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Abstract. This paper investigates a mixed boundary value problem in a cylindrical domain for a class of multidimensional
hyperbolic-elliptic equations arising in mathematical models of malignant tumor growth. In particular, axisymmetric ap-
proximations and local models of tumor spread in brain tissues lead to problem formulations in cylindrical geometry.
Under assumptions, the problem leads to a class of multidimensional hyperbolic-elliptic equations, i.e., mixed-type equa-
tions whose properties may change between hyperbolic and elliptic in different subdomains or according to the parameters
and coefficients. Idealized cylindrical geometry is used as a convenient framework for rigorous mathematical analysis.
The main results establish the ambiguity of the solutions to the mixed problem and provide an explicit representation
of its classical solutions. These results contribute to the analysis of multidimensional mixed-type equations in bounded
domains and may support further computational investigations of tumor growth models.
Keywords: ill-posedness, mixed problem, hyperbolic-elliptic equations, cylindrical domain, glioma growth modeling.

INTRODUCTION

Mathematical modeling of the spatiotemporal
evolution of malignant tumors is an important
area of research in applied mathematics and
biomedicine [1, 2, 3, 4]. The study of brain
glioma is of particular interest: tumor cells dif-
fusely invade surrounding brain tissue and do not
form a clear boundary between healthy and dis-
eased areas. In mathematical models, the spa-
tial behavior of tumor cell populations is typi-
cally described by partial differential equations
that consider mass conservation, migration flows,
and growth-related reaction mechanisms [5, 6, 7,
8, 9]. The tumor microenvironment also plays a
crucial role in disease progression, as it regulates
the distribution of oxygen, nutrients, metabo-
lites such as lactate, and other factors that influ-
ence both cell proliferation and directional mi-
gration. However, many mathematical models
assume that these microenvironmental variables
change on a faster time scale than the tumor itself
and are therefore treated within a quasi-steady-
state framework. This assumption leads to a cou-

pled system in which tumor cell density is de-
scribed by a hyperbolic equation, while the mi-
croenvironmental field is represented by an ellip-
tic equation. Thus, even at the level of the basic
biomedical formulation, it is natural to consider
mixed models that combine hyperbolic and ellip-
tic components. A wide range of studies are re-
viewed in [10, 11, 12].

For the analytical and computational study of
tumor propagation, simplified geometric settings
are often employed. Axisymmetric approxima-
tions and local models of tumor spread in brain
tissue naturally led to formulations in cylindrical
geometry. Although such an idealized geometry
is not intended to reproduce the anatomical struc-
ture of the brain in detail, it provides a convenient
mathematical framework for rigorous analysis of
the model and for identifying qualitative effects
that are relevant to the development of more real-
istic descriptions.

Under the above assumptions, the problem
leads to a class of multidimensional hyperbolicel-
liptic equations, i.e., mixed-type equations whose
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properties may change between hyperbolic and
elliptic in different subdomains or according to
the parameters and coefficients. Thus, in [13], an
overdetermined Cauchy problem is studied, and it
is shown that the ill-posedness of the formulation
requires the imposition of additional restrictions
on the initial data. Their foundations were estab-
lished in the classical works [14, 15, 16]. Nev-
ertheless, for multidimensional mixed-type equa-
tions, particularly in bounded domains of com-
plex geometry, a number of issues related to the
correctness of the formulation of boundary value
problems still remain unresolved.

A mixed problem in a cylindrical domain
for multidimensional hyperbolicelliptic equations
constitute a natural formulation when the trans-
port dynamics of tumor cells are considered to-
gether with quasi-stationary microenvironmental
fields. For multidimensional hyperbolic equa-
tions in spaces of generalized functions, the the-
ory of mixed problems is already well established,
including well-posedness results and solution rep-
resentation [17, 18, 19], and elliptic boundary
value problems are likewise grounded in a classi-
cal and developed theory. Nevertheless, for multi-
dimensional hyperbolicelliptic equations, partic-
ularly in bounded domains such as cylindrical
regions, the well-posedness of mixed boundary
value problems remains largely unexplored. In
this work, we prove the non-uniqueness of solu-
tions and derive an explicit representation of clas-
sical solutions to the mixed problem for a multi-
dimensional hyperbolicelliptic equation.

