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Abstract. ZnO nanowires have attracted considerable attention due to their wide band gap, high chemical stability,
and pronounced quantumscale effects, making them promising components for optoelectronic and sensor devices. The
electronic states of such nanostructures strongly depend on the properties of the substrate, especially in heterostructures
containing porous materials. In this work, the formation of quantum levels and the electronic properties of ZnO nanowires
in two systems ZnO/ZnSe(bulk) and ZnO/porousZnSe/ZnSe with porosity ranging from 20% to 80% were theoretically
investigated. The base nanowire model, with a radius of 25nm and a height of 500nm, describes the structure as a
cylindrical infinite potential well, while the influence of porous ZnSe is incorporated through porositydependent barrier
parameters: dielectric constant, and electron affinity. Analytical solutions of the Schrodinger equation obtained using
Bessel functions, together with numerical simulations in Matlab, revealed strong radial quantum confinement: the radial
quantization energy significantly exceeds the longitudinal one for the first levels, and the groundstate energy is about
0.0015eV. To quantitatively analyze the effect of substrate porosity, a finite cylindrical potential well model is employed, in
which the barrier height Vo (P) = Xzno — Xefr(P) explicitly depends on porosity through the dielectric constant and electron
affinity of porous ZnSe, calculated using the Bruggeman effective medium equation and the Penn relation, respectively.
Numerical simulations performed for nanowire radii in the range 5—20nm showed that increasing ZnSe porosity leads to
systematic upward shifts of the ground-state energy, with absolute changes reaching up to 3—4meV for nanowires with
radius R < 10nm. The obtained results confirm that porous ZnSe is an effective tool for tuning the electronic states of
ZnO nanowires and open up opportunities for optimizing UV photodetectors and photovoltaic converters by controlling
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substrate porosity.
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INTRODUCTION

ZnO nanowires have attracted considerable
attention due to their wide band gap, high stabil-
ity, and pronounced quantumscale effects, which
make them promising for optoelectronic and sen-
sor applications [1, 2, 3]. It is well established
that the electronic states of nanowires strongly de-
pend on the properties of the substrate, particu-
larly on the electron affinity, dielectric constant,
and potential barrier at the heterostructure inter-
face [4, 5]. The combination of a porous substrate
with ZnO nanowires is of special interest, as their
parameters can be tuned by adjusting the poros-
ity [6]. The emergence of porous ZnSe as a new
type of substrate [7, 8] has introduced an impor-
tant scientific challenge-namely, the lack of com-
prehensive theoretical studies on its influence on
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the quantum levels of ZnO nanowires. This gap
highlights the relevance of the present work, since
the ability to control energy states through sub-
strate modification is crucial for optimizing UV
photodetectors, sensors, and other nanophotonic
devices.

The theoretical significance of this study
lies in modeling the electronic states of ZnO
nanowires while accounting for the porosityde-
pendent parameters of ZnSe. The practical value
is associated with the possibility of deliberate tun-
ing of the electronic and optical properties of such
heterostructures for modern optoelectronic appli-
cations.

Based on previous studies of systems,
such as ZnO/porous-Si and ZnO/porous-GaN, in
which the main focus was on morphological and
optical effects, this work shows for the first time

© 2026 Al-Farabi Kazakh National University


https://doi.org/https://doi.org/10.26577/ijmph.20261715
https://orcid.org/0000-0002-6625-9985
https://orcid.org/0000-0002-2171-514X
https://orcid.org/0000-0002-9633-7251

A. DYADENCHUK

54

the effect of the porosity of ZnSe itself on the
barrier parameters and quantum states of ZnO
nanowires.

Literature review

Zn0O nanostructures are actively studied due
to their unique electronic and optical proper-
ties, which determine their prospects for opto-
electronic and sensor applications [9, 10, 11]. A
separate direction of modern research is associ-
ated with the growth of ZnO nanostructures on
porous semiconductor substrates, which are able
to change the interface properties, refractive index
and local electric fields [12, 13, 14]. The combi-
nation of ZnO and porous Si is extremely effec-
tive [15, 16]. The porous structure reduces the
effective refractive index, reduces optical losses
and improves light absorption, which is critically
important for photodetectors and photoconvert-
ers [17, 18, 19, 20]. The authors of the works
[19, 21] found that in the ZnO/porous-Si and
ZnO/porous-GaN systems, porosity affects the
growth morphology and optical response, con-
firming the ability of porous substrates to signifi-
cantly modify the properties of the superimposed
nanostructures. It should be emphasized that the
results obtained for ZnO/porousSi systems cannot
be directly transferred to ZnO/porousZnSe due to
differences in electron affinity, dielectric permit-
tivity, and band alignment.

