matrix poles in the complex mo-
mentum (k) plane using the JFM (Jost Function
Method) described in section 3 [9]. Specifically,
they applied JFM to the entire mass number re-
gion, and in particular, investigated the S-matrix
poles near the origin (zero energy) of the k plane
(points satisfying 9(_)(160_) = 0 in Eq. (2)). To
simplify the analysis, Yamaguchi et al. used only
the real part of the optical potential to identify
the poles. Figure 5 shows the results of calcula-
tions [9]. The solid circles (left axis) represent the
calculated thermal neutron compound nucleation
cross section (oo = 272 /k2 -Sp), and the other
symbols represent the poles of the S-matrix found
near zero energy. The open triangles, open cir-
cles, and open squares represent resonant states,
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bound states, and virtual states, respectively, and
the reciprocals of their absolute energy values
|Eol, 1/|Eo|, are plotted on the right axis.
Looking at Fig. 5, the three peaks in the S-
wave neutron strength function shown in Fig. 4
are in the same mass number region, i.e., A ~
10,50,160. A peak in the compound nucleation
cross section (solid circles) is observed in the
A ~ 10,50, 160 region, which corresponds to the
boundary region between the virtual state (open
squares) and the bound state (open circles). Nor-
mally, the optical potential exhibits an increas-
ing attractive force as the mass number increases.
Therefore, by reading Fig. 4 from left to right, we
can see that the three peaks are formed by a pe-
riodic, continuous transition from the virtual state
to the bound state as the attractive force increases.
This continuous transition is the same be-
havior as that shown in the explanation of Fig. 1
above. Figure 1 shows how the virtual state
smoothly transitions to the bound state as the at-
tractive force increases. The connection between
the open squares and circles in Fig. 5 represents
this exact transition. In other words, the bound-
ary region at A ~ 10,50, 160, the pole approaches
zero energy (1/|Ep| increases), which results in
an increase in the cross section. We can conclude
that the peaks at A ~ 10,50,160 are due to the
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mass number region corresponding to the bound-
ary region between the virtual state and the bound
state.

Here, we will discuss in more detail a com-
parison with previous research using the optical
model. In previous research, the zero-energy level
[28] or giant resonance [29] was proposed as the
origin of the peak in the S-wave neutron strength
function. The former literally describes a sit-
uation in which a weakly bound state appears
near zero energy [28]. On the other hand, gi-
ant resonance basically refers to a one-neutron
resonance state within the well-shaped potential
created by the target nucleus, and its formation
at zero energy explains the peak in the strength
function [29]. In other words, these two concepts
are essentially zero-energy resonances in which a
weakly bound state (or null state) is formed near
Zero energy.

Based on the mass-number dependence of
the optical potential, for example, the reference
[28] points out that 3s and 4s neutron orbitals ap-
pear near zero energy for A ~ 50 and A ~ 160,
respectively. Looking at the lighter region, the
neutron-proton 'S scattering mentioned at the be-
ginning can be considered to correspond to the
Is zero-energy orbital, while the S-wave strength
function peak in the A ~ 10 region corresponds

Int. j. math. phys. (Online)
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to the 2s orbital [29]. The results obtained in the
present reanalysis suggest that the systematics of
these zero-energy orbitals can be interpreted in a
new way as a periodic manifestation in the bound-
ary region between the virtual state and the bound
state.

c. Fitting analysis of total cross sections taking into
account compound nuclear resonances

So far, we have discussed the results of anal-
yses using the optical model + JFM. However,
for a more detailed comparison with actual ex-
perimental data, optical model analysis alone is
insufficient. This is because compound nuclear
resonances exist near zero energy, where the neu-
tron energy is dispersed throughout the target nu-
cleus, forming a long-lived state after the neutron
is absorbed into the imaginary part of the optical
potential. The effect of neutron absorption due
to compound nuclear resonances becomes signif-
icant in the heavier mass region of A ~ 160 [31].

