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Abstract. This article introduces novel three parameterized fractional inequalities based on a one parameter v derived
from functions that are AG-multiplicative differentiable, as characterized by AG-multiplicatively Riemann-Liouville op-
erators (classical, middle starting point, and middle ending point). By employing the multiplicative absolute value and
supposing the function is AG-multiplicative s-convex, we can develop three identities and utilize them to derive a series
of inequalities for AG-multiplicatively h-convex mappings. We additionally present these findings for AG-multiplicative
P-functions convex mapping and AG-multiplicative s-convex functions. The last section delineates specific instances,
including trapezoid, midpoint, Bullen, Milne, Simpson and corrected Simpson AG-multiplicative fractional inequalities.
We further illustrate that certain results reported here improve established results, while others represent generalizations.

Keywords: Parameterized inequality, AG-multiplicative fractional integrals, Multiplicative absolute value, AG-
multiplicative s-convex functions.

INTRODUCTION then f and g are *-integrable on [0}, 0,| and
Newton and Leibniz’s primary work has been as- o od o) A

sociated with the concept of AG-multiplicative ° /G 1 ((f(2)")" = ( /G 1 (f(7)) ) :
calculus. Grossman and Katz further developed o

this concept through an investigation and evalu- ° / (f(z)-g(7 ))df

ation of the original non-Newtonian systems|[1]. a o o

Bashirov et al. [2] introduced the concepts of = (f(7)*". (g(1)*"

integral and AG-multiplicative derivatives, along
with the methodologies for -AG-multiplicative in-

vati o (D))"
tegrals and derivatives. The procedures for AG- . / ( ) _ Joi
multiplicative integrals and derivatives were also o \&(7) / ” ( g(f))d‘r
demonstrated. o
C (o35}
Definition 1. For a function G: I° CR — R, 0/ (f(1))4" / (f(7)%*
the AG-multiplicative integral of f, represented o o ¢
by Jo2 (f(1))?", is defined as = (f(r)); o1<c<on.
o
o) de [¢7) o1 dr
[ o@y=exnd [Cmgr@par. 1 e[ )=
o] o] o]
~1
The following theorem addresses various prop- o 2 (f( ‘L’))dr _ ( o (f( T))dr)
erties of AG-multiplicative integrals. ol o)

Theorem 2. If f and g are positive and Riemann Definition 3. Given a function f: I° CR — R,
integrable on the interval [01,0,] C I°, p € R, the AG-multiplicative derivative (or xderivative)
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of f, denoted by f*, is given by
e (FEHD)F
r@ =t (")

Remark 4. For a positive differentiable function
f, a corresponding AG-multiplicative derivative
f* exists, and the relationship between f* and fl
can be expressed using the following formulas:

fH(7) = exp{(inof)(v)},
(Inof).

Inof* =
The following theorem presents several proper-
ties of AG-multiplicative derivatives.

2)

Theorem 5. Let f and g be positive
xdifferentiable functions. If k is an arbitrary pos-
itive constant, then functions kf, f-g, f + g, Jgj,
f& and f o g are xdifferentiable and

o(f-g)"(7)=f"(r)g"(7)
o(f+g) ()
f(7) g(1)
= (1) [ (D) +8&(7) . g*(g) f(T) +8(7)
AN
g (T)_g*(f)'

Theorem 6. [2, Theorem 6] (AG-Multiplicative
integration by parts) Let f be a positive, AG-
multiplicatively differentiable function on I° and
g : I° — R differentiable and [0),03] C I°, then
the function (f*)$ is integrable and we have

L (@)
_ (o) 1
(f(o1))8V /62 <(f(r))g’(r)>

o1
The next step involves the definition of AG-
multiplicative h-convexity [3].

dt

3)

dt
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Definition 7. Let 2 : [0, 1] — R be a positive func-
tion. We say that the function f :I° — RT is
AG-multiplicatively h-convex (xh-convex) if for
all z,y € [01,02] C I° and 7 € [0, 1] we have

flrz+(1=1)y) <@ [Fo). @)

If inequality (4) is reversed, then f is said to be
AG-multiplicatively h-concave (xh-concave).

Remark 8. The following relations can be de-
rived from the definition that was presented ear-
lier:

o If f and g are two AG-multiplicatively h-
convex functions, then their product f - g is
additionally a AG-multiplicatively h-convex
function.

