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Abstract. This paper investigates a mixed boundary value problem in a cylindrical domain for a class of multidimensional
hyperbolic-elliptic equations arising in mathematical models of malignant tumor growth. In particular, axisymmetric ap-
proximations and local models of tumor spread in brain tissues lead to problem formulations in cylindrical geometry.
Under assumptions, the problem leads to a class of multidimensional hyperbolic-elliptic equations, i.e., mixed-type equa-
tions whose properties may change between hyperbolic and elliptic in different subdomains or according to the parameters
and coefficients. Idealized cylindrical geometry is used as a convenient framework for rigorous mathematical analysis.
The main results establish the ambiguity of the solutions to the mixed problem and provide an explicit representation
of its classical solutions. These results contribute to the analysis of multidimensional mixed-type equations in bounded
domains and may support further computational investigations of tumor growth models.
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INTRODUCTION

Mathematical modeling of the spatiotemporal
evolution of malignant tumors is an important
area of research in applied mathematics and
biomedicine [1, 2, 3, 4]. The study of brain
glioma is of particular interest: tumor cells dif-
fusely invade surrounding brain tissue and do not
form a clear boundary between healthy and dis-
eased areas. In mathematical models, the spa-
tial behavior of tumor cell populations is typi-
cally described by partial differential equations
that consider mass conservation, migration flows,
and growth-related reaction mechanisms [5, 6, 7,
8, 9]. The tumor microenvironment also plays a
crucial role in disease progression, as it regulates
the distribution of oxygen, nutrients, metabo-
lites such as lactate, and other factors that influ-
ence both cell proliferation and directional mi-
gration. However, many mathematical models
assume that these microenvironmental variables
change on a faster time scale than the tumor itself
and are therefore treated within a quasi-steady-
state framework. This assumption leads to a cou-
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pled system in which tumor cell density is de-
scribed by a hyperbolic equation, while the mi-
croenvironmental field is represented by an ellip-
tic equation. Thus, even at the level of the basic
biomedical formulation, it is natural to consider
mixed models that combine hyperbolic and ellip-
tic components. A wide range of studies are re-
viewed in [10, 11, 12].

For the analytical and computational study of
tumor propagation, simplified geometric settings
are often employed. Axisymmetric approxima-
tions and local models of tumor spread in brain
tissue naturally led to formulations in cylindrical
geometry. Although such an idealized geometry
is not intended to reproduce the anatomical struc-
ture of the brain in detail, it provides a convenient
mathematical framework for rigorous analysis of
the model and for identifying qualitative effects
that are relevant to the development of more real-
istic descriptions.

Under the above assumptions, the problem
leads to a class of multidimensional hyperbolicel-
liptic equations, i.e., mixed-type equations whose
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properties may change between hyperbolic and
elliptic in different subdomains or according to
the parameters and coefficients. Thus, in [13], an
overdetermined Cauchy problem is studied, and it
is shown that the ill-posedness of the formulation
requires the imposition of additional restrictions
on the initial data. Their foundations were estab-
lished in the classical works [14, 15, 16]. Nev-
ertheless, for multidimensional mixed-type equa-
tions, particularly in bounded domains of com-
plex geometry, a number of issues related to the
correctness of the formulation of boundary value
problems still remain unresolved.

A mixed problem in a cylindrical domain
for multidimensional hyperbolicelliptic equations
constitute a natural formulation when the trans-
port dynamics of tumor cells are considered to-
gether with quasi-stationary microenvironmental
fields. For multidimensional hyperbolic equa-
tions in spaces of generalized functions, the the-
ory of mixed problems is already well established,
including well-posedness results and solution rep-
resentation [17, 18, 19], and elliptic boundary
value problems are likewise grounded in a classi-
cal and developed theory. Nevertheless, for multi-
dimensional hyperbolicelliptic equations, partic-
ularly in bounded domains such as cylindrical
regions, the well-posedness of mixed boundary
value problems remains largely unexplored. In
this work, we prove the non-uniqueness of solu-
tions and derive an explicit representation of clas-
sical solutions to the mixed problem for a multi-
dimensional hyperbolicelliptic equation.