A special place among ZnO nanostructures
belongs to nanowires. Their one-dimensional
geometry provides strong quantum-scale effects,
high surface area and directional transport of
charge carriers [22, 23, 24]. Such properties make
nanowires much more sensitive to changes in the
interface and substrate parameters than films or
nanoparticles, which allows a more complete as-
sessment of the influence of porous materials on
the electronic states of ZnO. Thus, it has been
established that the radius of the nanowire de-
termines the position and density of discrete en-
ergy levels formed as a result of radial quantum
confinement [25]. However, most of the work
focuses on morphological and photoluminescent
effects, but the influence of porosity on the elec-
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tronic parameters of the barrier layer and quantum
levels of nanowires remains insufficiently studied.
Porous ZnSe has recently attracted particular at-
tention [26, 27, 28] due to its tunable optical and
electronic behavior, chemical stability, and poten-
tial for processing [29, 30]. Porous ZnSe has an
energy alignment compatible with ZnO and can
significantly change the electron affinity, permit-
tivity, and effective mass. For example, we previ-
ously investigated the formation of ZnO nanowire
arrays on porous ZnSe obtained by electrochem-
ical etching [31], and analyzed their morphol-
ogy, crystal structure, and luminescent properties
that determine the photosensitivity of the created
phototransducer. The present theoretical model
was developed to complement the experimental
study reported in [31], where ZnO nanowire ar-
rays on porous ZnSe were synthesized and char-
acterized. While [31] focused on morphological
properties, the present work provides the first the-
oretical framework describing how ZnSe porosity
modifies the potential barrier and quantum energy
levels of the nanowires, thereby offering a quan-
titative basis for interpreting the experimentally
observed porosity-dependent optical response.

Thus, despite significant progress in the
study of ZnO nanowires and porous substrates,
the influence of ZnSe porosity on the formation
of the energy spectrum of ZnO nanowires remains
insufficiently explored. This gap in understanding
defines the scientific novelty and relevance of the
present work.

Modeling electronic states in a nanowire

ZnO/porous-ZnSe/ZnSe

To describe the electronic states in a ZnO
nanowire, a cylindrical region of radius R and
height H is considered, which corresponds to
the real geometry of nanowires grown on porous
ZnSe. The porous structure of ZnSe provides
a vertical growth direction and the formation
of an array of nanowires with similar geomet-
ric parameters. The model assumes that the
nanowire has impermeable walls (infinite poten-
tial well), which is a standard approximation for
ZnO nanostructures with a high potential differ-
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ence at the ZnO/ZnSe interface.
The region of electron motion is described by
cylindrical coordinates (r, 0,z):

0<r<R, 0<6<2m, 0<z<H.

The stationary states of an electron are de-
scribed by the Schrodinger equation [32]:
2

C2m*

Viy =Evy,

where m* is the effective mass of an electron in
Zn0O (m* = 0.24my).

In cylindrical coordinates, the Laplace oper-
ator has the form [33]:
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To solve the equation, the separation of vari-
ables method is used:
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y(r,0,z) =R(r)®(0)Z(z).

Substituting this representation into the
Schrodinger equation leads to the radial differen-
tial equation:

where R(r) is the radial part of the wave function,
m is the azimuthal quantum number, k, is the ra-
dial component of the wave number.
The solution is the Bessel function of the first
kind [34]:
R(r) = Jy(k,r).

The boundary condition on the nanowire
wall is

W(R,0.2)=0 = Ju(k:R)=0.

Since Bessel functions have discrete zeros
Xm,n,» WE Obtain:

X
=

Thus, the radial quantization in a nanowire is
determined by the geometry of the structure and
the properties of the Bessel functions.
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The angular part satisfies:

e,
W—i—m @ZO,

with harmonic solutions:

®(0) = cos(mB), m=0,1,2,...