» If f is a AG-multiplicatively h-convex func-
tion, then it follows that ch is a AG-
multiplicatively h-concave function.

» If g is a AG-multiplicatively h-concave func-
tion, then é is a AG-multiplicatively h-

convex function.

* In the case when f is a AG-multiplicatively
h-convex function and g is a AG-
multiplicatively h-concave function, the
quotient ]é will also be a AG-multiplicatively
h-convex function.

o If f and g are two AG-multiplicatively h-
convex functions, the quotient L is not neces-
sarily a AG-multiplicatively h-convex func-
tion. For example, let g = f - f, where
f is a AG-multiplicatively h-convex func-
tion. This results in i ch, which is a AG-
multiplicatively h-concave function.

The next discussion will cover various types of
AG-multiplicative convexity.

1. The AG-multiplicatively xs-convex func-
tions are obtained by setting h(t) = t*, s €
(0,1] in (4) [3].

s

fez+(1-1)x) < [f@)° [
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2. By setting i(t) = 1 in (4), we derive AG-
multiplicatively xP-functions [3].

frz+(1=1)x) < f(2)- f(x).

3. By replacing h(t) =t in (4), we derive the
concept of AG-multiplicatively convex func-
tions [4].

flrz+(1=0)x) < [fEI [f)]' "

Remark 9. Since the function In(.) is concave,
for £(2),f(t) > 0and t € [0,1] we obtain

TInf(z)+(1—17)Inf(x)
<In(tf(z)+(1—7) f(x)),

therefore

@I T <tf@+(1-1) /(). O

This signifies that a AG-multiplicatively convex
function has convexity, although the converse is
not necessarily valid.

In [5], the concept of a B-function was intro-
duced as follows:

Definition 10. Let H : [0,.0c) — R be a non-
negative function. H is called a B-function if

H(i—01)+H(c,—1) < 2H ("1;(’2> ©)

where 0] <t < 0, with 61,0, € [0,00) .

In particular, taking H = h, 6y =0and 0, =1
in (6), we obtain the inequality

h(t) +h(1 —1) < 2h (%)

Examples of such a function /4 satisfying the in-
equality (7) can be provided by hy(t) =1, hy(t) =
¢ and h3(t) = * with s € (0, 1].

(7)

Definition 11. [6, p 44] The multiplicative abso-
lute value is represented by |.|, in and is defined
as follows:

x ifx>1
Jxl, =

- ifO<x<1.
X
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Remark 12. According to the previous Definition
11, we may conclude as follows:

o The absolute value |c — d| for real numbers ¢
and d is analogous to the multiplicative ab-
solute value m* in the context of positive
real numbers 7 and x.

. Nzl g z
* Using the notation |;|* indicates that > > 1

or ¥ <1, which corresponds to the condi-

tions z > x or 7 < x, respectively.
* In AG-multiplicative calculus, the notation
’i‘ does not have significance for positive

real numbers 7 and x.

Various innovative properties of the multiplica-
tive absolute presented below:
Lemma 13. ¢ For the real number B, we have

lexp {B}|, = exp|B|. ®)

* Ifke R and z,x > 0, then the following are
true.

I-1 |z|, > 1and|1],=1.

I-2 |)_lg‘*:|‘x|* andﬁ:(|x|*)il'
14 [, = ()"

I-5 ‘Z Xx‘* < ’Z’* X ’X’*

I-6 |§‘* < ’Z|* X |x|>k

* If y is a positive, AG-multiplicative function
on I° with [0}, 03] C I°, the following equal-
ity is valid:

Inoy| =Inoyl,. 9
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The left-sided and right-sided Riemann-
Liouville fractional integrals of order o > O are
defined as follows:

X

SESW = Frg [ =0 p 0

o] <X,

1

I f(x) = (a)

Remark 14. The operators .9 O‘lez L f(o2) and

f(o‘al MZ), f(o1) are called the middle starting
B

point operators. Hence, .7 (?f+ f (@) and
f(‘;,f (@) are called the middle ending point
operators.

