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Abstract. This paper is devoted to the study of a class of nonlinear elliptic problems involving weighted degenerate
operators of p-Laplacian type, lower-order perturbations, and singular source terms. Such problems arise in the math-
ematical modeling of heterogeneous media and diffusion processes characterized by nonuniform physical properties,
where degeneracy and singular behavior significantly complicate the analysis. The main objective of the work is to es-
tablish the existence of entropy solutions for a broad family of weighted elliptic equations with merely integrable data.
The analysis is carried out within the framework of weighted Sobolev spaces associated with Muckenhoupt weights,
which provide a suitable setting for handling both degeneracy and lack of regularity. The methodology relies on the
construction of appropriate approximating problems, truncation techniques, uniform a priori estimates, compactness ar-
guments, and convergence methods adapted to entropy solutions. Under suitable assumptions on the weight function, the
nonlinear perturbation term, and the singular nonlinearity, the existence of at least one entropy solution is proved. The
obtained results extend several earlier existence theorems by simultaneously incorporating weighted degeneracy, lower-
order perturbations, and singular reaction terms into a unified framework. This study contributes to the theory of nonlinear
elliptic partial differential equations by enlarging the class of problems for which solvability can be guaranteed with low-
regularity data. Moreover, the developed approach provides useful analytical tools for future investigations of weighted
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singular problems arising in mathematical physics, engineering, and related applied sciences.
Keywords: Entropy solutions, Existence results, Singular non-linearity, Weighted Sobolev spaces.

INTRODUCTION

Let Q be a bounded open subset of RV,
with N > 2, p>1 and 7 > 1. This work

—div(0(xX)¥(Vu—0O®))) + |u|" 'u= fh(u) inQ,

u>0
u=20

where
W(E)=E[F?E VEERY,

o(x) is a weight function (i.e. @(x) is a measur-
able almost everywhere strictly positive function
on RY), the operator —div (@ (x)¥(Vu — O (u))),
where @ is a continuous function from R to RV,
is a mapping defined on the weighted Sobolev
spaces WO] P(Q, ®) into its dual, the term |u|* ' u
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focuses on the existence of entropy so-

lutions to Dirichlet problems given by:
in Q, (1)
on dQ,

represents a lower-order perturbation and the
right-hand side includes a non-negative datum
f € L'(Q) with a singular function A(s) behav-
ing like s~ 7 near zero, and y > 0.

We begin by reviewing existing results related to
problem (1), with particular emphasis on the dis-
tinction between two principal cases based on the
behavior of the source term 4 near zero. In the
non-singular case (Y = 0), when the coercivity is
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degenerate with @, the existence of entropy solu-
tions with f € L' () was tackled by Sabri et al. in
[1]. Similar or more general results can be found
in ([2, 3, 4]).

In the singular case (y > 0), the lack of integrabil-
ity at the origin poses significant analytical chal-
lenges. Foundational contributions for such prob-
lems with L' data and constant weight @ = 1
include [5], with more recent developments pre-
sented in [6] (see also [6, 7]). In the presence
of weight (i.e. @ is not constant), the problem
reduces to a model involving only the principal
degenerate and possibly singular operator. This
scenario has been studied in [8], where the author
proved the existence of solutions to:

—div (a)(x) |Vu|p_2Vu> - iy inQ,

u
u>0 inQ, @
u=>0 on 0Q,

where f is a non-negative function belonging
to a suitable Lebesgue space, by considering
separately the cases 0 < y< 1, y=1,and y > 1.

Our goal is to prove the existence of entropy
solutions to problem (1) under suitable assump-
tions on the weight function and the nonlinear
terms involved. The use of weighted Sobolev
spaces is essential to handle the degeneracy
and to ensure compactness. These spaces are
well-suited to handle spatial heterogeneity and
allow the application of compact embeddings
and weighted Poincaré inequalities. Foundational
results in this setting can be found in [9, 10, 11].
Our method combines truncation techniques, a
priori estimates, and compactness arguments.

The structure of the paper is as follows. Sec-
tion presents the essential preliminaries and es-
tablishes the functional setting. In Section , we

LP(Q o) = {u : Q — R, meas., /Q lu(x)|Po(x)dx < 00} ,
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formulate the main assumptions, define the no-
tion of entropy solutions, and state the principal
existence result. Section is dedicated to the proof
of this result. Finally, Section offers a concrete
example that demonstrates the relevance and ap-
plicability of our theoretical framework.