Along the z axis, the electron moves in
a onedimensional infinite quantum well with
boundary conditions:

The solution is a standing wave:

Z(z) =sin <nZI;tz) :

The corresponding energy eigenvalues for
motion along the axis are:

B2 rnmy2
E — (—) .
2m* \ H
Since H > R, the longitudinal quantization is
weak.

The full expression for the energy levels of
an electron in a cylindrical nanowire is:

<xm,nr>2+ (@)2 ’

R H

where m is the azimuthal quantum number, n, is
the zero number of the Bessel function J,,(x), n;

is the quantum number along the axis, and R and
H are the radius and height of the nanowire.

n,=1,2,3,...

hz

m,ny,n; — 2

Numerical implementation of the model

Analytical expressions for the wave func-
tions and energy levels were used as a basis for
numerical simulations performed in the Matlab
environment. For radial quantization, tabulated
values of the first zeros x,, ,, of the Bessel func-
tions J,,(x) were used. For each triple of quan-
tum numbers (m,n,,n;), the radial component of
the energy (determined by the zero of the Bessel
function), the longitudinal component (which de-
pends on the height of the nanowire), and the total
energy in electron volts were calculated.

International Journal of Mathematics and Physics 17, Ne1 (2026)



A. DYADENCHUK

56

Based on the analytical expression for the
wave function

y(r,0,z) = Jm<

the probability density |w(r,8,z)|? is calculated.

n
Zmony r) cos(m0) sin(nZ Z) :
R H

MATERIALS AND METHODS

Within the framework of the study, several
interconnected stages were sequentially imple-
mented, aimed at determining the influence of
the porous ZnSe layer on the electronic states of
Zn0O nanowires. At the first stage, a quantum-
mechanical model of the nanowire was formu-
lated, which is described as a cylindrical infinite
potential well, taking into account the real geo-
metric parameters of the structure. At the next
stage, the porosity of ZnSe was integrated into the
model through the finite cylindrical well frame-
work, in which the barrier height Vy(P) depends
on porosity via the effective dielectric constant
and electron affinity of porous ZnSe, calculated
using the Bruggeman effective medium equation
and the Penn relation, respectively, which pro-
vided the opportunity to evaluate the change in
the potential profile at the ZnO/ZnSe interface. To
illustrate the geometry of the model, a diagram
(Fig. 1) was used, which demonstrates the spatial
configuration of ZnO nanowires on a ZnSe sub-
strate.

The numerical implementation of the model
was carried out in the Matlab environment, where
the energy levels, probability density, and their
dependence on porosity were calculated for a
wide range of quantum numbers and geometric
parameters.

Such a comprehensive approach allowed us
to establish the regularities of the influence of
porosity on quantum states in ZnO nanowires and
to determine the possibilities of targeted control
of their electronic properties.

RESULTS AND DISCUSSION

Numerical simulation of electronic states in
a ZnO nanowire with a radius of 25 nm and a
height of 500 nm showed that the energy spec-
trum has a pronounced anisotropic structure, due
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to the large ratio H/R = 20. Radial quantization
is much stronger than longitudinal, which leads
to the dominance of the radial component of en-
ergy. Analysis of the first ten lowest levels (Table
1) shows that the radial component of the energy
E, exceeds the longitudinal E, by two to three or-
ders of magnitude, and a change in the quantum
number n; has practically no effect on the total
energy. On the other hand, a transition to the next
radial zero or an increase in the azimuthal number
leads to a significant increase in the energy level.
The ground state (0, 1,1) has an energy of about
0.0015 eV, which corresponds to weak quantum
confinement along the axis and strong confine-
ment in the transverse direction. Thus, the spec-
trum of the nanowire is quasi-continuous along
the axis and discrete in the radial direction, which
is a typical feature of tall nanostructures with a
small radius.

Fig. 2 shows the distribution of |y]|? for the
states (0,1,1), (0,1,2) and (1,1,1) in three sec-
tions: the transverse section at z = H/2 and two
longitudinal sections at y =0 and x = 0.