The AG-Multiplicative Riemann-Liouville
fractional integrals of order o > 0, which
are defined for a positive integrable function
f:[o1,0,] — RT, were introduced in [7]:

o S f(x) = exp{ FgLe (Inof) (x) }

xIg - f(x) = exp{f(f;_ (Inof) (x)}

Considerable research has been devoted to mul-
tiplicative integral inequalities, where Simpson,
midpoint, and trapezoid-type inequalities for mul-
tiplicatively s-convex functions were established
using the classical absolute value in [8], Frac-
tional Maclaurin-type inequalities for multiplica-
tively convex functions and multiplicatively P-
functions [9], Estimations of bounds on the mul-
tiplicative fractional integral inequalities [10] and
parameterized inequalities for fractional multi-
plicative integrals were developed for multiplica-
tively s-convex and increasing functions via the
classical absolute value in [11, 12, 13, 14].
Taking into account the insights from the pre-
viously mentioned works, this study commences
with the introduction of three parameterized mul-
tiplicative integral identities tailored for AG-
multiplicative differentiable functions. Expand-
ing upon these identities, we proceed to estab-
lish a series of fractional inequalities, purpose-
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)/xcl(t—x)“lf(t)dt, x < 0.

fully designed for multiplicatively A-convex func-
tions. To conclude our investigation, we offer
illustrative special cases as midpoint, trapezoid,
Bullen, Milne, Simpson and corrected Simpson
type inequalities in the field of AG-multiplicative
h-convexity.

BASIC PARAMETERIZED IDENTITIES

The following lemmas are required for the estab-
lishment of our principal results.

Lemma 15. Let f be a positive, multiplicatively
differentiable function on I° with [a,b] C I°,u :
[0,1] — [a,b] be a differentiable function and g :
I° — R be a differentiable function, then (f*ou)®
is integrable function, and for 0 < & < & <1,
we have

/ " (0 (e @50)” (10)
_ (fom(&)*®) ! |
(o@D 12 (((fou)e)”

Proof. Using the property (f o u)*(t) =

(f *(u(t)))”,(’), we can obtain the following:

/ 5 (0 ey <) < [ 5 (irouy )"

The application of integration by parts to multi-
plicative integrals results in

62 / t
IR CRUGED
((fou)(&))5 1

(et /52 <((fou)(x))g’(x>>dx‘

1

]

Lemma 16. Leta >0, vERand f:1° — R be
an AG-multiplicative differentiable mapping on
la,b] C I°. If f* is AG-multiplicatively integrable
on |a,b), then

(f(a)f(b))? <f (a;b)) v

[(a+l)

[ 70 f (b) - f(@) 200"
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— (/02 [(F*((l—t)a—l—lb))2tav]dl) ) (f(a)f(b))% (f(#))l_v |
1 ) élal) exp{%/olta11noF((1—t)a—i—tb)dt}
X (ﬁ [(F*((l—t)aﬂb))zraw_z} ) ,

2

where

where InoF ((1—1)a+1b)

F(t)=f(t)-fla+b—71). (12)  —Inof((1—t)a+1b)+Inof (ta+(1—1)b).
Proof. Employing the equality (10) yields

b Since
Ji= (/02 [(F*((l—t)a+tb))2’a_"rt> /Olfallnof((l—t)a—i—tb)dt
| b .
: b s " :—(b—a)o‘/a (s—a)* " Inof(s)ds
:/O {(F (1—=t)a+1b)) 7 } _ Iw T
(b—a)*
2(5)% v and
C(F(eh))
TR A”“”hwfva+<r—nwdr
1 b
X/% ga17ds :ﬁ/a (b—s)*""Inof(s)ds
[ LF=ation™] @) o
and - (b_a)afa+(lnof)(b),

2= (ﬁ [(F* ((1 —t)a+tb))2ta”2]dt> % wehave

(fla)f(b))? (f (a;b) v

1 2%y ¥ J1 X Jp = 5 .
* b—a)sd—+—== (a+1)
zéBFm—w+@%” 4] O e
This gives the desired equality. [
__ FO) Lemma 17 (Middle starting point). Let o > 0,
ath 2(%)4”’2 veRand f:1I°— RY be an AG-multiplicative
(F(%57)) differentiable mapping on [a,b] C I°. If f* is AG-
y 1 multiplicatively integrable on [a,b), then
1 o,a—174dt
/1 (F((1=n)a+rb)F™ ] b
f s (1(*3))
Therefore - 2‘”;‘ T
v v b —— b—a)%
oy = O F@)F (P32 = {Vﬂﬂﬂvwwf&”fMﬂ
a,o—17dt
| e @=na+imp] (13)
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1 " " [0y dt "7 and
= F*((l-%)a+zb
(/0 K (( 2) 2 )) } ) ’ L i t t
/0 ‘ lnof(§a+<1—§)b>dt

h 2 \% fb
where e — (b—a) /{#(b—s)allnof(s)ds

T)=f(7)- fla+b—T1T).