Int. j. math. phys. (Online)

Therefore, Okada et al. conducted a more ad-
vanced analysis to incorporate the effect of com-
pound nuclear resonances [14].

Specifically, they decompose the total S-
matrix (S;,,) for thermal neutron elastic scattering
into two processes as follows [32]:

Siot = Svs + Scnr. (10)

The first term on the right-hand side is the
elastic scattering (shape elastic scattering) due to
the optical potential that occurs in the early stages
of the reaction, representing the contribution of
the virtual state (V.S) discussed so far. Meanwhile,
the second term is the contribution from the final
state of the reaction resulting from the so-called
compound nuclear resonance (CNR) (compound
nuclear scattering), which is usually given by the
Breit-Wigner resonance formula (the second term
in Eq. (8)) [3, 10]. The timescales of the two
are significantly different. Syg is the contribution
from potential scattering, so it corresponds to the
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process in which neutrons collide with the target
nucleus and immediately finish scattering. The
second term corresponds to the process in which
neutrons are absorbed, trapped within the nucleus
for a long time, and then released again.

For Sys, which includes the virtual state in
the first term of Eq. (10), Okada et al. developed
a formulation that extends the Jost function of
Eq.(3) used in the theory of effective range [11].
Meanwhile, for Scyg, the compound nuclear res-
onance portion, the Breit-Wigner type formula
that takes into accouont the y-ray width I'y to the
second term of Eq. (10) is used. By combining
these two terms, they devised a hybrid formula for
Sys and Scyr shown in Eq. (10) [14]. Next, us-
ing the resulting formula, Okada and Yamaguchi
performed a fitting analysis of the total cross sec-
tions of the nuclei, which strongly absorb thermal
neutrons, and quantitatively evaluated the contri-
butions of the virtual state (V.S) and compound
nuclear resonance (CNR) [14].

Since Okada-Yamaguchi formula is expected
to be appropriate for the nucleus having the huge
neutron absorption cross section and the large
imaginary part of the scattering length, the mass
number of A ~ 10,50 and 160, which correspond
to the three peaks in the strength function (Fig. 4)
and the compound nucleus formation cross sec-
tion (Fig. 5), are the candidate of the fitting anal-
yses of the formula. From experimental data
[15, 31], we can easily find 0B and (*°Sm and
157Gd) as the candidate of A ~ 10 and A ~ 160,
respectively because these nuclei have the huge
cross section of the neutron absorption and the
large imaginary part of the scattering length.

However, it is difficult to have appropriate
nuclei around A ~ 50, which should have a large
absorption cross section and imaginary part of the
scattering length. For example, we can choose
S0V as such the candidate for the fitting analy-
ses. This nuleus has the considerably enhanced
absorption cross section (o, ~ 60 b) but only the
real part of its scattering length is measured, such
as a ~ 7.6 fm [15]. Thus, Okada and Yamaguchi
have excluded the A ~ 50 nucleus and performed
the fitting analyses for 10, 149§m and 7Gd,
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which have the huge neutron absorption and the
large imaginary part of the scattering length.

Figure 6 shows the analysis results for 14°Sm
[14]. The solid line represents the first term
of Eq. (10), the dashed line represents the sec-
ond term, and the dotted line represents the total
contribution. The experimental data for the to-
tal cross section are shown as open circles and
squares [33, 34]. The experimental data reveals
a peak due to the compound nuclear resonance
at around E, ~ 10~! eV, which increases the to-
tal cross section in the zero-energy region. On
the other hand, we can see that several typical
compound-nuclear resonances appear in the E; >
3x 107! eV region.

The calculation results (dotted line) using
the full S matrix (S;.;) accurately reproduce the
total cross section across the entire energy re-
gion. Furthermore, while the contribution from
the compound-nuclear resonance Scyg (dashed
line) is dominant in the low-energy region, above
E, ~ 3 x 107! eV, the contribution from Syg
(solid line) becomes dominant, exerting a con-
tribution comparable to the approximate average
value of the compound-nuclear resonances seen
in this region. Focusing on the cross section near
zero energy, we can see that the contribution from
the virtual state (solid line) is approximately 10 %
of the total cross section (dotted line).