The state (0, 1,1) with energy E=0.0015 eV
corresponds to the ground quantum level. In the
cross-section a circular symmetry of the distri-
bution is observed, which is due to the absence
of angular dependence at m = 0. The probabil-
ity density has a maximum in the center of the
nanowire. In the longitudinal sections, one half-
wave is visible along the z-axis, which is consis-
tent with the quantum number n, = 1. This form
of the wave function indicates the localization of

Table 1 — Energy levels of an electron in a nanowire

State E (eV) E./E,
1 (0,1,1) 0.001475 2344
2 (0,1,2) 0.001494 58.6
3 (0,1,3) 0.001525 26.0
4 (1,1,1) 0.003735 595.0
5 (1,1,2) 0.003754 148.8
6 (1,1,3) 0.003786  66.1
7  (2,1,1) 0.006705 1068.9
8 (2,1,2) 0.006724 267.2
9 (2,1,3) 0.006755 118.8
10 (0,2,1) 0.007746 1235.0
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Figure 1 - Schematic representation of ZnO/ZnSe heterostructures: a) nanowires ZnO on bulk-ZnSe; b)
nanowires ZnO on porous-ZnSe.

the electron in the volume of the structure and
weak quantum confinement along the axis.

For the state (0,1,2) with the same energy
value, but with n, = 2, the spatial distribution
changes. In the longitudinal sections, two max-
ima are observed along the z-axis, which corre-
sponds to the second mode of longitudinal quan-
tization. The cross-section at the level z = H/2
exhibits the minimum probability density, since in
this plane the wave function has a node. The ra-
dial distribution remains unchanged, which con-
firms the independence of the radial localization
from n, for fixed m and n,.

The state (1,1, 1) with energy £=0.0037 eV
demonstrates the influence of the angular quan-
tum number m = 1. In the cross-section, a two-
hump structure is observed with maxima along
the x-axis and a node along the y-axis, which cor-
responds to the angular dependence cos 6. In the
y = 0 plane, the probability density is maximum,
while in the x = 0 plane it goes to zero, confirming
the presence of a nodal surface. The longitudi-
nal distribution preserves one half-wave in z, sim-
ilar to the state (0,1,1). From the point of view
of photovoltaic applications, the obtained energy
level structure is of significant importance. The
quasi-continuous spectrum along the nanowire
axis forms an increased density of states, which
contributes to the effective absorption of photons
and the generation of charge carriers. Accord-
ing to the fundamental model of S. Sze [35], 1D
structures have a specific density of states, which,
as shown in the works of Arbiol et al. [36], en-
sures the effective generation of carriers through
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the quasi-continuous axial spectrum. Discrete ra-
dial levels determine the spectral selectivity of
absorption and spatial localization of electrons,
while the shape of the wave functions directly af-
fects the features of the transport of carriers along
the nanowire [37]. The obtained modeling results
indicate that ZnO nanowires on porous ZnSe are
promising components of UV photodetectors and
solar converters, as they combine strong quantum
confinement in the transverse direction with effi-
cient carrier transport along the axis.

The influence of substrate porosity on the
electronic states of the ZnO nanowire arises
from porosityinduced modifications of the in-
terfacial electrostatic environment. Increasing
ZnSe porosity reduces the effective dielectric con-
stant and changes the electron affinity and barrier
height at the ZnO/ZnSe interface. These com-
bined factors alter the boundary conditions for the
confined carriers and lead to the observed shifts in
the quantized energy levels.

The use of an infinite potential well is jus-
tified by the large conduction band offset at the
Zn0O/ZnSe interface (1.0-1.2 eV), which signifi-
cantly exceeds the quantization energies obtained
for the considered nanowire radii. Under these
conditions, the penetration of the electron wave
function into the ZnSe matrix is negligible, and
the confinement is effectively determined by the
ZnO region. As a result, the infinite-well ap-
proximation provides an accurate description of
the quantized states while allowing for analytical
treatment of the model.
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Finite potential barrier and porosity-dependent pa-
rameters

The considered model above of the infinite
well used describes the idealized case where the
wave function is completely localized in the mid-
dle of the ZnO nanowire. However, in the real
structure of ZnO/porous-ZnSe/ZnSe, the barrier
between the nanowire and the substrate is a skin
and the difference in the electron affinities of the
materials. Since the porosity of ZnSe changes its
electron affinities, the barrier height is a function
of the porosity P. Therefore, to correctly describe
the effect of porosity at the quantum levels, the
finite cylindrical well model is used.