PRELIMINARY RESULTS AND NOTATIONS

This section introduces the fundamental no-
tions and essential properties related to weighted
Sobolev spaces, particularly those involving
Muckenhoupt weights. These concepts are cru-
cial for studying elliptic partial differential equa-
tions that exhibit degeneracies or singularities.

Muckenhoupt Weights A,

Definition 1 Let @ be a weight function. For
1 < p < oo, we say that @ belongs to the Mucken-
houpt class A, (or simply @ € A,), if there exists
a constant C > 0 such that for every ball B C R,

(ﬁ/Bw(x)dx) <|1F|/Ba)(x)l’_lldx)p_] <c.

3)

Example 2 Here are some examples of A,
weights:

* o(x) = |x|* € A, if and only if —N < o0 <
N(p—1).

« o(x) = (1+[x[*)%? € A, for appropriate
values of «.

Weighted Lebesgue and Sobolev Spaces
Definition 3 Let Q@ C RY be a bounded open set

and w € A,
* The weighted Lebesgue space
of weight ® is defined as:
“)
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where the norm is

Jull 0 = </Q |u(x)|pa)(x)dx) g .

* The weighted Sobolev space, denoted by
WP (Q, @), is the space of real-valued func-
tions u € LP(Q, ®) such that diu € LP (Q, )
fori=1,....N, which is a Banach space un-
der the norm

a0 = ( [ ot ds
)

+/Q|Vu|"a)(x)dx) '

Remark 4 Since o € L} (Q), we can define the

loc
subspace X = Wol’p(Q,a)) of WP (Q, ) as the
closure of 65°(2) with respect to the norm (5),
and by the weighted Poincaré inequality (see be-
low), its norm is equivalent to:

N ) ’
lully = (;/Q\aiw w(x)dx) O ©

1 N
A= {a) €A, GLI(Q) for some s € {—1,‘”) N (—am)}-
p—

This subclass allows one to shift from the
weighted Sobolev space into the classical Sobolev
space. Indeed, we have the following embedding
theorem (see [8]):

For any o € Ay,

WP (Q 0) — WP (Q) — LI(Q),  (10)

where p; = £ € [1, p); the range of ¢ depends

on the spatial dimension N and the coefficient
ps- This embedding is continuous and, except for
some limiting cases, compact. In particular, one
can ensure the existence of g > p such that:
WiP(Q, ) — L1(Q), (11)
continuously. This property is crucial for estab-
lishing a priori estimates later in the analysis.
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—1
Moreover, as @71 € Ll (Q) then X and
WP(Q, ) are separable and reflexive Banach
spaces.(see [12])

Weighted Poincaré Inequality And Embedding Re-
sults

Theorem S ([13]) Let Q be a bounded Lipschitz
domain and @ € A,,. Then there exists a constant
p > 0 such that for all ¢ € C7(Q),

[ lowpomaxs 7 [ Vowpodx

(7
Moreover, the embedding
WP (Q, 0) —— L (Q, 0) (8)
is compact.

Throughout  this  work, we  assume
that the weight function ® € A, where
Ay is a subclass of A, defined by

)

P

Finally, the dual space of X is equivalent to
WP (Q, 0*) where ©*(x) := @' 7 (x) and p' =
% is the conjugate of p.(see [10, 11] for more
details)

Technical Lemma And Notations

We recall some useful vectorial inequalities:

Lemma 6 ([14]) For each &,m € RN and p > 1,
we find

%|¢|"—}9mrps EP2E(E ).

For technical purposes, we will use the follow-
ing truncation functions, for a fixed k£ > 0 and
Jj>0:

Tx(s) = max (—k,min (k,s)),
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Gi(s) = s —Ti(s),

1 |s| <k,
Vij(s) = Bl g < |5 < 2k,
0 |s| > 2k,
and
Zi j(s) = 1=V j(s).
Moreover, we note by ot =

max{@,0} and ¢ = —min{@,0} the posi-
tive and the negative part of ¢.

Finally, we mention that the constant C used
in our paper may change from line to line and it
depends only on the data of our problem but it
never depends on the indices of the sequences we
well often introduce.