MATERIALS AND METHODS

Let as in [19, 20] Ωαβ be the finite region of
the Euclidean space Em+1 of points (x1, . . . ,xm, t),
bounded at t > 0 by the cylinder Γβ = {(x, t) :
|x| = 1} and the plane t = β > 0, and for t < 0
the cylinder Γα = {(x, t) : |x| = 1} and the plane
t = α < 0, where |x| is the length of the vector
x = (x1, . . . ,xm), m ≥ 2. Denote by Ω+

β and Ω−
α

parts of the domain Ωαβ , lying in the half-spaces
t > 0 and t < 0; σβ – the upper base of the domain
Ω+

β ,a σα – the lower base of the domain Ω−
α .

Let S be the common part of the boundaries of

the regions Ω+
β and Ω−

α , representing the set of
{t = 0,0 < |x|< 1} points from Em.

In the domain of Ωαβ , consider multidimen-
sional hyperbolo-elliptic equations

∆xu− (sgnt)utt +
m
∑

i=1
ai(x, t)uxi+

+b(x, t)ut + c(x, t)u = 0,
(1)

where ∆x is the Laplace operator for variables
x1, . . . ,xm.

Next, it is convenient for us to move from
Cartesian coordinates x1, . . . ,xm, t to spherical
r,θ1, . . . ,θm−1, t, r ≥ 0, 0 ≤ θ1 < 2π, 0 ≤ θi ≤ π,
i = 2,m−1, θ = (θ1, . . . ,θm−1).

As a multidimensional mixed problem, con-
sider the following problem:

Problem 1. To find a solution of the equation
(1) in the domain Ωαβ at t ̸= 0 from the class
C(Ωαβ )∩C1(Ωαβ )∩C2(Ω+

β ∪Ω−
α ) satisfying the

boundary conditions

u
∣∣∣
Γβ
= ψ1(t,θ), (2)

u
∣∣∣
Γα
= ψ2(t,θ), u

∣∣∣
σα
= φ(r,θ), (3)

with ψ1(0,θ) = ψ2(0,θ), ψ2(α,θ) = φ(r,θ).
Let {Y k

n,m(θ)} be a system of linearly indepen-
dent spherical functions of the order n, 1≤ k ≤ kn,
(m−2)!n!kn = (2n+m−3)!(2n+m−2),W l

2(S),
l = 0,1, . . . is Sobolev spaces [19].

There is a [21]:
Lemma 1. Let f (r,θ) ∈ W l

2(S). If l ≥ m− 1,
then the series

f (r,θ) =
∞

∑
n=0

kn

∑
k=1

f k
n (r)Y

k
n,m(θ), (4)

and also the series obtained from it by differenti-
ating the order p ≤ l−m+1 converge absolutely
and uniformly.

Lemma 2. [21]. In order for f (r,θ) ∈W l
2(S) it

is necessary and sufficient that the coefficients of
the series (4) satisfy the inequalities

| f 1
0 (r)| ≤ c1,

∞

∑
n=1

kn

∑
k=1

n2l| f k
n (r)|2 ≤ c2,
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c1,c2 = const.

Through ãk
in(r, t), ak

in(r, t), b̃k
in(r, t), c̃k

in(r, t), ρk
n ,

ψk
2n(t), φk

n(r), denote the expansion coefficients
of the series (4), respectively, of the func-
tions ai(r,θ , t)ρ, ai

xi

r
ρ, i = 1, . . . ,m, b(r,θ , t)ρ,

c(r,θ , t)ρ, ρ(θ), ψ2(t,θ), φ(r,θ).
Let a(r,θ , t), b(r,θ , t), c(r,θ , t) ∈ W l

2(Ω
+
β ∪

Ω−
α ), i = 1, . . . ,m, l ≥ m+1.
Then the following is true
Theorem 1. If ψ1(t,θ) ∈ W l