The porous ZnSe layer is considered as a
two-phase effective medium consisting of the
crystalline phase of ZnSe and pores filled with air.
The effective permittivity &.(P) was determined
using the Bruggeman approximation [38]:

Eyoid — Eeff(P) €znse — Eeft(P)
Evoid + 2 (P) &znSe 1 2€c¢t(P)

where €,0iqg = 1 1s the dielectric constant of pores,
Eznse = 9 is the bulk value [39]. The value of &
was obtained by numerically solving the equation
iteratively in Matlab.

The electron affinity of porous ZnSe Y (P)
is related to the effective dielectric constant
through the Penn relation, which describes the de-
pendence of the work function on the shielding in
the effective medium:

+(1-P)

9

calr)),

%eff(P) = XZnSe — & (1 -
€ZnSe

where o¢ = 1.0 eV is the Penn parameter for 11-VI
semiconductors [40], xznse = 4.09 eV is the elec-
tron affinity of bulk ZnSe [41]. The decrease in
Efr With increasing porosity means a weakening
of the shielding of electric fields in the material,
which reduces the effective depth of the potential
well for an electron and, accordingly, reduces the
electron affinity.

The height of the potential barrier at the
ZnO/porous-ZnSe interface is determined by the
difference in electron affinities:

Vo(P) = Xzno — Xett(P),
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where Yzno = 4.35 eV. The ZnO nanowire pa-
rameters are fixed throughout all calculations: ef-
fective electron mass m* = 0.24mg. The effective
mass is determined by the intrinsic band structure
of ZnO and remains independent of the ZnSe sub-
strate porosity. The barrier material parameters,
which depend on the porosity of the ZnSe sub-
strate, are summarized in Table 2.

As can be seen from Table 2, increasing the
porosity from O to 80% increases Vj from 0.26 eV
(for bulk ZnSe) to 1.08 eV (for P = 80%). This
means that porous ZnSe forms a significantly
higher potential barrier than solid ZnSe, thereby
enhancing the quantum confinement of the elec-
tron in the ZnO nanowire.

Finite cylindrical well model

In the finite cylindrical well model, the sta-
tionary Schrodinger equation is solved separately
in two regions. Inside the ZnO nanowire (r < R),
the potential is zero, and the solution for the
ground state (m = 0) is:

2m5 o E
y(r) =AJy(kr), kz“%,

where Jj is the Bessel function of the first kind of
zero order (an oscillatory function describing the
electron localization inside the nanowire). Out-
side the nanowire, in porous ZnSe (r > R), the
potential equals Vy(P), and the solution decays:

2m§nse (V() — E)
h2

Y

y(r) = BKy(kr), K= \/

where K; is a modified Bessel function of the
second kind of zeroth order (a damping function
describing the penetration of the wave function
into the barrier layer). Since the thickness of the
porous ZnSe layer significantly exceeds the radius
of the nanowire, the wave function decays to zero
within the porous layer, and the bulk ZnSe sub-
strate does not affect the quantum states of the
nanowire.

On the boundary r = R, the conditions of
continuity of the wave function and its derivative
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Table 2 — Parameters of the barrier material for the two heterostructure systems

Material Porosity  Dielectric constant ~ Potential

P, % Eoff Vo (P) ,eV
ZnO/ZnSe(bulk) 0 9.00 0.260
ZnO/porous-ZnSe 20 6.77 0.508
ZnO/porous-ZnSe 40 4.66 0.742
ZnO/porous-ZnSe 60 2.87 0.941
ZnO/porous-ZnSe 80 1.64 1.078

are imposed, taking into account different effec-
tive masses in the two regions [32]:

k J (kR)

Kk Ki(kR)
m}nse K()(K'R)’

mEnO JO(kR)
where J; and K are the firstorder Bessel func-
tions of the first and second kind, respectively.
This transcendental equation is solved numeri-
cally in Matlab by the bisection method for each
value of the nanowire radius R and porosity P.

It should be noted that for low porosity val-
ues (P < 20%) at large radii, or for high porosity
values at R > 15nm, the condition for the exis-
tence of a bound state may not be fulfilled, which
indicates that the barrier V;) is insufficient to con-
fine the electron in cylindrical geometry.