STATEMENT OF THE PROBLEM AND MAIN
RESULT

Throughout this paper, we assume that the follow-
ing assumptions hold true:

(H1) Let Q be a bounded Lipschitz open set in
RV(N>2),1<p<oo,t>1and € A,.

(H2) The function ® : R — R" is continuous
and satisfies

©(0) =0 and

12
1©(s) —O(s")| < Bls—s/| forall s, s’ €R, (12)

where f3 is a real constant such that 0 < 8 <
1

2.7,
Theorem 5.

(H3) The function & € € ([0; +o0[;[0; +o0]) is a
singular sourcing that is finite outside the origin
such that

and .}, is the Poincare constant given in

Je >0, y > 0 with the property that:

13
h(s) < %, for all s € (0,00). (13)
s

{—div(w(x)‘P(Vun —O(un)) + Ty (|tn) " tt) = fuhn(un) in Q,

u, =0

Int. j. math. phys. (Online)

(H4) The function f is non-negative and belongs
to L'(Q).

We now introduce the definition of an entropy
solution to (1), followed by the statement of our
main result.

Definition 7 We say that a non-negative measur-
able function u is an entropy solution to problem

M if

Ti(u) € W, 7 (Q, ), (14)
o ()Y (VT (u) — O(Ti(u)))
I @),
i=1
" tue LN (Q), (16)
ST (u— o) € L'(Q) (17)
and

/Q &)W (Vi —Ou)) - VTi(u— @) dx

+/Q]u\fluTk(u—(p)dx (18)

< [ fnaTi(u—p)dx
Q
for every k > 0 and for any ¢ € Wol’p(Q, ®)N
L=(Q).
Our main result is the following theorem:

Theorem 8 Assume that (HI)-(H4) hold with
0 <y < 1. Then, there exists at least one entropy
solution u of problem (1).

PROOF OF OUR RESULT

The proof is divided into five steps.

Step 1: Approximating problems
For n € N, we consider the following problem

19
on dQ, (19

International Journal of Mathematics and Physics 17, Ne1 (2026)
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where f,, = T,(f) and
o) {Tn_<h<s>> 520
min(n,h(0)) s<O.

In this approximating problem, we have trun-
cated both the lower-order term and the singu-
larity of the right-hand side. The existence of a

and using Gy (u,) as test function in (19), together
with the growth of the function r — #]¢]*"", we
find
/ & (X)W (Vity — O(ttn)) - Vit dx
Q(k)

gn2/ Gy ()| dx,
Q(k)

weak solution u, € X to problem (19) is ensured where Q(k) := {x€Q: |u,| >k}. We es-
from the classical results used in [15, 16] (see also timate the left hand-side of the former in-
[17, 1]). Furthermore, Well-known results (see equality by applying Lemma 6, as follows
[18]) guarantee that u,, € L*(Q). Indeed, letk > 0
/ o (x)¥(Vu, —0O(uy)) - Vu, dx
Q(k)
_ / & (%) Vit — O(1t) P2 (Vity — O(1tn)) - Vit dx
Q(k)
= Ly @00 Vit = () (Vi — () (Vs ~ ©t) + O(un))
[ o) Vi~ 0w dv—— [ o(x)[0w)" d o
> — o(x)|Vu, —O(u xX— —/ o(x u X
~ pJow v P Jaw !
2
> o(x Vupdx——/ o(x)|O(uy,)|? dx
2 T oy @Ol = [ 0(2) 00|
1 2BP.7Y
> ( I id; )/ @ (x) [Vun|” dx,
p2r- p Q(k)
where in the above inequality, we have used ~ Consequently,
1 1 1 2proy p
551 Vianl” = 5, Vitn = ©(utn) +©(un) | (pzp_l R /Qw(X)IVGk(un)\ dx
1 - 2
< o [ (1 — O <[ o [Gutwla
+10(u)1")]
1
= [V, — O(uy)|P + |O(uy)|? Keep in mind that 0 < 8 < A which implies
p
1 p _ 1 2pr.7y
and that27>ﬁpf,thenCp—W— pp>0.