2(Γβ ), ψ2(t,θ) ∈

W l
2(Γα), φ(r,θ)∈W l

2(σα), l >
3m
2
, then Problem

1 is solvable and ambiguous.
Note that this theorem for the multidimensional

Lavrentiev-Bitsadze equation is obtained in [20].
Proof. In spherical coordinates, the equation

(1) in the domain Ω−
α has the form [21, 22]

Lu ≡ urr +
m−1

r
ur −

1
r2 δu+utt+

+
m

∑
i=1

ai(r,θ , t)uxi +b(r,θ , t)ut+

+c(r,θ , t)u = 0,

(5)

where is

δ ≡−
m−1

∑
j=1

1
g j sinm− j−1 θ j

∂
∂θ j

(
sinm− j−1 θ j

∂
∂θ j

)
,

g1 = 1, g j = (sinθ1 . . .sinθ j−1)
2, j > 1.

It is known [19, 21, 22] that the spectrum of the
operator δ consists of eigenvalues λn = n(n+m−
2), n = 0,1, . . . , each of which corresponds to kn
orthonormal functions Y k

n,m(θ).
The desired solution to Problem 1 in the do-

main Ω−
α will be searched in the form

u(r,θ , t) =
∞

∑
n=0

kn

∑
k=1

uk
n(r, t)Y

k
n,m(θ), (6)

where uk
n(r, t) are the functions to be defined.

Substituting (6) into (5), then multiplying the
resulting expression by ρ(θ) ̸= 0, and integrating
over the unit sphere H into Em for uk

n, we obtain

the equation [22]

ρ1
0 u1

0rr +ρ1
0 u1

0tt +
(m−1

r
ρ1

0+

+
m

∑
i=1

a1
i0

)
u1

0r + b̃1
0u1

0t + c̃1
0u1

0+

+
∞

∑
n=1

kn

∑
k=1

{
ρk

nuk
nrr +ρk

nuk
ntt+

+
(m−1

r
ρk

n +
m

∑
i=1

ak
in

)
uk

nr + b̃k
nuk

nt+

+[c̃k
n−λn

ρk
n

r2 +
m

∑
i=1

(ãk
in−1−nak

n)]u
k
n

}
=0.

(7)

Now consider an infinite system of differential
equations

ρ1
0 u1

0rr +ρ1
0 u1

0tt +
m−1

r
ρ1

0 u1
0r = 0, (8)

ρk
1uk

1rr+ρk
1uk

1tt+
m−1

r
ρk

1uk
1r−

λ1

r2 ρk
1uk

1=

=− 1
k1

(
m

∑
i=1

a1
i0u1

0r + b̃1
0u1

0t + c̃1
0u1

0

)
,

n = 1, k = 1,k1,

(9)

ρk
nuk

nrr+ρk
nuk

ntt+
m−1

r
ρk

nuk
nr−

λn

r2 ρk
nuk

n=

=− 1
kn

kn−1

∑
k=1

{ m

∑
i=1

ak
in−1uk

n−1r+b̃k
n−1uk

n−1t+

+[c̃k
n−1+

m

∑
i=1

(
ãk

in−1−(n−1)ak
in−1

)
]uk

n−1

}
,

k = 1,k1, n = 2,3, . . . .
(10)

Summing up the equation (9) from 1 to k1, and
the equation (10) from 1 to kn, and then adding the
resulting expressions together with (8) we come
to the equation (7).

It follows that if {uk
n}, k = 1,kn, n = 0,1, . . . is

the solution of the system (8) – (10), then it is also
the solution the equations (7).

Note that each equation of the (8) –(10) system
can be represented as [23]

uk
nrr +uk

ntt +
m−1

r
uk

nr −
λn

r2 uk
n = f k

n (r, t), (11)

where f k
n(r, t) is determined from the previous

equations of this system, with f 1
0 (r, t)≡ 0.
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At the same time, from the boundary condition
(3) by virtue of (6), taking into account Lemma 1,
we obtain

uk
n(1, t) = ψk

n(t), uk
n(r,α) = φk

n(r),
k = 1,kn, n = 0,1, . . . .