MATERIALS AND METHODS

Let as in [19, 20] Qqp be the finite region of
the Euclidean space E,, 11 of points (x1,...,X;,t),
bounded at ¢t > 0 by the cylinder I'g = {(x,?) :
|x| =1} and the plane t = B > 0, and for r < 0
the cylinder 'y = {(x,¢) : |x| = 1} and the plane
t = a < 0, where |x| is the length of the vector
x = (x1,...,X%u), m > 2. Denote by QE and Q,
parts of the domain Qg, lying in the half-spaces
1> 0and 7 <0; og — the upper base of the domain
Qg,a Oq — the lower base of the domain Q.

Let S be the common part of the boundaries of
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the regions Q} and Q, representing the set of
{t =0,0 < |x| < 1} points from E,,.

In the domain of Q,g, consider multidimen-
sional hyperbolo-elliptic equations

A — (sgnt)uy + Z a;i(x,t)uy,+
+b(x,t)uy +c(x t) =0,

o))

where A, is the Laplace operator for variables
XlyeorsXm.

Next, it is convenient for us to move from
Cartesian coordinates xi,...,x;,t to spherical
r01,...,0,_1,t,r>0,0<0; <27, 0<6; <,
i:2,m— 1, 0= (91,...,9m_1).

As a multidimensional mixed problem, con-
sider the following problem:

Problem 1. 7o find a solution of the equation
(1) in the domain Qug at t # 0 from the class
C(Qqp)NCH(Q4p) ﬂCZ(QB’ UQy,) satisfying the
boundary conditions

u‘ —i(1,6), )

Ip

= ¢(r,0),
Oq

with y1(0,0) = y,(0,0), yo(a,0) = ¢(r,0).

Let {¥},(6)} be a system of linearly indepen-
dent spherical functions of the order n, 1 <k <k,,
(m—2)nlk, = (2n+m—3)!2n+m—2), Wi(S),
[=0,1,...1s Sobolev spaces [19].

There is a [21]:

Lemma 1. Let f(r,0) € Wi(S). Ifl >m—1,
then the series

ZWZ(t79)7 u (3)

o

o ky
=Y Y H(Y.(0)

n=0k=1

“)

and also the series obtained from it by differenti-
ating the order p <l —m+ 1 converge absolutely
and uniformly.

Lemma 2. [21]. In order for f(r,0) € W) (S) it
is necessary and sufficient that the coefficients of
the series (4) satisfy the inequalities

fo(r)| <ei, Zan’lfn

n=1k=

< 2,
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c1,Cr = const.

Through @ (r,t), a¥ (rt), an(r,t), ek (1), pk,
vk (1), @ (r), denote the expansion coefficients
of the series (4), respectlvely, of the func-
tions a;(r,0,1)p, al p, i=1,...,m, b(r,0,t)p,
C(V,@,Z‘)p,p(e), IVZ(t 9) (P<r 6)

Let a(r,0,t), b(r,0,t), c(r,0,t) € WQZ(QE U
Qy)i=1,...omI1>m+1.

Then the following is true

Theorem 1. If y,(1,0) € W;(T'g), v2(t,0) €

Wi(Ty), ¢(r,0) € Wi (0q), 1 > 32

1 is solvable and ambiguous.
Note that this theorem for the multidimensional

Lavrentiev-Bitsadze equation is obtained in [20].

Proof. In spherical coordinates, the equation
(1) in the domain €, has the form [21, 22]

then Problem

—1

m 1
Lu=u,+——u,— r—23u+uﬁ+

m
+Zai(r,0,t)uxi—|—b(r,9,t)u,+ (5)
i=1
+c(r,0,H)u=0,
where 1s
m—1
1 0 0
o=— . sin” /1@,
= gjsinm’f*1 0, 20; < 90, )

g1 = 1, gji= (Sinel ...Sin9j71)27 .]> 1.