2/
— o(x)|®(u,)|? dx
[y @tet)
/ () |1tn|? dx
Q(k)

p
i
p P
- yf’/ O (x)|Vitn|P dx
a(l

P
P
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Hence,

2
/w(x)yvck(un)v’ dx < ”—/ Gy (10n)| dx.
Q Cp Jak)

2D
Using Holder’s inequality with the coefficients ¢
and ¢’ in the right-hand side together with the con-
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tinuous embedding (11), to get

IGelun)§ = [ @) |VGi(ur)” i

< Z—irsz(k)\q" ( PR dx);

1
< CIQK)| 7 |Gy () x »
(22)
since p > 1, then

-1 o
1Gi(un)lly ™ < ClQK)]7

where the positive constant C is dependent on 7.
For 1 < k < h, the continuous embedding (11)
and the previous inequality imply that

(h— k)P (i) £ = ( / (h)(h—k)qu)Z

< ([, (=20 dx>z
<(/, (k)<|un|—k>qu)z
< ([, Gt dx)2

<c /Q o (x) [VGi(un)|? dx

l’/

< C|1Qk)|7 .
Thus, we deduce

¢ ol
(h—k)q ‘Q(k)|l’ll *

1Q(h)| <

Since g > p implies qp—’;ﬁ > 1, we can proceed as in
[18] to conclude that u,, € L*(Q).

To demonstrate that i, is non-negative, we take
—u,, as atest function in the weak formulation of
(19), we find

/ & (X)W (Vity — O(ttn)) - Vit dx
{u,,SO}
+ 1, n‘ri1 n)Und
/{un§0} (|u| u)u X

= —/ Sl (un)u,, dx.
Q

(23)
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Since the second term on the left-hand side
is non-negative and the right-hand side is non-
positive, we proceed in the same way as before
to get,

e [[ <0,

this implies that ||u, ||x = 0, leading us to con-
clude that u, > 0 almost everywhere in Q.

Step 2: A priori estimates and basic conver-
gence results

In this step, we will establish some a priori esti-
mates for the solutions u, of the problems defined
in (19). These estimates will help us to prove The-
orem 8.

Lemma 9 Suppose that the hypotheses of Theo-
rem 8 are satisfied and let u, be a weak solution
of (19). Then, for every k > 0,

1Tk (un) |l < C,
where C is a constant independent of n. Moreover,

there exists a non-negative measurable function u
such that

U, —u a.e. inQ

and

Ti(un) — Ti(u)  weakly in X as n — +oo.

Proof. For k > 0, we use Tj(u,) as a test function
in the weak formulation of (19), yields

/Q & (X)W (Vity — O(ttn)) - VT (1) dx
—|—/QT,Z(|un\r_1un)Tk(un)dx

= / S (un) T (uy,) dx.
Q

From this, (13) as well as the observation that
lun|" u, and Ty (u,) have the same sign, we de-
rive the inequality

| @G P(VTi(1) ~ O(Tk 1)) - Vi) d

< /an (T (un)) Y g

International Journal of Mathematics and Physics 17, Ne1 (2026)
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Consequently, by using the same arguments used
in (20), we can conclude

KN £l (24)
&

p

/ () [V T (1) |P dx <
Q

Since f € L!(Q), it follows that T (u,) is bounded
in X. Thus, there exists some v; € X such that

T (un) — v weakly in X,

Ti(

(25)

Next, we will demonstrate that u,, converges in

measure to some measurable function u. Let k >

0, from (24)and the embedding X — L'(Q), we
have

k meas ({|un| > k}) :/ T () | dx
>k}

<c /Q ()| VT (1) ? dx

C
_ HfHLl(Q)k
<=

1y

up) — vi strongly in L (Q, @), and a.e. in Q.

This leads us to conclude that, for every k > 0,

meas ({|u,| > k}) < o (26)
Furthermore, for any 6 > 0, we have
meas ({|uy — un| > 8})
< meas({|u,| > k}) @7

+ meas ({|up| > k})
+meas ({| T (un) — T (um)| > 8}).

Let € > 0, by using (25)-(27), we can easily
find some k(€) > 0 such that

meas ({|u, — un| > 8}) <€,

for any n,m > no(k(€), 8).

This shows that u, is a Cauchy sequence in
measure; therefore, it converges almost every-
where, for a subsequence, to some measurable
function u. Therefore, from (25), we obtain

T (un) — T (u) weakly in X,

T (un) — Ti(u) strongly in LP(Q, @) and a.e. in Q.