(12)

In (11), (12), replacing vk
n(r, t) = uk

n(r, t)−ψk
n(t),

we get

vk
nrr +

m−1
r

vk
nr −

λn

r2 vk
n + vk

ntt = f k
n(r, t), (13)

vk
n(1, t) = 0, vk

n(r,α) = φk
n(r),

k = 1,kn, n = 0,1, . . . ,

f k
n(r, t) = f k

n (r, t)+
λn

r2 ψk
2n(t)−ψk

2ntt ,

φk
n(r) = φk

n(r)−ψk
n(α).

(14)

Replacing vk
n(r, t) = r(1−m)/2vk

n(r, t), we reduce
the problem (13), (14) to the following problem
[20]

Lvk
n = vk

nrr +
λ n

r2 vk
n + vk

ntt = f̃ k
n (r, t), (15)

vk
n(1, t) = 0, vk

n(r,α) = φ̃k
n(r),

k = 1,kn, n = 0,1, . . . ,

λ n =
[(m−1)(3−m)−4λn]

2
,

f̃ k
n (r, t) = r(m−1)/2 f k

n(r, t),
φ̃k

n(r) = r(m−1)/2φk
n(r).

(16)

We seek a solution to problem (15), (16) in the
form vk

n(r, t) = vk
1n(r, t)+ vk

2n(r, t), where vk
1n(r, t)

– solution of the problem

Lvk
1n= f̃ k

n (r, t), vk
1n(1, t)=0, vk

1n(r,α)=0, (17)

and vk
2n(r, t) – solving the problem

Lvk
2n = 0, vk

2n(1, t) = 0, vk
2n(r,α) = φ̃k

n(r). (18)

The solution of the problem mentioned above
is sought in the following form:

vk
n(r, t) =

∞

∑
s=1

Rs(r)Ts(t). (19)

Also, let

f̃ k
n (r, t) =

∞

∑
s=1

ak
s,n(t)Rs(r),

φ̃k
2n(r) =

∞
∑

s=1
bk

s,nRs(r).
(20)

Substituting (19) into (17), taking into account
(20), we get

Rsrr +

(
λ n

r2 +µ

)
Rs = 0,

0 < r < 1, Rs(1) = 0, |Rs(0)|< ∞,

(21)

Tstt −µTs(t) = ak
s,n(t), α < t < 0 (22)

Ts(α) = 0. (23)

A limited solution to the (20) problem is [24]

Rs(r) =
√

rJν(µs,nr), µ = µ2
s,n. (24)

ν = n+(m− 2)/2, µs,n – zeros of Bessel func-
tions of the first kind Jν(z), µ = µ2

s,n.
The general solution of the equation (22) is rep-

resented as [24]

Ts,n(t) = c1s cosh µs,nt + c2s sinh µs,nt−

−
cosh µs,nt

µs,n

0∫
t

ak
s,n(ξ )sinh µs,nξ dξ+

−
sinh µs,nt

µs,n

0∫
t

ak
s,n(ξ )cosh µs,nξ dξ ,

c1s, c2s – arbitrary constants, satisfying the condi-
tion (23), we will have

µs,nTs,n(t) = c1sµs,n[cosh µs,nt−

−(coth µs,nα)sinh µs,nt]+

+
[
(coth µs,nα)

0∫
α

ak
s,n(ξ )(sinh µs,nξ )dξ−

−
0∫

α
ak

s,n(ξ )(cosh µs,nξ )dξ
]

sinh µs,nt−

−(cosh µs,nt)
0∫

t

ak
s,n(ξ )sinh µs,nξ dξ+

+(sinh µs,nt)
0∫
t

ak
s,n(ξ )cosh µs,nξ dξ .