Therefore, the energy spectrum was calcu-
lated for the radius range R = 5...20nm, where
bound states exist for all considered porosity val-
ues. For bulk ZnSe (P = 0%), the barrier height
is only Vp = 0.26eV, which represents a relatively
weak confinement. With increasing porosity, the
barrier increases to Vo = 1.08eV at P = 80%, ap-
proaching the conditions of an infinite well.

Influence of porous ZnSe on the electronic states of
ZnO nanowires

Numerical solution of the transcendental
equation of a finite cylindrical well for the
range of radii R = 5...20nm and porosity values
P =0,20,40,60,80% allowed us to establish the
quantitative dependence of the ground state en-
ergy E; on the system parameters (Fig. 3).

As shown in Fig. 3, the ground-state en-
ergy follows the dependence E| o< 1/R2, which
is characteristic of cylindrical quantum confine-
ment. For all porosity values, increasing the
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nanowire radius leads to a reduction in Ej. It is
important to note that within the finite potential
well model, bound states do not exist for all com-
binations of R and P: for P = 60% and P = 80%,
the transcendental equation has no solution for
R > 16nm and R > 15nm, respectively. This is
a physical consequence of the cylindrical geome-
try unlike the planar well, the cylindrical finite
well requires a minimum barrier strength for a
bound state to exist. Accordingly, the curves for
high porosity values are shown only over the ra-
dius range where bound states are supported.

Comparison of the ZnO/ZnSe(bulk) and
ZnO/porous-ZnSe/ZnSe structures confirms that
porous ZnSe is a more effective substrate for the
formation of pronounced quantum states.

The absolute shifts of the ground state AE| =
E|(P) — Ei(bulk) are shown in Fig. 4. The
largest effect is observed for thin nanowires (R =
5nm): the shift ranges from 2meV at P = 20%
to 3.7meV at P = 80%. With increasing radius,
the shifts decrease, which is consistent with the
decreasing role of quantum confinement in thick
nanowires [42]. The physical reason for the shifts
is that increasing porosity decreases € — de-
creases Xeff — increases Vy — the wave function
becomes more localized inside ZnO — the energy
level shifts upward.

International Journal of Mathematics and Physics 17, Ne1 (2026)
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Figure 2 - Probability density distribution |y|? for three quantum states in a ZnO nanowire: (a) state (0,1, 1),
(b) state (0,1,2), (c) state (1,1,1).
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Figure 3 - Groundstate energy £ of ZnO nanowires as a function of radius for bulk ZnSe and porous ZnSe.
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Figure 4 - Groundstate energy shift as a function of nanowire radius and ZnSe porosity.
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CONCLUSIONS

The aim of this study was to theoretically
determine the influence of a porous ZnSe layer
on the formation of quantum states and electronic
properties of ZnO nanowires in ZnO/ZnSe(bulk)
and ZnO/porousZnSe/ZnSe heterostructures. To
achieve this goal, a two-stage approach was used:
an infinite cylindrical well model to describe the
general structure of the energy spectrum, and a
finite cylindrical well model to quantitatively an-
alyze the effect of substrate porosity on quantum
levels.

The results showed that radial quantum con-
finement dominates over longitudinal confine-
ment, and the nanowire energy spectrum exhibits
strong discreteness in the transverse direction and
quasicontinuity along the axis.

It has been found that the porosity of ZnSe
significantly changes the potential barrier at the
Zn0O/ZnSe interface: an increase in porosity from
0 to 80% increases the barrier height Vj from
0.26eV to 1.08eV. This leads to a systematic
shift of the energy levels: for nanowires with
a radius of R = 5nm, the absolute shift of the
ground state ranges from 2meV at P = 20% to
3.7meV at P = 80%. With an increase in the
radius to R = 20nm, the shifts decrease to sub-
millielectronvolt values.

The novelty of the work lies in the combina-
tion of a self-consistent set of effective medium
parameters (the Bruggeman equation for &g and
the Penn relation for Y.g) with an analytical de-
scription of quantum confinement in a finite cylin-
drical well, which for the first time made it possi-
ble to obtain a quantitative model of the influence
of ZnSe porosity on the energy spectrum of ZnO
nanowires. The obtained results confirm the pos-
sibility of targeted control of quantum states by
modifying the porosity of the substrate and open
up prospects for the optimization of UV photode-
tectors, sensors, and photovoltaic converters.
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