20T

| o = 2T g (nof)(b)

Proof. Employing the equality (10) yields (b—a)* " (3
pg VE get

p= (L1930 T) T g (o(22)

2
J3= 2“zlr()a+1) )
b—a)®
dt o a
1 bt oy S 0) 28y 110
L[ ey e
0 2 2
O]
1y Lemma 18 (Middle ending point). Let o > 0,
B (F(4P)) 2 veRand f:1I° — R be an AG-multiplicative
N (F(a))%v differentiable mapping on [a,b] C I°. If f* is AG-
1 multiplicatively integrable on [a,b), then
X
_1dt 1-v
1 t ro\y 2 v ( (a+b)>
_Z - a)f(b))?
[ ((-5)ax20)) ] oyt (r(4
20-11(g41)
ot (50 erpe ()]
v 1-v ar= ok -
(f(@)f(8) (£(42) . .

e % [l tmor (12 Do)ar} o

lnoF((l—%>a—|—%b> where

zlnof<<1—%>a+%b> F(t)=f(t) fla+b—1).

+1Inof ( % a+ (1 _ % ) b) _ Proof. Employing the equality (10) yields
Jy =

Given that

/Olt(xllnof(<l—%)a+%b)dt (/01

:( 2 )a/aa;b(s—a)“l Inof(s)ds

() T)
b—a

:% (Of%h)_(lnof)(a) :/01 [(F< Jr(@ab ))”221]
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PARAMETERIZED FRACTIONAL INEQUALI-

(F (b))% TIES VIA AG-MULTIPLICATIVE h-CONVEX
= —— = FUNCTIONS
(F (%) *
2 Theorem 19. Let oc >0, v € R, h be a B-function
% 1 and f be a positive differentiable function on the
| () a g o1 di interval on I° with [a,b] C I°. If | f*|, is an *h-
/ (F < n (h b >) ] convex function, then the next AG-multiplicative
0 2 inequality holds.
v _ v by 1=V
(Fla)rm)? (£(252)' ™ F@fe): ()
—= T'(a+1
1 1t ! o . o 2(b—a)®
eXp{%/ la_llnoF( j(@ab )dt} [‘ﬁ‘ﬂ* S (b) *fb’f(a)} *
0 2 (15)
* * boap(L Cy
where <[f ®)], 11 ()], )TN,

1— 1
InoF ((Tt> a+ (; b) where
1— 1 3 1
=1n0f((7t)a+(7t b) Cv(oc):/0 |2t°‘—v|a,’t+/é 12t% + v —2]|dt.
141 1—1¢ (16)
—l—lnof((T)a—l— (T) b)

‘ Proof. Given that F(7) = f(7)- f(a+b— 1), the
Given that application of properties I-6 and I-2 yields the fol-

an (150, (1 lowing results.

/O & ;1)555 (2S>a:b() “2—1 1)“2:ds Iik((;(j(zlt)—at?;i)t)b))(f* (ta+(1-1)b+))"

“\b—a) Jup 2 B '
b

_2%T(a) g4 a+ Applying the identity (11) along with the equality
~ (b—a)® - (Inof) ( 2 ) (1) gives
and v L\ Y
1 o (1(*37))

1 1+t —t
-1
/0 t* lnof( 5 )a—l—( 5 )b)dt e

2 \* 4% b a-1 Lot SEL(B) - I f(a)| 20"
=(5%) [ (557 s) mertwas

o 2 % ba(pa_y dt
= ?bfi‘;‘i 7% (Inof) (“;b), = (/0 (F*((1=t)a-+1b) ¥ 0] )
we have X (ﬁl [(F* ((1 —t)a+tb))’7’(2:a+v2)]dt>
P (Fa)f®)* (742" 2
20‘*1F(o‘cx+1)' |
(50 (50)] :exp{/oz”f(zt“—vwnof*((l—r>a+rb>
O —Inof* (ta+ (1—1t)b+)]dt}
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1

'b—a
xexp{[ b4 (2t +v-2) gexp{/o In[|f*((1—t)a+1b)],

x [Inof* (2(1 —1)a+1b)
—Inof*(ta+(1—t)b+)]dt}.

