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Inverse Source Problem for advection-diffusion
equation from boundary measured data

Abstract. The inverse problem for the advection-diffusion equation is considered in this paper. The study
focuses on reconstructing a space-dependent source of a variable-coefficient advection-diffusion equation
with separable sources from time-dependent temperature measurements at the right boundary of the do-
main. The Tikhonov regularization method is used to determine the space-dependent source function. These
problems arise in various fields of science and engineering. The source term takes the form of separated
variables, where one function describes the time evolution and the other represents the spatial distribution
of some contaminant source. Such source terms also arise as control terms in the context of heat equa-
tions. Numerical experiments were conducted to demonstrate the accuracy and robustness of the proposed
method. A non-iterative inversion algorithm is developed and numerically implemented for identifying the
unknown space-dependent source. Consequently, identifying space-dependent or time-dependent sources
is crucial in addressing environmental issues, which served as the motivation for proposing this problem.
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Introduction

In this paper we consider the inverse source problem of identifying the unknown space-dependent source

F(x),

u, +au, —(a(xulx)), - F(x)H ()

u(x,O) =0,
u(0,¢)=0,u_(1,1)=0,

from the Dirichlet boundary measured data

g(t)=ull,1),

Direct and inverse boundary value problems for
advection-diffusion equations are extensively
applied in the mathematical modelling of natural
phenomena and technological processes [1-17].

Analytical approaches for solving direct
diffusion-advection problems have been intensively
investigated [3-5]. On the other hand, the
investigation of corresponding inverse source
problems has garnered significant attention in recent
years mainly due to their numerous practical

te(0,7] 2)
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=0, (x,¢)e Q, = (0,1)x(0,T];

xe(O,l); (D
te (O, T],

applications, such as identifying pollution sources in
an environmental medium ([4-10]).

In [10] an analytical method based on the quazi-
reversibility method and the Fourier transform tool
was developed to solve advection dispersion equation
in rivers inversely in time. A two-stage numerical
approach to solve the sparse initial source
identification of a diffusion-advection equation has
been discussed in [11]. An inverse problem related to
a fractional diffusion equation is considered in
[12,14]. The ill-posedness, existence and uniqueness
of the inverse source problem of time fractional
diffusion wave equation in a cylinder are proved in
[12]. In [13] the study focused on the reconstruction
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of an unknown source term from a partial internal
measured data. The considered ill-posed inverse
problem is formulated as a minimization one and
numerical reconstruction of the unknown source
terms is investigating using an iterative process. Two
inverse source problems, such as the recovery of
space dependent source term and determination of
time dependent source term are considered and
existence, uniqueness and stability results are proved
in [14].

The continuation inverse problem for a 3D
steady-state diffusion model inside a cylindrical
layered medium is considered in [15]. This model is
used to describe the process of heat conduction and
diffusion in protective coatings of gas and oil
pipelines, the shell of reactors in the chemical
industry and other industrial processes. In such cases,
only the outer side of coverings is available for
measurements, when it is necessary to recover the
conditions inside the coverings in order to control the
equipment state. The diffusion coefficient is
supposed to be a piecewise constant function,
depending on radius, Cauchy data are given on the
outer boundary of the cylinder and temperature is
recovered at the inner boundary of the cylinder.

Inverse source problems focus on reconstructing
unknown sources from measurable boundary and/or
final output data. These problems arise in various
field of science and engineering. Significantly, the
existence, uniqueness and conditional stability for
inverse source problems for partial differential
equations with variable coefficients have been
rigorously analyzed in [9,18-23].