(25)
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Substituting (24) into (20), we get

r−
1
2 f̃ k

n (r, t) =
∞

∑
s=1

ak
s,n(t)Jν(µs,nr),

r−
1
2 φ̃k

3n(r)=
∞
∑

s=1
bk

s,nJν(µs,nr), 0 < r < 1.
(26)

Series (26) – expansions into Fourier-Bessel
series [25] if

ak
s,n(t) = 2[Jν+1(µs,n)]

−2·

·
1∫

0

√
ξ f̃ k

n (ξ , t)Jν(µs,nξ )dξ ,
(27)

bk
s,n = 2[Jν+1(µs,n)]

−2·

·
1∫

0

√
ξ φ̃k

n(ξ )Jν(µs,nξ )dξ ,
(28)

where µs,n, s = 1,2, . . . are the positive zeros of
the Bessel functions Jν(z), arranged in ascending
order of their magnitude.

From (24) and (25), the solution to problem
(17) is obtained in the following form:

vk
1n(r, t) =

∞

∑
s=1

√
rTs,n(t)Jν(µs,nr), (29)

where Ts,n(t) – are determined from (25), and
ak

s,n(t) – from (27).
Next, substituting (19) into (18), taking into ac-

count (20) we will have

Vstt −µ2
s,nVs = 0, α < t < 0, (30)

Vs(α) = bk
s,n. (31)

The general solution of the equation (30) has
the form

Vs,n(t) = c′1s cosh µs,nt + c′2s sinh µs,nt,

where c′1s, c′2s are arbitrary constants, satisfying
which condition (31) we get

Vs,n(t)=c′1s[cosh µs,nt−(coth µs,nα)sinh µs,nt]+

+
bk

s,n sinh µs,nt
sinh µs,nα

(32)

From (24), (32) we get the solution to the prob-
lem (18) by the formula

vk
2n(r, t) =

∞

∑
s=1

√
rVs,n(t)Jν(µs,nr), (33)

where Vs,n(t) are from (32), and bk
s,n are from (28).

Therefore, first solving the problem (8), (11)
(n = 0), and then (9), (11), etc., we find se-
quentially all vk

n(r, t) = vk
1n(r, t)+ vk

2n(r, t), where
vk

1n(r, t), vk
2n(r, t) are defined from (29), (33), k =

1,kn, n = 0,1, . . . .
So in the area of Ω−

α there is a∫
H

ρ(θ)LudH = 0. (34)

Let f (r,θ , t) = R(r)ρ(θ)T (t), and R(r) ∈ V0,
V0 – is dense in L2((0,1)), ρ(θ)∈C∞(H) – dense
in L2(H), a T (t) ∈ V1, V1 – dense in L2((α,0)).
Then f (r,θ , t) ∈ V, V = V0 ⊗H ⊗V1 – is dense
L2((Ω−

α )) [26].
It follows from this and from (34) that∫

Ω−
α

f (r,θ , t)LudΩ−
α = 0

and
Lu = 0, ∀(r,θ , t) ∈ Ω−

α .

Thus, the boundary value problem for the equa-
tion (5) with data u

∣∣∣
Γα
= ψ2(t,θ), u

∣∣∣
σα
= φ2(r,θ)

in the domain Ω−
α has countless solutions of the

form

u(r,θ , t) =
∞

∑
n=1

kn

∑
k=1

{ψk
n(t)+

+r(1−m)/2[vk
1n(r, t)+ vk

2n(r, t)]}Y k
n,m(θ),

(35)

where vk
1n(r, t),v

k
2n(r, t) are from (29), (33).