(]

I (at (1= b)) 52 ar)

With the use of the multiplicative absolute value,

1
the equality (8) and the property III-5 yield to X exp { ﬁ In (| ((1—1t)a+1b)|,
2
v a + b I-v % b—a 2% )
st (1(“37)) 1 art (1) b)) TR )
[(ﬁ TEf(b) -+ I f( a)}% Given that h satisfies the conditions of the in-

equality (7) and that |f*|,
derive the following results.

i has xh-convexity, we

3 —da ) a 1-v
< exp{ [t e e (1(*37))
[Inof*((1—1)a+1b) [ TG (b) -T2 fla)] 70
—Inof*(ta+ (1 —1t)b+)|dt}|, x
clow{ [ P52 <oxp { [ i@, |f*<b>r*12h<5>72’“—V'dr}
[Inof*((1 —t)a+1Db)
—Inof* (ta+(1—1)b+)]dr}|, Xexp{ﬁl In [|f*(a)]*~]f*(b)|*]2h(;)lja2’a+v_2dt}
Ybh—a
<ex —2t% —v| a1
p{/o ! = [ ®)L. 1" (@) ) ZME

[[nof* (1 =r)a+1b)] o . -
; The desired inequality (15) is achieved. U
+|Inof* (ta+ (1 —1)b+)|]dt}

Theorem 20. Let ¢ >0, v € R, h be a B-function
and f be a positive differentiable function on the

1y
X G:Xp{/1 Ta 12t% +v —2| interval on I° with [a,b] C I°. If |f*|, is an *h-
2 convex function, then the next AG-multiplicative
[lnof*((1—t)a+1tb)| inequality holds.

+|lnof* (ta+ (1—1)b+)|]dt}

(fa)f (b)) (f (a;b) ) v

201 (g+1)

a;b»l—v oy ) 5 0]

Employing (9) produces

*

st (7 ) L

T(at1)
[a+ &S (D) - *fb—f(a)} 2ol . <[|f D), |f* (a)|*](b%a)h(%)l(v(a) :

International Journal of Mathematics and Physics 17, Ne1 (2026) Int. j. math. phys. (Online)
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where

1
Ko(a) :/0 1% — v d. (18)

—Inof* (%a—i—(

t
1—=
2

RIS

*

Proof. Given that F(7) = f(7)- f(a+b— 1), the
application of properties I-6 and I-2 yields the fol-
lowing results.

#(0-3
(-3

20
- 2)0)

a+%b>
a—i—%b))

i t -1
(£ (Ga+(1-3)0)) o (f(a+b)>1—v
Applying the identity (13) along with the equality 2
(1) gives z“zhlira()?l)
_ wipy+ IS (0) %I f(a)
Y\ e it
w@rent (r(“57)) " *

20-11(g+1)
(b—a)®

Given that | f*|, is an *h-convex, we get

(r(5)

1) S

§ t t
X [lnof ((1—§)a+5b> b—a)®

“Inof* (%a+ (1- %) p)|ar}.

With the use of the multiplicative absolute value,
the equality (8) yield to

< exp { / [l (@], |f*<b>|*]2h<%>%“'f“-vdt}

] a+b\\'"
a)f(b))? 1\ b— 1
o)t (r(*57)) ()5 [
Ehen | =[f" @l G 0 .
|:(a+b)+f*af(b) . *fO;er _f(a)

2 (“2") +  The desired inequality (17) is achieved. [
'b—a Theorem 21. Let ¢ >0, v € R, h be a B-function

< |exp { /0 4 " —v) and f be a positive differentiable function on the
" interval on I° with [a,b] C I°. If |f*|, is an *h-

X [ln of” <<1 - 5) a+ 5 b) convex function, then the next AG-multiplicative

Int. j. math. phys. (Online) International Journal of Mathematics and Physics 17, Ne1 (2026)
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inequality holds. and
(Fla)f )} (£(23)) ™ (Fl@)f)* (1)
20— (et 1) &(%‘H)
+b +b\] GaF g atb\ = 4. (atb )
() (R | o) e
(19)
<[1F G 1f @), <1 ). 1f* @),
Where where Cy(a), Ky(a) and Ly (o) are defined by
| (16), (18) and (20) respectively.
_ o
Ly(a) = /0 % +v—1]dr. (20) Parameterized fractional inequalities via AG-

Proof. The proof of Theorem 21 is similarly to
the proof of Theorem 20. ]

Parameterized fractional inequalities via AG-

multiplicative s-convex functions

Putting h(t) = t* where s € (0, 1], into inequal-
ities (15), (17) and (19) delivers the following re-
sults.