On top of that, using the condition (12) and
weighted Poincaré’s inequality, we have

/ o7 (x) |0 (x) ¥ (VT (i) —

/ ’VT/( l/tn

<C/ x) | VTi(uy)|P dx.

Thus, from Lemma 9, the
(@(x)¥(VIi(un) — O(Ti(un))), s
N

in HLPI(Q, w'~""). Therefore, for every k > 0,
i=1

O(Ti(un))|” dx

— O(Ty(uy)|? dx

sequence
bounded

N

. . / o

there exists a function y; € I IL” (Q,0'7)
i=1

International Journal of Mathematics and Physics 17, Ne1 (2026)

(28)
OJ
such that
@ () (VTi(un) — O(Tic(un))) — i
weakly in ﬁLP’(Q, '), (29)
i=1

Step 3: Strong  convergence  of

<Tn(|”n|7_1 ”n>>n

Lemma 10 Let u, be a weak solution of (19).
Then,

T (] * ) — [u|™ 'u (30)
strongly in L' (Q).

Proof. For 6, j > 0, using Zs ;(uy,) as a test func-
tion in the weak formulation of (19) and ignor-
ing the first term which is positive (recall that
Zs, j(un) = 0 when u, > 0). This yields

Int. j. math. phys. (Online)
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/Q Tn(|un|f_]un)25,j(un)dx

< | sup A(s) / fdx
<s6[5,°<>) ) {un>0}

letting j — 0, we obtain
To(|un|*
/{un>5} n(| n| n)

< | sup h(s) / fdx.
SE[8,0) {un>6}

The fact that f € L'(Q) allows us to say that,
for any given € > 0, there exists a d; such that

/ fdx<e.
{un>08¢}

By (31), for any measurable subset E of Q, It
follows that
Tn(|un|r_1 Un)

E
= [ |l w)
Eﬂ{un>58}

+ To(uta] = 1)
EN{un<8:}

dx

(31

dx

dx

(32)

dx < g,

T (i )| dx =

E
Lo | mml™ )
Eﬂ{un>58}

O A A i
En{u, <8¢}

dx  (33)

dx < g,

provided that meas(E) is small enough. There-
fore, T,(Jun|" " uy)) is equi-integrable, hence, by
virtue of Lemma 9 and Vitali’s theorem, it con-
verges strongly to [u|"" i in L'(Q). O

Step 4: Strong convergence of truncations

Before demonstrating the strong convergence
of truncations, we need to establish the follow-
ing lemma, which will be helpful in subsequent
arguments.

Lemma 11 For k > 0, suppose that the hypothe-
ses of Theorem 8 are satisfied and let u, be a

weak solution of (19). Then, for all non-negative
(NS WO] P(Q,m)NL?(Q), we have

/Q Fuhn() @ dx < C, (34)

where the constant C does not depend on n.

Proof. Let k > 0 and ¢ be a non-negative func-
tion in Wol’p(Q, ®)NL*(Q). Taking Vi(u,)e as
a test function in (19) (where Vi(u,) = Vi x(un))
and ignoring the positive terms, we obtain

/Q Sl (Un) X g, <icy @ dx

< / @ () Vi (1) ¥ (Vity — ©(u)) - Vpdx (35)

/ O (x)Vi () ¥ (Vi — O(uy)) - Vodx < / Ox) ¥ (VT (uy) — O(Tor(uy))) - Vo dx
Q Q

<

T~

+C [ o

On the other hand, one has
/QT,,(|un|f—1un)vk(un)<pdx

un ) Vi(un)@dx < C.
Int. j. math. phys. (Online)

(37)

|”n|

[ @I Tk (tr) — O (Tt () "+ /
Q

|T2k un |pdx—|— /

+ / (Jttn]*" 1) Vi (1) @ .
On the one hand, applying Young’s in-
equality and wusing (12), we derive
X)|[VolPdx < C / )|V Pdx (36)

x) |Vl dx < C (|| Tox(un) ||Ix + || @llx) -

Combining (35)-(37), and applying Lemma 9, we
obtain
/Q Sl () X<y 9dX <C. (38)

International Journal of Mathematics and Physics 17, Ne1 (2026)
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Moreover, it is straightforward to show, due to
the assumptions on 4 and f, that

/anhn(”n)?({un>k}q)dx <C.