In [9], the authors investigate the reconstruction
of a time-dependent source of a one-dimensional
evolution linear advection—dispersion—reaction
equation with spatially varying coefficients. Well-
posedness of the inverse problems for finding the

space dependent vector function p(x) in general
parabolic systems with vector sources of the form
F(x,t) = H(x,t)p(x) + q(x,t) was investigated
in [19]. In [20], the authors proved that in the
parabolic heat equation u, + Lu=F (x) subject to
zero Dirichlet condition on the boundary I" of the
QeR", n2xl,

u(x,O)zuo and final data over-determination

domain initial  condition

u(x,T ) =u,;, a time-independent heat source

Fel’ (Q) can be uniquely retrieved if
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Uy, U, € Hy(Q)NH?(Q). An iterative algorithm

based on a sequence of well-posed direct problems
which are solved at each iteration step using the
boundary element method was also developed for

finding the source F (x), x € Q. However, this

algorithm was implemented numerically only for the
one-dimensional heat equation with L =—0_ and

Q= (O,K ) Simultaneous identification of the pair
<F ,7;)> of source terms in the heat conduction
equation u, = (a(x)ux )x +F(x,t) from final data

overdetermination #, and the Robin condition

- a(l)ux (l,t) = v[u(l,t)— T, (t)], was proposed in
[18].

The source term in [22,24-26] takes the form of
separated variables, where F (x) and H (t) describe

the time evolution and the spatial distribution of some
contaminant source, respectively. In particular, the
heat process of radioactive decay is modelled by the

equation u,=u, +F(x)H(1),
H (t) =e ™ and k>0 is the decay rate [22]. Such

source terms also arise as control terms in the context
of the heat equations. Consequently, identifying
space dependent or time dependent sources is crucial
in addressing environmental issues, which served as
the motivation for proposing the following problem.
Both types of problems have been extensively
studied over the past decades, with the uniqueness of
solutions already established in the existing
literature. Inverse source problems involving
multiplicatively separable sources for parabolic and
hyperbolic equations with constant coefficients were
initially investigated in [24-26].

Note that although inverse source problems for
parabolic equations are usually moderately ill-posed
[27], their degree of ill-posedness could be quite
different [23,28]. The degree of ill-posedness of
inverse source problems for the advection-diffusion
equation was investigated numerically using singular
value decomposition of the input-output operators in
[28]. This analysis showed that the degree of ill-

F (x) for constant

where

posedness of recovering

coefficients is essentially higher than that of the
inverse problem of recovering F' (x) from final data

overdetermination.
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82 Inverse Source Problem for advection-diffusion equation from boundary measured data

Mathematical modelling of the direct problem
Let T >0, a=const, a be a twice piecewise

continuously differentiable function on [O,l ] such
that Ot(x) >0 for all xe[0,/], and
g(t) eH' (O,T ) Unless stated otherwise, the

space and the time-dependent sources are bounded
functions such that F (x) el’ (O, / ) and

H (t) el’ (O,T ) respectively.
Lebesgue measures are strictly positive, i.e.

y(supp(F)) >0 and ,u(supp(H)) >0. For the
given known sources £ (x) and H (t ) , the problem

Moreover, their

(1) is referred to as the direct problem. Using
separation of variables in (1), we look for a solution
to this direct problem of the form:

where the functions X P (x) are solutions of the

following boundary eigenvalue problem:

- (a(x)X'(x)) + aX'(x) = ﬂX(x), X€ (O, l), @)

X(0)=x"(t)=0,
corresponding to the eigenvalues 4, , k>1.

The differential operator
L= —ia( )i+ai in (4) is not self-adjoint
dx dx  dx

since, in general, a # a'(x) for x € (O,l ) However,
multiplying through by the weight function

it
Waty

p(x)zexp{— l(S)ds} is the integrating
v als)

where

factor, the system (4) takes the following self-adjoint
form:

- (p(x)x"(x))

X = Ao(x)X(x), x €(0,1),
X(0)=x'(1)=

®)

e
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Since p, p' and o are continuous on [O,I ], and
p(x)>0 and o(x)>0 on [0,], the boundary

eigenvalue problem (5) is a regular Sturm-Liouville
problem [29]. Therefore, the eigenvalues are real,
positive, simple and can be ordered such that

0<A <4, <...,with lim A =oo. In addition, the
corresponding eigenfunctions form a complete
orthogonal family of L2(0,1) =
= {f: [0,1] - R: folfz(x)a(x)dx < oo}, ie.