Corollary 22. Lets € (0,1, >0, vEe R and f
be a positive differentiable function on the inter-
val on I° with [a,b] C I°. If |f*|, is an *s-convex
function, then the next AG-multiplicative inequal-
ities hold.

<f<a>f<b>>%(f(%b>>l '
@ f(a

F(a+l)
[+ F2S (D) % )] 2ot ],

Cy(a)

<1F B, -1 (@), )

and

0y 110

[y #2470

S [|f* (b)|* |f* (a)’*] (2S+1>Kv( )

International Journal of Mathematics and Physics 17, Ne1 (2026)

multiplicative convex functions

Putting /(r) = ¢, into inequalities (15), (17) and
(19) delivers the following results.

Corollary 23. Let ¢« >0, v € R and f be a pos-
itive differentiable function on the interval on I°
with [a,b] C I°. If |f*|, is a *-convex function,
then the next AG-multiplicative inequalities hold.

(F@)£(b)% (f (42))"
(e TQf(b) - -T2 f(

<[IF* )], - 1f* (@)] )55l

and

20-11(g41)
(b-a)®

Int. j. math. phys. (Online)
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<[If* ). |f* ()], (7))

where Cy(a), Ky(o) and Ly(a) are defined by
(16), (18) and (20) respectively.

Parameterized fractional inequalities via AG-

multiplicative P-functions

Setting A4(¢) = 1 into inequalities (15), (17) and
(19) yields the parameterized AG-multiplicative
inequalities for xP-functions.

Corollary 24. Let o« > 0, v € R and f be a pos-
itive differentiable function on the interval on I°
with [a,b] C I°. If | f*|, is an xP-convex function,
then the next AG-multiplicative inequalities hold.

(Fa)f(b)F (f (452))"

[(a+1)

[a+ Z0F (b) - 5.7 f (@) ] 207"

*

<[1FF B, -1 (@), (2@,

and

(Fla)F(0))? (F(e52))
2 @iy
|:a+f*af(a—;b)‘*quf(a—;b)] G0

< (£ B)L.1F* (@), )7,

where Cy(@), Ky(@) and Ly(o) are defined by
(16), (18) and (20) respectively.
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PARTICULAR CASES OF PARAMETER-
IZED AG-MULTIPLICATIVE FRACTIONAL
INEQUALITIES

AG-multiplicative midpoint-type fractional inequali-
ties

Taking v = 0 gives

1 1
C(a):/2]2t“|dt—i—[ 2% 2| dt,
0 2
1
K(a)= [ 1%,
0
1
L(a):/ 1%~ 1] dr.
0

The inequalities in Theorem 19, Theorem 20
and Theorem 21 simplify to the following AG-
multiplicative midpoint-type fractional inequali-
ties, given that |f*|, is AG-multiplicatively h-
convex function on the interval [a, b].

f(45)
T'(o+

[as FEF(b) -T2 fla)] 70 o

*

<[l B)].1f* (@), ) CG)C@
And

201 (g+1)

a a (b-a)®
oy FE0) 15 10

*

(22)

201 (g+1)

b b\ a7
[ﬁjyf(“; )wjﬁf(a; )}( |

(23)

1

<[ ®)|,If" (a)|*](b%a)h(§)L(a) ‘
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Remark 25.

* Taking h(t) = t* where s € (0,1] in then
above inequalities (21), (22) and (23) gives
results related to AGmultiplicative s-convex
functions.

* Changing h(t) =t in the inequalities (21),
(22) and (23) yields conclusions related to
AG-multiplicative convex functions.

» Adopting h(t) = 1 in the inequalities
(21), (22) and (23) produces consequences
through AG-multiplicative P-functions con-
vex mapping.