Thus, from (38) and (39), we conclude that

Fuln(un) @ € L1(Q). O
Now, we have all the ingredients to demon-

strate the strong convergence of the truncations.

(39)

Lemma 12 For k > 0, suppose that the hypothe-
ses of Theorem 8 are satisfied and let u, be a weak
solution of (19). Then Ti(u,) — Ti(u) strongly in
X as n — oo, where u is given by Lemma 9.

Proof. Let k > 0, and without loss of generality,
we may assume that n > k. For simplicity, we set

throughout the proof

P(s,6) = 0(x)¥ (5 —0(s)).

We choose Ty (u,) — T (u) as the test function in
(19), this gives

/Q & (10, Vitn) - V (T () — Ty (1)) dix
[ Tl ) (i) = Tia)) v

= [ fubtn) (i) = Ti(a)) .

From this, we derive the equality

/Q (P (Tic(un), VTi(un)) = @ (T (utn), VTi(w))) - V (Ti(tn) — Ti(w)) dx

= | @ (T0), V() -V (Twr) ~ Tew) dx-+ [ fubaln) (Tuln) = Tuw)) - (40)
Q Q

- /QT,,(|un|T_1 ) (Ti (1) — To(w)) dx =: .91 + > + 7.

We proceed to analyze each term (.%;),_; , 5 in
equation (40) individually to determine their lim-
its as j — oo and n — oo,

For the first term .#1, by virtue of Vitali’s theo-
rem, we obtain

CID(Tk(un),VTk(u)) — CID(Tk(u),VTk(u))
strongly in l]—VILP,(Q,(o]_pI).
i=1

Given that Ty (u,) — T;(u) weakly in X, it fol-
lows that

lim f] =0.

n—o0

(41)

Turning to %, we let 0 be a small positive
number such that

0¢{n>0:meas({u=n})>0}.
Splitting .%, over {u,, < 6} and {u, > 6} and uti-

International Journal of Mathematics and Physics 17, Ne1 (2026)

lizing condition (13), we have

smzes' T [ fax
+ Jnhn (1) (Tk(un> - Tk(u)) dx.
{u,>8}

For the first term on the right-hand side of (42),

if 1(0) < oo (i.e., y=0), then §' 77 f con-
{un <8}

verges to zero as n — oo and 6 — 07, If 4(0) = oo
(i.e., 0 <y <1), then by Fatou’s lemma and
(34), we see that fh(u) € L (), which implies
{u=0} C {f =0} up to a set of zero Lebesgue
measure. Thus, in both cases,

limsup limsup (5'_7/ f) =
5—0t n—oo {unga}

lim sup (517/ f) =0.
5—0+ {u<s}

For the second term on the left-hand side of
(42), using the Dominated Convergence Theo-

(43)

Int. j. math. phys. (Online)



ENTROPY SOLUTIONS FOR P-LAPLACIAN - 131

rem, we have strong convergence (30) together with Ty (u,) —
_ T (u) weakly in X, we deduce that
lim fnhn(”n) (Tk(un> - Tk(”)) dx=0.
n=e J{u,>8
(“44) lim %% = 0 46
Combining (42), (43) and (44), we conclude that nglgo 3 ' (46)
limsuplimsup.# <0. (45)
60t n—e Bringing together 41), (45)

Finally, concerning the term .#3, invoking the and  (46) in  (40), we  deduce

lim | (P (Tic(un), VTi(un)) — P (Ti(un), VIi(u))) - V (Tic(un) — T(u)) dx = 0. 47)

n—o JQ

Thus, by Lemma 3.2 in [2] and the following [|@]|;=(q) +k. Taking Ti(u, — @)™ as a test func-

strict monotonicity condition tion in (19), we obtain
(\P(g —0(s)) /anhn(un)Tk(un_(P)—i_dx
W(E W) (E-€) >0 WEAE. = f OWH(Tu—Olw) Vil —¢)" dx
T— 1
we conclude that T / (Joan] n) Tl — @)™ dx
. YW (VT,
Ti(un) — Tp(u) strongly in X as n — oo, (48) /{(p<un<(p+k})w X (Vi1 ()
In particular, there exists a subsequence still la- —0(Tu (u”))) v (TM () — ‘ dx +C,
belled with n such that which implies that
Vu,, — Vu a.e. in Q. 49)
/ Snhn(un) Ty - (p)+dx
O
Step 5: Proof of Theorem 8 / ‘w WV (un)