<Xk’ Xj)[%_(o'l) =

l
= f X () X;(x)o(x)dx = (Xk,Xj) Okj»
0

L300
and can be normalized to yield a family { ;(k} of

k=1

orthonormal functions in Li (0, [ ) such that

<X" X >LZJ(O,I) - 5’?/' ’

Moreover, for each function f eLf7 (O,l ), the

series i<f,;(k>ﬁ(0]);(k(x) converges to f in
k=1 7
L2(0,1).

Let us now represent the source term F (x) in

terms of the normalized eigenfunctions { i } ia1 ®

x)=D(F. X)penti®). (6

k=1

REMARK. If Fe H 1(0,1) and satisfies the
same boundary conditions, i.e. F(O)zF'(l)zO,
then the series expansion (6) converges absolutely
and uniformly to F in (O, l].

By formally substituting the series (3) into
equation (4) and using the series expansion (6), we

find that the coefficients u, (t) must satisfy the

following initial value problem

!

U (t)+ lkuk(l‘) = <F’ Zk>L§(0J)H(t)>

(7
u,(0)=0.
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Hence, the coefficients u, (l‘) of (3) can be

uniquely determined

t

Z<F Zk>L2 o J.H(s)e%"(m)ds, (8)

k=1

and the generalized solution of the direct problem (1)
becomes

u(x, t) =
= Y F iz o Xk () Jy H(s)e E=9)ds. (9)

Reconstruction method for Inverse Source
Problem
In the inverse source problem considered here,

the space-dependent source F (x) in the advection-

diffusion equation (1) needs to be recovered from the
time-dependent  Dirichlet boundary data (2)

supposing that the function H (t ) is known. As

explained in [30], the solution to this inverse problem
is unique only if additional constraints are imposed

on the source function /' (x) )

In order to reconstruct the unknown space-
dependent source F (x) , we have to find the

coefficients F, = <F,;(k>L2 01)? k>1, of the

following series expansion

! t):ZFk‘//k(t) (10)
k=1
where
w,(t)= ;(k(l)‘[H(s)e%"(H)ds, k=1, (11)

0

from boundary measured data (2). Since H is
considered to be bounded on [O,T ], and the

eigenfunctions ¥, and the coefficients F} are also

bounded, the terms of the series (10) in absolute value
tend to zero faster than 4, ', i.e.
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|Fk:/)k(t)| =

= |Fixx (D] fH(t—s)e‘lkst <
0
Msds < 2k > 1.

<Cft— Cs
= e s
*Jo X

Moreover, the eigenvalues 4, for k>1 are

asymptotically quadratic with respect to & . Thence,
we can truncate the series (10) and approximate
u(l ,t) by the sum of a finite and sufficiently large

number K of initial terms

K
! t)z ZFka(t)
=

(12)

Through this approach, we reduce the inverse
problem to a finite dimensional one, specifically the

identification of the K coefficients F; in (12) based

on the given boundary data (2). Consequently,
Tikhonov regularization is employed, and we aim to
determine the unrestricted minimum of the functional

B
— 95Ol + 5 IFIG =

2

T K
=%f (Z Fk‘{’k(t)—g(t)> dt +
0 \k=1

+ETK R

JP(F) = |wuo

(13)

where [ is the regularization parameter and it

should be chosen as a good compromise between
fitting the measured boundary data and guaranteeing
the stability of the solution. To find the minimizer

F e R*, we set all first partial derivatives of the
functional (13) to zero, i.e.

a]g) T/ K 0 (&
— = FY, (t)—g(t)|— FY, (t) |dt
oF, !(; (1) )jaﬂ(; K k()} +

), ()
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84 Inverse Source Problem for advection-diffusion equation from boundary measured data

Hence, the following necessary minimality
conditions are obtained

1)

—

ast
OF

m

O ey

\Pk ( )dt—

—Ig(f)

0

N

Y. (1)dt+pBF, =0

forall j=1,....K. (14)

The system of linear equations (14) can be
expressed under the matrix form as

(A+p1 ) FY =b*, (15)

where the entries of the K x K matrix A and of the
right-hand side vector b € R* are given by