Itis known [19, 21, 22] that the spectrum of the
operator J consists of eigenvalues A, = n(n+m—
2),n=0,1,..., each of which corresponds to k,
orthonormal functions Yrﬁm(e).

The desired solution to Problem 1 in the do-
main Q, will be searched in the form

u(r,0,t) = Z Zﬁﬁ

n=0k=1

(n1)Ys,.(0),  (6)

where @* (r,1) are the functions to be defined.
Substituting (6) into (5), then multiplying the

resulting expression by p(8) # 0, and integrating

over the unit sphere H into E,, for ufl, we obtain

International Journal of Mathematics and Physics 17, Ne1 (2026)

the equation [22]

1-1 1-1 m—1
Po Uy, + Po Uy + ( po+

m
+) a}()) iy, + by, + coup+
i=1

o ky
k—k k—k
+ Z Z {pnunrr + Py U+

n=1k=
m_
+(—pn+zam> nr+bk kt+

“k +Zm1na k}O

Now consider an infinite system of differential
equations

(7

_ _ m—1 _
péu(l)rr +p(%u(1)tt + Tpéu(l)r = 07 (8)
A
k—k 7 1
Plulrr+P1”m+ P1 1r— 2P1 f=
1-1 , 711 | - 9
= h (Z{ ai0”0r+b0”0:+couo> ) ©)
1=
n:1, kZl,kl,
_ _ m—1 , , A ,_
PTingy Pyt +——PuThny— 5 Pl =
1 kn—l
:_k_Z{Zam lun 1r+bn lun 1t+
n j= n11 i=
SRGRED N AT AR |
i=1
:17 15 I’l—2,3,
(10)

Summing up the equation (9) from 1 to k;, and
the equation (10) from 1 to &, and then adding the
resulting expressions together with (8) we come
to the equation (7).

It follows that if {#X}, k= 1,k,, n=0,1,...is
the solution of the system (8) — (10), then it is also
the solution the equations (7).

Note that each equation of the (8) —(10) system
can be represented as [23]

_1_k Ay

nrr+untt+ nr__u _fk(rt) (11)

where fn(r t) is determined from the previous
equations of this system, with fo (r,t) =0.
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At the same time, from the boundary condition
(3) by virtue of (6), taking into account Lemma 1,
we obtain

k=1,k,, n=0,1,....
In (11), (12), replacing v (r,1) = ity (1) — Yy (1),
we get
B m—1_ A o —
vlr(zrr—i_ r Vlr(lr_ﬁv +me:fﬁ(r>f) (13)
vi(1,0) =0, Vi(ra) = ok(r)
k=1,k,, n=0,1,
x . (14)
Fulrt) = fi(rt)+ r—zl/fé‘n(t)—wé‘nm
Ok (r) = 9s(r) — vk ().

Replacing ¥ (r,1) = r1="/2yK (1. 1), we reduce
the problem (13), (14) to the following problem
[20]

VetV =Ia(r), (15)

We seek a solution to problem (15), (16) in the
form vE(r,t) =K (rt) +1& (nt), where V& (r,1)
— solution of the problem

Lk, =1k (r), v, (1,0)=0, vk, (r,a)=0, (17)

and & (r,1) — solving the problem

Lk, =0, W5 (1,1) o (r). (18)

=0, vlzcn(r, o) =

The solution of the problem mentioned above
is sought in the following form:

vl,‘l(r,t) = (19)
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Also, let

(20)
k Ry(r).