First, in Lemma 9, we established that the limit

u of the approximate sequence u,, from (19) satis- —O(Zis (1)) -V(p‘ dx  (50)

1,p e .
fies, ff)r all k > 0, Ti(u) € W,"(Q, w), verifying +/ }w (VT () — O(Tis ()
assertion (14).
Next, using Lemma 9, (48), (29) and noting VTy(uy)|dx+C.
that ¥ and © are continuous functions, we con-
clude that For the first term on the right-hand side of (50),
using Young’s inequality and (12), we find
N
o ()¥(VTi (1) — O(Ti(u)) € [[L7 (@, 0'7), / |0 (xX)¥ (VT () — O(Tys(un))) - Vo dx
i=1
p
hence verifying assertion (15). Furthermore, it < P /Qa)(x) VT (un) — ©(Tha (un))|” dx

follows from Lemma 10 that (16) holds. 1
We now proceed to show assertion (17). Let +1—)/Qa)(x) Vol”dx < C(||Th (un)|lx + [[@llx) < C,
NS Wol’p(Q,(o) NL*(Q) be fixed and set M = (51)
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where C is a constant independent of n by Lemma
0.
Similarly, for the second term in (50), we find

ol

Combining (50), (51) and (52), we obtain

- o) Bt~

Applying Fatou’s lemma to the above inequal-
ity yields that fh(u)Ti(u — @)* € L'(Q). A
similar argument with 7j(u, — @)~ shows that
Fh)Ti(u— 9)~ € LI(Q), 50 fh(u)Ty(u— 9) €
LY(Q).

To establish assertion (18), we take Ti(u — @)
as a test function in (19), where ¢ € W, 7 (Q, 0) N
L>(Q), giving us

P (VT (1) — O(Tis (un)))
(52)
-VTM(un)

dx <C.

p)tdx<C.

/Q & (X)W (Vity — O(ttn)) - VT (1n — @) dx
[ Tollnl*™ )T — ) (53
- /Q Fuhn(t6) T (1 — @) dlx.

Our objective is to take the limit as n — oo in this
expression. For the first term on the left-hand
side, note that VT (u, — ¢) is nonzero only on the
set {|un — @ < k}. Setting M = ||@||=(q) + &,
Lemma 12 shows that

Tic(un) — T (u)
Since, as n —> oo,

()% (VT (1) — O(Tos (i)
— () (VT (1) — O(Th (1))

strongly in X as n — oo.

N (54)
weakly in L7 (Q,0'").

Thus, h

tim [ 0(¥(Viy — O(u) Vi — ) =
/a) W(Vu—Ou)) - VTi(u— ¢) dx.

(55)

International Journal of Mathematics and Physics 17, Ne1 (2026)

For the second term on the left-hand side,
we use the strong convergence Ty, (|u|" ' uy) to
lu|" ' u in L'(Q) along with the weaks conver-
gence of Ty (u, — @) to Tr(u— @) in L=(Q), to get

Tn(|unlr_]un>Tk(un —@)dx

= / )" u T (u— @) dx.
Q

lim
n—o [0

(56)

For the right-hand side, if 4(0) < oo, the limit
follows by the Dominated Convergence Theorem.
If 2(0) = o, we decompose the right-hand side of
(53) as

/Q Folin (1) Ti0, — @) dix
= /Q Futn () T (10 — @) dx
+ /Q Fun () Tt — @) dix.

Now, we pass to the limit in the first term on
the right-hand side of the previous inequality, and
we can treat the second term in a similar manner.

Let € be small enough such that € ¢ {n > 0:
meas({u = n}) > 0}, which is at most a count-
able set. By taking (u, — @) " Ve (u,) as a test func-
tion in (19) and disregarding the positive and neg-
ative terms, we obtain

/ 1) (1 = @)
{u,<e}

¥ (Vu, —O(uy,)) - V(uy — @) dx

/VS un

+/ Ve (un)T, |un|q 1un> (up — @) " dx.
(57)

Using (12) and Lemma 9, it is straightfor-
ward to show that Vg(un)w(x)‘I’§Vun — O(up)
is bounded in [[¥,L”(Q,0' 7). Hence,
Ve (un) 0 (x)¥(Vu, — O(uy,)) converges weakly to
Ve (u) 0 (x)¥ (Vi — O(u)) in [TV, LV (Q, 0" 7).