T
Ay =W ()P, (1)dt, j=1....K,
0

k=1,...,K,(16)

T
:j t)dt, j=1,...K.(7)
0

If F¥) e R¥ is the solution of equation (15) for
an optimal value of the regularization parameter 3,

which can be determined by the L-curve criterion,
then the approximate solution of recovered problem
is

ZF,fﬂ 2(x) xefo, L} (18)
k=1

Results and Discussion

The first numerical examples consider
reconstructions of several smooth space-dependent

Int. j. math. phys. (Online)

sources for different given time-dependent sources,
and linear and non-linear diffusion coefficients. In
order to quantify the quality of reconstructed sources,

F_, the following L’ -relative errors were computed

rec 2

in each case

”F(x) -F (x)

rec

TR

(0.1)

(19)

17(0,1)

EXAMPLE 1. We attempt to reconstruct first
smooth space-dependent sources of the form

2
F(x)=A4 exp _[x;xl]

1

2
+4, exp —[X;XZJ
2

known

(20)

for a time-dependent source

H (l‘) =exp (—t) . We consider both linear and non-

linear diffusion coefficients with various parameter
choices, as follows:

i) 4 =1, x,=0.55, 6,=0.3, and 4,=0.
The numerical reconstructions of the space-
dependent source obtained in this case for
a (x) =0.5+x and different choices of the

coefficient @, a =1 and a = 0.5 are given in Figure
1 and Table 1.

i) 4=05, 4,=1, x,=025, x,=0.75,
0, =0, =0.11 and a =1. Reconstruction results for

of the
diffusion coefficients, o (x) =0.5+x (linear) and

different expressions spatially varying

are a (x) =1+x’ (non-linear), are presented in
Figure 2 and Table 2.

International Journal of Mathematics and Physics 16, Nel (2025)
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1.2

1.2

01 02 03 04 05 06 07 08 09 1
X

@a=1, e=0%

— F{®)

01 02 03 04 05 06 07

X

b a=1,=2%

01 02 03 04 05 06 07 08 09 1

X

©a=1,e=5%

08 09 1

1.2

12

—

03 04 05 06 07 08 09 1

X

da=0.5,=0%

— Fix)

0.1

02 03 04 05
X

()a=0.5,=2%

06 07 08 09 1

R——

06 07 08 09 1

02 03 04 035
X

Ha=0.5,e=5%

Figure 1 — Reconstruction of the space-dependent source £ (X ) for Example 1 1)

International Journal of Mathematics and Physics 16, Nel (2025)

and various noise levels in the data, & € {0, 2, 5} %: a=1 in(a), (b) and (c); @ = 0.5 in (d), (e) and (f).
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86 Inverse Source Problem for advection-diffusion equation from boundary measured data

Table 1 - Regularization parameter values f and relative errors &, in the reconstruction of the space-dependent source F (x ) for

Example 1 i) and various noise levels in the data, & € {O, 2, 5} %

a=1 a=0.5
& 0% 2% 5% 0% 2% 5%
B 5107 3.107 81077 3.10° 6-107° 5.107
& 0.057 0.1161 0.12 0.0503 0.1101 0.119
0.7 T T T T T T T T T T T T T T T
~ 061 .
05t 1
&
%ﬂ 0.4t .
erg 031 —
®
MO2b % 1
= 01t B
*
2 3 4 5 6 7 8 9 11 12 13 14 15 16 17

S

. 2 .
Figure 2 — The L -norm of the difference between the reconstructed space-dependent sources

for K and K —1 eigenpairs used in numerical implementation, F;ec’ X (X )

and Frec’ K-l (x ) , respectively, for Example 1 i), 0% errors in the dataand @ =1.