Let us review the results obtained here in
terms of the reaction timescale. Because '“°Sm
strongly absorbs thermal neutrons and then emits
Y rays, the cross section for the (n,y) reaction ac-
counts for most of the total cross section shown in
Fig. 6 [31]. Therefore, we can conclude that ap-
proximately 10 % of the (n,y) reaction cross sec-
tion near zero energy is due to the short-timescale
component that occurs during scattering by the
optical potential at the initial stage of the reaction,
1.e., the formation of a virtual state.

d. Scattering Length and Thermal Neutron Reaction
Picture

Furthermore, to explore the thermal neutron
reaction mechanism in more detail, Okada et al.
calculated the scattering length [14]. As ex-
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Figure 6 - (Color online) Fitting analysis results for 14°Sm. The solid line represents the contribution from
the first term, Sy, in Eq. (10), the dashed line represents the contribution from the second term, Scyg, and the
dotted line represents the calculated value, S;,;, which is the sum of the two terms. The open circles [33] and
open squares [34] represent experimental data. The horizontal axis represents the incident neutron energy, and
the vertical axis represents the total cross section. Reprinted from Ref. [14].

plained previously, the scattering length a gen-
erated by the virtual state diverges as a negative
real number, but this only applies when the po-
tential is real and the effect of neutron absorp-
tion is absent. As mentioned in Section d, if neu-
tron absorption is involved, the scattering length
a becomes a complex number, and the imaginary
part of a increases, especially for nuclides that
strongly absorb thermal neutrons [14, 15]. The
experimental scattering length for '“Sm (Gexp)
1S dexp = —19.2 — 11.7i fm [15], and because it
strongly absorbs neutrons, the scattering length
has a negative and increased imaginary part (here,
the experimental value refers to the bound coher-
ent scattering length found in Ref. [15].). The
scattering length (ay;;) obtained from the fitting
analysis shown in Fig. 6 is az; = —19.2 —10.5i
fm, which closely reproduces the experimental
data. Of these, the contribution (3(ayys)) from
the S-matrix Sy, which includes the virtual state,
was found to be S(ays) ~ —1 fm. The virtual
state contribution, 3(ays) ~ —1 fm, is approxi-
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mately 10% of the imaginary part of the total scat-
tering length. However, considering that the nu-
clear radius is on the order of a few fm, the con-
tribution of —1 fm is by no means small and can
be said to be significant. This scattering length of
—1 fm has also been obtained in fitting analyses
of other '°B and "7 Gd.

Combining all the results of our analysis, a
new reaction picture based on scattering lengths
for nuclei that strongly absorb thermal neutrons
is established, as follows:

1. In the initial stage of a thermal neutron in-
cident on a target nucleus, scattering by the
optical potential (contribution from Syg) oc-
curs first, forming a virtual state.

2. Next, the neutron in the virtual state un-
dergoes multiple interactions with nucleons
within the target nucleus and is absorbed
by the target nucleus, generating an imagi-
nary part of the scattering length of approxi-
mately —1 fm.
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3. The neutron absorbed by the target nucleus
scatters its kinetic energy among the nu-
cleons within the target nucleus, eventually
forming a compound nuclear resonance.

4. When the compound nucleus reaches the end
of its life and decays, re-scattering with the
residual nucleus occurs, resulting in the re-
absorption of the neutron. This process gen-
erates the imaginary part of the remaining
scattering length (contribution from Scyg).
Of course, in light nuclei where compound
nuclear resonances are not significant, such
as 9B, the total scattering length is formed
simply by passing through the virtual state.

This is the reaction picture of thermal neu-
trons when virtual states are taken into account.