Substituting (19) into (17), taking into account
(20), we get

93 (r) =

- ilaéimRs(r)
L

An
Rsrr+ 7 +‘u“ RS - 07 (21)
0<r<1, R(1)=0, |Rs;(0)| < oo,
Ty —UTi(1) = ay, (1), ¢ <t<0  (22)
Ty(a) = 0. (23)

A limited solution to the (20) problem is [24]
Rs(r> = \/;Jv<.us,nr)7 u= .usz,n

v=n+(m—2)/2, U, — zeros of Bessel func-
tions of the first kind Jy (z), u = us%n.

The general solution of the equation (22) is rep-
resented as [24]

(24)

T; 1 (t) = c15cosh U pt + cogsinh g ut —
0

[ a8 sinb s g+

t
0

[ dha(Ercoshus e,

C1s, C25 — arbitrary constants, satisfying the condi-
tion (23), we will have

cosh U 1
,us,n

sinh g .t
Hs.n

,us,nTs,n (t) = Clslsn [COSh Hs nf—

— (coth s , @) sinh g ]+
0

+[(coth 1) [ (&) sinhpnE) G-

(04

0

— [k, (€)(cosh 1, )dE | sinh gt
* 0
—(cosh gt /a s )sinh i ,EdE+

t
+(sinh ) [k, (€) cosh i EdE.
’ (25)
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Substituting (24) into (20), we get

1 -
r 2},7;(1’,1‘) = Z a];n(t)JV(.us,nr);
. - s=1 (26)
r205,(r)= X bl y(Hsar), 0<r < 1.
§=

Series (26) — expansions into Fourier-Bessel
series [25] if

a n(t) 2[Jy1(fsn)] ™ -

1
/\/E n Jv .usné) g @7
0

blsin 2[Jy1(fsn)] ™ -

- / VEGE ) (aE)dE,
0

where U ,, s = 1,2,... are the positive zeros of
the Bessel functions Jy (z), arranged in ascending
order of their magnitude.

From (24) and (25), the solution to problem
(17) is obtained in the following form:

(28)

Zf rTon() Iy (Usar),  (29)

Vlnrt

where T ,(t) — are determined from (25), and
a’§7n(t) — from (27).

Next, substituting (19) into (18), taking into ac-
count (20) we will have

Vi=0, ax <t <O, (30)

Vi — IJs n

Vi(t) = b . (31)

The general solution of the equation (30) has
the form

Via(t) = ¢} cosh st + ¢ sinh Uy ut,

where ¢}, ¢}, are arbitrary constants, satisfying
which condition (31) we get

Vs u(t)=c[cosh U »t —(coth i , &) sinh i 2]+
N b’;{, sinh it
sinh g ,
(32)
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From (24), (32) we get the solution to the prob-

lem (18) by the formula
WK (1) Z VIV (t)dy (Usnr), (33)
where V; (1) are from (32), and b , are from (28).

Therefore, first solving the problem (8), (11)
(n = 0), and then (9), (11), etc., we find se-
quentially all v&(r,7) = (1) +V4 (r,1), where
vln(r t), v2n(r t) are defined from (29), (33), k =
1,k,,n=0,1,..

So in the area of Q, thereis a

/ p(8)LudH 0. (34)

Let f(r,0,t) = R(r)p(0)T (), and R(r) € Vj,
Vo —isdense in L,((0,1)), p(0) € C*(H) — dense
in [)(H),aT(t) € Vi, Vi —dense in Ly((,0)).
Then f(r,0,t) € V,V =Vy®H® V) — is dense
Ly((2¢)) [26].

It follows from this and from (34) that

/ £(r,0,1)LudQ; = 0
2

and

Lu=0, Y(r,6,)ecQ,.

Thus, the boundary value problem for the equa-
tion (5) with data u)r —w(,0),u =@(r0)
Oq

o

in the domain €, has countless solutions of the
form

k

u(r,0,1) :iZ{w

n=1k=1
R (o) 494, ()} rE

=

(35)
m(8);

where v’fn(r,t),vén(r,t) are from (29), (33).