* Putting @ = 1 in the preceding inequalities
(21), (22) and (23) yields the midpoint in-
equality given in [15].

(b—a)h(%)

<[ @)1 (@]

AG-multiplicative trapezoid-type fractional inequali-
ties

Taking v = 1 gives
1
C(a) :/ 2% — 1 d,
0
1
K(a) :/ 11| dt,
0

L(a) = /01 11 d.

The inequalities in Theorem 19, Theorem 20
and Theorem 21 simplify to the following AG-
multiplicative trapezoid-type fractional inequal-
ities, given that |f*|, is AG-multiplicatively h-
convex function on the interval [a, b].

f(a)f ()
Tarl)
[+ S (b) -+ 2 f(a)] 20"

*
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(24)
<[IF* B, If* (@), (FHE)e@
And
f(a)f(b)
2% 1ratn
o o (b-a)®
(#)ﬂﬂ* f(b).*f(#),f(a) *
(25)
<[IF )], £ (@)],)(FF)HK @)
And
fla)f(b)
2%~ Ir(a+1)
o atb o a+b b—a)®
la+f* f( > ) *fbf( 5 )}

b—a

<[l ®)].1f* (@)],) 2 ()L

Remark 26.

» Taking h(t) = t° where s € (0,1] in then

above inequalities (24),

(25) and (26) gives

results related to AGmultiplicative s-convex

Jfunctions.

» Changing h(t) =t in the inequalities (24),

(25) and (26) yields co

nclusions related to

AG-multiplicative convex functions.

* Adopting h(t) = 1 in the inequalities

(24), (25) and (26) pro

duces consequences

through AG-multiplicative P-functions con-

vex mapping.

* Putting o« = 1 in the preceding inequalities
(24), (25) and (26) yields the trapezoid in-
equality established in [15].

fla)f(b)

([ o)™

*
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Remark 27.
(b-ain(3) * Taking h(t) = t* where s € (0,1] in then
% % 9
<@L 1@l above inequalities (27), (28) and (29) gives
AG-multiplicative Bullen-type fractional inequalities result.s related to AGmultiplicative s-convex
Jfunctions.

* Changing h(t) =t in the inequalities (27),

Taking v = %, we get
(28) and (29) yields conclusions related to

3 1 1 3 AG-multiplicative convex functions.
C(a):/ 2t% — — dt+[ 2t% — =\ dt,
0 2 2 2 » Adopting h(t) = 1 in the inequalities
1 1 (27), (28) and (29) produces consequences
— — o _ - ’
K(o) = L(a) = /0 ! 2‘ . through AG-multiplicative P-functions con-

. e vex mapping.
The inequalities in Theorem 19, Theorem 20

and Theorem 21 simplify to the following AG- * Putting o = 1 in the preceding inequalities
multiplicative Bullen-type fractional inequalities, (27), (28) and (29) yields the Bullen inequal-
given that |f*|, is AG-multiplicatively h-convex ity established in [15].

function on the interval [a, b].

(e (r252)*)’

1
b b—a
a d
Lo S (B) I (@) 760" ([uo)™ ]
(27)
ba\y(1 (b—a)h(%)
<[F B)LIF (@), <[ @)1 @)
And AG-multiplicative Milne-type fractional inequalities
1
<(f(a)f(b))(f(#))2>4 Tak1ngv—13,weget
- 1 1
. . 2 Derl) C(oc):/2 2t°‘—§dt+[ 2ta—§dt,
oy FO) 15 10 ° f
2 (4%) * 1 4
K(a) = __
(28) (a) /0 3 dt,
b=a\p(1
<[F B)LIF (@), La)= [ |+t ar
0
And . o
The inequalities in Theorem 19, Theorem 20
1 and Theorem 21 simplify to the following AG-
b atby\\2)* multiplicative Milne-type fractional inequalities,
((f(a)f( ) ((557) : given that |f*|, is AG-multiplicatively h-convex
297 I(a+1) f ; he i 1 b
b b =L unction on the interval [a, b].
{amxf (“+ ).*y,;xf (“; )} N
* a) f(b)? (F(452))™
09) (@) (£(2£2)) bl
<[ @)L 1f* (@) )2 [ar FEF () xS fla) |00 |
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(30)

And
((rapr®)? (Fegt) ™)
201 1(g41)
o o (b-a)®
{wwﬂﬂw%%wf@] *
(31

And
(@ fB)* (£(552) ")
201 (g 41)
{ﬁﬂaf (a+b) T (a;b)]ww
(32)

<[ B).1f* (a)],) TG
Remark 28.