Using the formula [25] 2J′ν(z) = Jν−1(z) −
Jν+1(z), estimates [21, 25]

|Jν(z)| ≤
1

Γ(1+ν)

( z
2

)ν
, |kn| ≤ c1nm−2,

∣∣∣∣∣ ∂ q

∂θ q
j
Y k

n,m(θ)

∣∣∣∣∣≤ c2n
m
2 −1+q, c1,c2 = const,
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j = 1,m−1, q = 0,1, . . . ,

Γ(z) is the gamma function, lemmas, constraints
on the coefficients of the equation (5) and on the
given functions ψ2(t,θ), φ(r,θ), as well as em-
bedding theorem [26], as in [27], it can be shown
that the obtained solution (35) belongs to the class
C(D−

α )∩C2(Dα).
Next, from (29), (33) and (35) at t →−0 it will

have

u(r,θ ,0) = τ(r,θ) =
∞

∑
n=1

kn

∑
k=1

∞

∑
s=1

{ψk
2n(0)+

+r
(2−m)

2 (c1s + c′1s)}J
n+ (m−2)

2
(µs,nr)Y k

n,m(θ),

ut(r,θ ,0)=ν(r,θ)=
∞

∑
n=1

kn

∑
k=1

∞

∑
s=1

{
ψk

2nt(0)+

+r
(2−m)

2

[
−(c1s + c′1s)µs,n coth µs,nα+

+(coth µs,nα)

0∫
α

ak
s,n(ξ )(sinh µs,nξ )dξ−

−
0∫

α
ak

s,n(ξ )(cosh µs,nξ )dξ+

+
µs,nbk

s,n

cosh µs,nα

]}
J

n+ (m−2)
2

(µs,nr)Y k
n,m(θ),

(36)
in this case, τ(r,θ) ∈ C(S) ∩ C2(S),ν(r,θ) ∈
W l

2(S), l > 3m
2 .

Now we will study Problem 1 in the domain of
Ω+

β , which, by virtue of (2) and (36), reduces to a
mixed problem for a multidimensional hyperbolic
equation

urr +
(m−1)

r
ur −

1
r2 δu−utt+

+
m

∑
i=1

ai(r,θ , t)uxi +b(r,θ , t)ut + c(r,θ , t)u = 0

(37)
with the condition

u
∣∣∣
S
= τ(r,θ), ut

∣∣∣
S
= ν(r,θ), u

∣∣∣
Γβ
= ψ1(t,θ).

(38)
The following is shown in [19, 27]

Theorem 2. The problem (37), (38) is uniquely
solvable in the class C(Ω+

β )∩C2(Ω+
β ).

From the representation of the functions
τ(r,θ), ν(r,θ) in the form of (36) [19], and also
from Theorem 2 it follows that Problem 1 has
countless classical solutions.

Theorem 1 has been proved.
Since in [19, 27] an explicit form of solutions

to the problem (37), (38) is obtained, it is possible
to write an explicit representation of the solution
for Problem 1.

RESULTS AND DISCUSSION

The main theoretical result shows that problem
admits ambiguous classical solutions. This ambi-
guity is due to the mixed hyperbolic-elliptic struc-
ture of the operator and the influence of cylin-
drical geometry. The result obtained allow us
to identify the mathematical mechanisms under-
lying the non-uniqueness of solutions in such
models and provide a theoretical basis for fur-
ther research into direct and inverse problems in
mathematical oncology. The explicit solutions
obtained in this work can also serve as bench-
mark test cases for numerical methods developed
for mixed-type equations and for further theoreti-
cal studies of the well-posedness of problem for-
mulations in a more general setting. We must
understand that mathematical modeling provides
significant insight into glioma growth, but no
one can claim yet that it provides a complete
picture of the disease due to the multifactorial
complexity of the disease itself. A comprehen-
sive literature review can be found not only in
[1, 2, 3, 5, 6, 7, 8, 9, 10, 11, 12, 20, 28] but also
in the articles they cited.

CONCLUSIONS

In this paper, we proved the ambiguity of solu-
tions and obtained an explicit from for for clas-
sical solutions of a mixed problem for multidi-
mensional hyperbolic-elliptic equations. These
results are relevant both for the theory of mixed-
type equations and for applications where condi-
tions or regularization may be required to ensure
well-posedness. In the study of direct and inverse
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tumor growth problems, the sensitivity of the co-
efficients (conditions) leads to the ill-posedness
problem. Therefore, studying the well-posedness
of multidimensional hyperbolic-elliptic equations
is of interest both from the perspective of the the-
ory of partial differential equations and in the con-
text of mathematical modeling of tumor growth
processes.