Moreover, Tr¢ (u,) converges strongly to The (u)
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right-hand side of (53), thus proving assertion
= e Fohn(un)(un— @) dx  (61) (18).
" So, with this last step the proof of Theorem 8 is
+ Sl (1) T (4 — @) " dx. concluded.

{up>¢€}

in X as n — oo. Therefore, since it follows from fh(u)Ti(u— @) € L1(Q)
that {u =0} C {f =0}.
: o\t
nlgrolo {un<e) Fuhn(tn) (un = @)™ dx Taking the limits as n — oo and then € — 07 in
61), by using (58), (59), (60) and (62), we obtain
/Vg W(Vi— Ou)) - V(u— )" dx (61), by using (58), (59), (60) and (62)
1,
+ J Vel ulu—g)Tdri= Gt Ca, im [ S il )"
n—so0
(58)
where = /th u) Ty (u— @) " dx.
lim C :/ O(x)¥Y(Vu—0O(u
Jm o= [ o¥Ve-ew) .
+ Finally, by reasoning in the same manner as be-
Vu—¢@) dx=0
fore, we conclude that
and
: _ -1 N —
81LI(I)I+ Czus = /{MZO} ‘”|q u(” - (P) dx =0, r}gn Jnh (”n)Tk(un - q’) dx
(60) _
since ®(0) = 0 and ¥(0) = 0. = /th(”) Ti(u— @)~ dx.
We decompose further as follows
/ Fhn () Tie(u, — @) * dx which is sufficient to pass to the limit on the
Q

for k > €. Regarding the second term on the EXAMPLE
right-hand side of the previous inequality, we find

that In this final section, we provide an explicit exam-

N ple to illustrate the applicability of our main re-

b (un) Te(un — @) < k S(UP )h(s) /s sult. To do so, we will take Q = Bp3(0, 1), where
s€(g,0

Bg3(0,1) is the unit ball of R3, p =3, 7 =2, the
invoking the Dominated Convergence Theorem, weight function @(x) = |x| which clearly satisfies

we deduce ® € Az. Consider the Lipschitz continuous func-
) tion:
lim Fuhn () Tie(uy, — @) * dx
n—ee Jlu,>e}
1 1 1
= h(u) T (u— @) dx. O(s) = h — .

Furthermore, we have already shown that
fh(u)Ti(u—@)* € L'(Q). Thus, a second appli-

\ ] Finally, if we take, for example,
cation of the Dominated Convergence Theorem

yields
flx)= exp_‘x‘2 and h(s) = 1 for s >0,
lim+ lgn fnhn(”n)Tk(un - ¢)+dx \/E
n—oo
e—=0 {up,>€} (62)
= /Q fh(u) Ti(u— @) " dx. then, all hypotheses of Theorem 8 are satisfied.
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Therefore, problem

( du u du u
ax 47 ||| dx 4A
—div| |x| du u_ du u
dxy 4. oxs 4.9
du u u u
o 17/ |\on 57
= —eXp(\;L_lx‘ ) g,
u>0, in Q,
(u=0 on dQ.
(63)

has at least one solution.

CONCLUSIONS

In this paper, we studied a class of nonlin-
ear weighted elliptic problems involving a p-
Laplacian-type operator, a lower-order perturba-
tion term, and a singular nonlinearity. Using ap-
proximation procedures, truncation techniques, a
priori estimates, and compactness arguments in
weighted Sobolev spaces, we established the ex-
istence of entropy solutions for non-negative L!-
data when (0 < y < 1). The obtained results val-
idate the proposed framework and extend several
known existence results by simultaneously treat-
ing weighted degeneracy, singular source terms,
and lower-order perturbations. This contribution
broadens the theory of nonlinear elliptic equa-
tions with low-regularity data. Future work may
focus on uniqueness, regularity properties, and
extensions to more general weighted operators

and stronger singularities.
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