* Taking h(t) = t* where s € (0,1] in then
above inequalities (30), (31) and (32) gives
results related to AGmultiplicative s-convex
functions.

» Changing h(t) =t in the inequalities (30),
(31) and (32) yields conclusions related to
AG-multiplicative convex functions.

» Adopting h(t) = 1 in the inequalities
(30), (31) and (32) produces consequences
through AG-multiplicative P-functions con-
vex mapping.

* Putting o = 1 in the preceding inequalities
(30), (31) and (32) yields Milne inequality
established in [15].

*
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: : -
 ties, given that |f

s(-ayn( 1)

A @)

<[lr @)l

AG-multiplicative Simpson-type fractional inequali-
ties

Taking v = %, we get
1
3 1 1 5
Cla) = 2t* — —|dt / 2t% — =\ dt
1 1
K(a):/ ta——‘dt,
0 3
1 2
Ma%:/ 1% — | dt.
0 3

The inequalities in Theorem 19, Theorem 20
and Theorem 21 simplify to the following AG-
multiplicative Simpson-type fractional inequali-
|, is AG-multiplicatively h-
convex function on the interval [a, b].

(@) (r=2))*
I'(a+1)

Lot T2 () %I f(a)| 200"

(33)

<[IF B If* (@)],) (2@,

And
(@) (ree5t)*)°

20111 1)

a o —a)®
[Hﬁfﬂ)&%%f@ *
(34)

<[ B 1f* (@), 2 E)E(@)
And
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(35) ties, given that |f*|, is AG-multiplicatively h-

! convex function on the interval [a, b].

<[If* ). 1f* (@)].]ZIGIHe),
Remark 29. ((f(a)f(b))7 (f(#))16>@

I'(a+1)

 Taking h(t) = t° where s € (0,1] in then [a+ ZEf(b) - %5 f(a)] 2007
above inequalities (33), (34) and (35) gives *
results related to AG-multiplicative s-convex (36)

Junctions <[ @)L, |f* (@], )2,

* Changing h(t) =t in the inequalities (33),
(34) and (35) yields conclusions related to
AG-multiplicative convex functions.

* Adopting h(t) = 1 in the inequalities (( Fla) (b)) ( f(#))“) .
(33), (34) and (35) produces consequences
through AG-multiplicative P-functions con-
vex mapping. { (

And

* Putting o = 1 in the preceding inequalities (37)
(33), (34) and (35) yields Simpson inequality <[IF* )], 1f* (a)] ](l’;f)h(%)lf(a).
established in [15]. *

((f(a)f(b)) (f(#))“)
(/ ") (@) (Fe52)"*)*

221 (g+1)
lﬁf*"‘f(“;b).*fb“f(“;bﬂ )
<[ ®).-f (@] . (33)

<[ B 1 (@) )M,
AG-multiplicative corrected Simpson-type fractional
inequalities Remark 30.

Taking v = &, we get * Changing h(t) =t in the inequalities (36),
(37) and (38) yields conclusions related to

AG-multiplicative convex functions.
C(a):/ 2% — L dt+/
0 o Taking h(t) = t° where s € (0,1] in then
K(a)= /1 % — | dt, above inequalities (36), (37) and (38) gives
0 15 results related to AGmultiplicative s-convex
1 .
L(a) = / o % dr. functions.
0 » Adopting h(t) = 1 in the inequalities
The inequalities in Theorem 19, Theorem 20 (36), (37) and (38) produces consequences
and Theorem 21 simplify to the following AG- through AG-multiplicative P-functions con-
multiplicative Simpson-type fractional inequali- vex mapping.
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e Putting o = 1 in the preceding inequali- [4]
ties (36), (37) and (38) yields the follow-
ing corrected Simpson inequality via AG-
multiplicatively h-convex function. (5]

(e (1))
b Fa [6]
(f cran”

113(b—a)h(l) (7]

<[l @) -1 (@)]]

Putting h(t) =t gives the next corrected
Simpson inequality via AG-multiplicatively 18]
convex function.

[

16> 30 9]

[10]

113 (b—a)

<[f B 1f (@],) B
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