Using the formula [25] 2J,(z) = Jy—i(z) —
Jv+1(z), estimates [21, 25]

Z\V -
1< o (5) - Wl <o

aq

m__
<cm2 4 ¢y er = const,
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j=1,m—1, ¢g=0,1,..

I'(z) is the gamma function, lemmas, constraints
on the coefficients of the equation (5) and on the
given functions y»(z,0), ¢(r,0), as well as em-
bedding theorem [26], as in [27], it can be shown
that the obtained solution (35) belongs to the class
C(Dy)NC?(Dy).

Next, from (29), (33) and (35) att — —0 it will
have

oo k oo
i (r,0,0)= r9:ZZZ{ 5 (0
(2-m) n=li=le=l
+r 7 [—(613+cls),us7ncothus7noc+

0
+(cothpto@) [ ak ,(&)(sinh s )G~

- k() coshp ) +

k
“Sﬂbs,n

— NSy (Usar) Y (8),
coshuma]} n+%(nuw r)Y,.m(0)

(36)
in this case, ©(r,0) € C(S) N C?*(S),v(r,0) €
Wi(S), 1> 2.

Now we will study Problem 1 in the domain of
QE, which, by virtue of (2) and (36), reduces to a
mixed problem for a multidimensional hyperbolic
equation

(m—1)

m

+ Y ai(r,0,1)ug, +b(r,0,0)u; +c(r,0,1)u=0
=1
| (37)

Urr +

1
Uy — ﬁ6ll — U+

with the condition

u‘ =1(r,0), u = v(r,0), u

S

Fﬁ: l//l(l‘,e).

(38)
The following is shown in [19, 27]
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Theorem 2. The problem (37), (38) is uniquely

solvable in the class C (ﬁg) NnC? (QE)

From the representation of the functions
7(r,0), v(r,0) in the form of (36) [19], and also
from Theorem 2 it follows that Problem 1 has
countless classical solutions.

Theorem 1 has been proved.

Since in [19, 27] an explicit form of solutions
to the problem (37), (38) is obtained, it is possible
to write an explicit representation of the solution
for Problem 1.

RESULTS AND DISCUSSION

The main theoretical result shows that problem
admits ambiguous classical solutions. This ambi-
guity is due to the mixed hyperbolic-elliptic struc-
ture of the operator and the influence of cylin-
drical geometry. The result obtained allow us
to identify the mathematical mechanisms under-
lying the non-uniqueness of solutions in such
models and provide a theoretical basis for fur-
ther research into direct and inverse problems in
mathematical oncology. The explicit solutions
obtained in this work can also serve as bench-
mark test cases for numerical methods developed
for mixed-type equations and for further theoreti-
cal studies of the well-posedness of problem for-
mulations in a more general setting. We must
understand that mathematical modeling provides
significant insight into glioma growth, but no
one can claim yet that it provides a complete
picture of the disease due to the multifactorial
complexity of the disease itself. A comprehen-
sive literature review can be found not only in
[1,2,3,5,6,7,8,9, 10, 11, 12, 20, 28] but also
in the articles they cited.

CONCLUSIONS

In this paper, we proved the ambiguity of solu-
tions and obtained an explicit from for for clas-
sical solutions of a mixed problem for multidi-
mensional hyperbolic-elliptic equations. These
results are relevant both for the theory of mixed-
type equations and for applications where condi-
tions or regularization may be required to ensure
well-posedness. In the study of direct and inverse

International Journal of Mathematics and Physics 17, Ne1 (2026)



S. ALDASHEV

90

tumor growth problems, the sensitivity of the co-
efficients (conditions) leads to the ill-posedness
problem. Therefore, studying the well-posedness
of multidimensional hyperbolic-elliptic equations
is of interest both from the perspective of the the-
ory of partial differential equations and in the con-
text of mathematical modeling of tumor growth
processes.
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