6. CONCLUSION

In this article, we provide an overview of the
characteristics of virtual states, and explain com-
monly misunderstood aspects through similarities
and differences with resonance states and com-
parisons with zero-energy resonances. When the
potential of the system is real, virtual states have
negative energy, and their scattering lengths are
negative and divergent, resulting in an increased
cross section. These characteristics should be
distinguished from ordinary resonance states and
zero-energy resonances. Although it is beyond
the scope of this paper and cannot be explained
in detail, the behavior of the poles of the S-matrix
when the potential is complex has also been ana-
lyzed by Okada et al. and Kawai et al.. For more
details, please refer to Refs. [11, 14, 35].

As examples of the virtual states in realistic
nuclear structure, we showed two systems: oLi +
n[16] and ®Be +n [22]. As for the °Li + n, the vir-
tual state and its trajectories are calculated from
the *Li-n potential including the dynamical Pauli
blocking effects. In the normal strength of the
potential, the virtual state appears at the energy
quite close to zero energy, and it plays important
roles of the degeneracy between the Op;; and 1s
orbits, which is essential in the three-body halo
formation in 'Li. In the 8Be + n system, on the
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other hand, the three-body calculation with o + «
+ n was performed, and the virtual state appears
around the three-body threshold with a character-
istic asymmetric shape, deviating from the typi-
cal Briet-Wigner formula, in the strength of the
Coulomb breakup reaction. As seen in these
two examples, the virtual state strongly affects on
the nuclear structure aspects in the light systems,
such as the halo formation and the strength distri-
bution of the photodisintegration.

Furthermore, we have introduced a recent re-
analysis of thermal neutron elastic scattering and
its relationship to the virtual state [9]. The peak
in the mass number region A ~ 10,50,160 that
appears in the S-wave neutron strength function
obtained using the optical model corresponds ex-
actly to the boundary region between the virtual
state and the bound state, and it was found that
these peaks are due to the existence of a pole of
the S-matrix near zero energy.

In addition, we overviewed a fitting analysis
incorporating the effects of both the virtual state
and the compound nuclear resonance, which are
metastable states formed in the initial and final
states of neutron scattering, respectively, to esti-
mate the actual contribution of the virtual state
[11, 14]. As a result, we found that the effect of
the virtual state generates an imaginary part of the
scattering length of approximately —1 fm in the
absorption of the initial state, and the remainder is
generated by the decay of the compound nuclear
resonance in the final state.

Needless to say, nuclides corresponding to
peaks in the S-wave neutron strength function
have the property of strongly absorbing thermal
neutrons, and two theories regarding the origin
of this phenomenon had been independently pro-
posed by the 1960s: the previously mentioned
"zero-energy level - giant resonance theory" [28,
29] and the "compound-nuclear resonance the-
ory" [28, 29]. The giant resonance and the com-
pound nucleus resonance have been unified by
the intermediate coupling model, [36], which has
been successful in explaining the coarse structure
that appears in the excitation function of neutron
elastic scattering. However, the relationship be-
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tween these theories has remained unclear to date
in explaining the phenomenon of strong absorp-
tion of thermal neutrons. This reanalysis rein-
terpreted the zero-energy level - giant resonance
in terms of virtual states, and further unified the
virtual states and compound-nuclear resonances
in terms of scattering lengths, constructing a new
picture of neutron absorption. The reanalysis in
Refs. [9, 11, 14] explained in this paper has up-
dated the overall picture of neutron absorption re-
actions for the first time in about 70 years, and
this is a noteworthy achievement.

While this article has focused on recent top-
ics related to nuclear structure and thermal neu-
tron scattering, the virtual state may have broad
implications for nuclear reaction and structure is-
sues involving S-wave neutrons. Analysis taking
virtual states into account will likely become in-
creasingly important in phenomena involving the
dynamics of S-wave neutrons. For readers inter-
ested in reaction phenomena such as virtual states
and resonances and wanting to learn more, we
recommend the following textbook, Ref. [37].
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