ACKNOWLEDGMENT

This research was funded by Grant No.
AP26103465 from the Committee of Science the
Ministry of Science and Higher Education of the
Republic of Kazakhstan.
Author Contributions: Conceptualization, S.A., S.I. and
M.A.; methodology, S.A., S.I. and M.A.; software, S.A.,
S.I. and M.A.; validation, S.A., S.I. and M.A.; formal anal-
ysis, M.A.; investigation, S.A., S.I. and M.A.; resources,
M.A.; data curation, S.A., S.I. and M.A..; writingoriginal
draft preparation, S.A., S.I. and M.A.; writingreview and
editing, M.A.; visualization, M.A.; supervision, S.A., S.I.
and M.A.; project administration, M.A. All authors have
read and agreed to the published version of the manuscript.

REFERENCES

[1] Voropaeva, O. V. and Y. I. Shokin. “Numerical model-
ing in medicine: Some problem statements and calcu-
lation results.” Computational Technologies 17, no. 4
(2012): 29–55, in Russian.

[2] Petrov, I. B. “Mathematical modeling in medicine and
biology based on models of continuum mechanics.”
Proceedings of MIPT 1, no. 1 (2009): 5–16, in Rus-
sian.

[3] Murray, J. D. Mathematical Biology II: Spatial Mod-
els and Biomedical Applications. ser. Interdisciplinary
Applied Mathematics. Springer, 2011, 18.

[4] Maussumbekova, S. and A. Beketaeva. “Numerical
modeling of thrombus formation dynamics with the
rheological properties of blood.” International Jour-
nal of Mathematics and Physics 15, no. 2 (2024): 94–
100.

[5] Antontsev, S. N., A. A. Papin, M. A. Tokareva, E. I.
Leonova, and E. A. Gridyushko. “Modeling of tumor
occurrence and growth ii.” Bulletin of the Altai State
University, no. 4 (2021): 117, in Russian.

[6] Antontsev, S., A. Papin, M. Tokareva, E. Leonova,
and E. Gridyushko. “Modeling of tumor occurrence

and growth iii.” Bulletin of the Altai State University,
no. 4 (2021): 120, in Russian.

[7] Swanson, K. R., E. C. Alvord, and J. D. Murray. “A
quantitative model for differential motility of gliomas
in grey and white matter.” Cell Proliferation 33, no. 5
(2000): 317–329.

[8] Eikenberry, S. E., T. Sankar, M. C. Preul, E. J.
Kostelich, C. J. Thalhauser, and Y. Kuang. “Virtual
glioblastoma: growth, migration and treatment in a
three-dimensional mathematical model.” Cell Prolif-
eration 42 (2009):

[9] Kuchumov, A. G. “Mathematical modeling and
biomechanical approach to the description of the de-
velopment, diagnosis and treatment of oncological
diseases.” Russian Journal of Biomechanics 14, no. 4
(2010): 42–69, in Russian.

[10] Rockne, R., M. Neal, A. Hawkins-Daarud et al.
“Predicting the efficacy of radiotherapy in individual
glioblastoma patients in vivo: a mathematical mod-
eling approach.” Physics in Medicine and Biology
(2010):

[11] Zhukova, I. V. and Kolpak. “Mathematical models of
malignant tumors.” Bulletin of St. Petersburg Univer-
sity 10, no. 3 (2014): 5–18, in Russian.

[12] Zhang, Y., P. X. Liu, and W. Hou. “Modeling of
glioma growth using reaction-diffusion equation on
mr images.” Computer Methods and Programs in
Biomedicine (2022):

[13] A.V.Rogovoy, T.S.Kalmenov, and S.I.Kabanikhin.
“The overdetermined cauchy problem for the hyper-
bolic gellerstedt equation.” Journal of Inverse and Ill-
Posed Problems 32, no. 5 (2024): 1051–1062.

[14] Lavrent’ev, M. A. and A. V. Bitsadze. “On the prob-
lem of equations of mixed type.” Doklady Akademii
Nauk SSSR 70, no. 3 (1950): 373–376, in Russian.

[15] Tricomi, F. On Linear Partial Differential Equations
of the Second Order of Mixed Type. Moscow: OGIZ,
1947, in Russian.

[16] Chen, G.-Q. G., “Partial differential equations of
mixed type: Analysis and applications.” 2022.

[17] Ladyzhenskaya, O. A. A Mixed Problem for a Hyper-
bolic Equation. Moscow: Gostekhizdat, 1953, in Rus-
sian.

[18] Ladyzhenskaya, O. Boundary Value Problems of
Mathematical Physics. Moscow: Nauka, 1973, in
Russian.

International Journal of Mathematics and Physics 17, №1 (2026) Int. j. math. phys. (Online)



THE ILL-POSEDNESS OF A MIXED PROBLEM IN A CYLINDRICAL DOMAIN 91

[19] Aldashev, S. A. “Mixed problem in a multidimen-
sional domain for the lavrentev-bitsadze equation.”
Kazakh Mathematical Journal 19, no. 2 (2019): 6–13.

[20] Aldashev, S. A., S. I. Kabanikhin, and M. A. Bek-
temessov. “The ill-posedness of the mixed problem
in the cylindrical domain for the multidimensional
lavrentievbitsadze equation.” Journal of Mathematics,
Mechanics and Computer Science 128, no. 4 (2025):
25–34.

[21] Mikhlin, S. G. Multidimensional Singular Integrals
and Integral Equations. Moscow: Fizmatgiz, 1962, in
Russian.

[22] Mikhlin, S. Linear Partial Differential Equations.
Moscow: Higher School, 1977, in Russian.

[23] Maikotov, M. et al. “Dirichlet problem in a cylindri-
cal area for one class of multidimensional elliptic-
parabolic equations.” News of the National Academy
of Sciences of the Republic of Kazakhstan. Physical-
mathematical series. 5, no. 327 (2019): 89–97.

[24] Kamke, E. Handbook of Ordinary Differential Equa-
tions. Moscow: Nauka, 1965, in Russian.

[25] Bateman, H. and A. Erdelyi. Higher Transcendental
Functions. Moscow: Nauka, 1973, 1, in Russian.

[26] Kolmogorov, A. N. and S. V. Fomin. Elements of
the Theory of Functions and Functional Analysis.
Moscow: Nauka, 1976, in Russian.

[27] Aldashev, S. A. “Well-posedness of the dirichlet prob-
lem in a cylindrical domain for multidimensional el-
liptic equations.” Bulletin of NSU. Series Mathemat-
ics, Mechanics, Computer Science 12, no. 1 (2012):
7–13, in Russian.

[28] Bektemessov, Z., L. Cherfils et al. “On a data-driven
mathematical model for prostate cancer bone metas-
tasis.” AIMS Mathematics 9, no. 12 (2024): 34 785–
34 805.

Information about authors

Aldashev Serik Aimurzaevich – Doctor of Physical and Mathe-
matical Sciences, Professor, and Chief Research Scientist at the
Institute of Information and Computational Technologies, Almaty,
Kazakhstan, e-mail: aldash51@mail.ru
Kabanikhin Sergey Igorevich – Doctor of Physical and Mathe-
matical Sciences, Professor, and Chief Research Scientist at the
Sobolev Institute of Mathematics, Siberian Branch of the Russian
Academy of Sciences, Novosibirsk, Russia, e-mail: ksi52@mail.ru
Bektemessov Maktagali Abdimazhitovich (corresponding
author) – Doctor of Physical and Mathematical Sciences,

Professor, General Director of the Institute of Information
and Computational Technologies, Almaty, Kazakhstan, e-mail:
maktagali@mail.ru

Int. j. math. phys. (Online) International Journal of Mathematics and Physics 17, №1 (2026)


	Introduction
	Materials and Methods
	Results and Discussion
	Conclusions
	Acknowledgment