12 12
— F(®) — Fx
IR Frac(x) 4
0.8t 8
T
= —_ . N
K 0.6 / Y 1
=9 (&3 / "
/ A
; )
0.4r / B
st /
o .1 4
3
0zt 4 i A
4 N F
\\,/ \\
s RS N N S S S G Ps g ow L w s
0 0l 02 03 04 05 06 07 08 09 | 0 01 02 03 04 05 06 07 08 09 1
X X
2
@ a(x)=0.5+x ® a(x)=1+x

Figure 3 — Reconstruction of the space-dependent source ' (x )

for Example 1 ii) and data with 2% errors.
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Table 2 — Regularization parameter values ,B and relative errors & in the reconstruction of the space-dependent source F (x ) for

Example 1 ii) and various noise levels in the data, & € {O, 2, 5} %.

a(x)=05+x a(x)=1+x
g 0% 2% 5% 0% 2% 5%
B 2-107° 5.10°® 9.10°* 3-10°° 3.-10°° 9.10°"
& 0.1830 0.2011 0.2694 0.3418 0.3681 0.3902

EXAMPLE 2. We reconstruct a smooth space-
dependent source of the form (20) with the same

parameter choices as in Example 1 i), i.e. 4, =1,
x,=0.55, 6,=0.3 and 4, =0, but in this case
H(l) = Sin(ﬂt). Figure 4 and Table 3 contain the

results of numerical reconstructions of the space-
dependent source obtained for two different
choices of the coefficient a, a=1 and a=0.5

0 01 02 03 04 05 06 07 08 09 1
X

@ a=1

and a linear diffusion coefficient, & (x) =0.5+x

Results for a non-linear spatially varying
diffusion coefficient, Ot(x) =1+4x7, are found in

Figure 5 and Table 4. A space-dependent source
of the form (20) with the same parameter choices
as in Example 1 ii) could not be recovered for the
time-dependent source considered in this
example.

1.2

0.8
i Y
P06+
(&
0.4
0.2+
0/ L L L ! I L L | L
0 01 02 03 04 05 06 07 08 09
X
) a=0.5

Figure 4 — Reconstruction of the space-dependent source £ (x )

for Example 2, & (x) = 0.5+ x, and data with 2% errors.

Table 3 — Regularization parameter values ,B and relative errors & in the reconstruction of the space-dependent source F (x ) for

Example 2, & (x) = 0.5+ X and various noise levels in the data, & € {O, 2, 5} %.

a=1 a=0.5
& 0% 2% 5% 0% 2% 5%
B 9.10°* 4.107 5-1077 9.10°* 3.107 5-1077
& 0.063 0.092 0.0987 0.0667 0.0752 0.1378
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1.2

= F(;i)

0.8F

0.61

F)

0.4F

0.2f

0 01 02 03 04 05 06 07 08 09 1
X

@a=1

1.2

= F(P;)

0 01 02 03 04 05 06 07 08 09 1
X

) a=0.5

Figure 5 — Reconstruction of the space-dependent source [ (x )

for Example 2, & é() =1+ )2C, and data with 2% errors.

Table 4 — Regularization parameter values ,B and relative errors & in the reconstruction of the space-dependent source F (x ) for

Example 2, & (x) =1+ xz and various noise levels in the data, & € {0, 2, 5} %.

a=1 a=0.5
E 0% 2% 5% 0% 2% 5%
B 1-10°% 1-10° 9.10° |1-107° 1-10°% 5.107°
&y 0.0804 0.0996 0.2142 0.1 0.0872 0.1639

EXAMPLE 3. We consider the following space-
dependent sources which both satisfy the boundary

conditions F(O) = F'(l) =0:
1) F(x) = x(2—x), (21)
ii) F(x)=sin’(7x).(22)

Reconstructions of the source in i) and two
different known time-dependent sources,

Int. j. math. phys. (Online)

H(t) = exp(—t) and H(t) = sin(m) , are shown
in Figure 6 and Table 5, and in Figure 7 and Table 6,
respectively. The numerical recoveries of the source
in ii) for H (t) = exp(—t) are presented in Figure 8
and Table 7. In all these numerical experiments, the
diffusion coefficient was considered to be linear and
of the form a(x) =0.5+x.

International Journal of Mathematics and Physics 16, Nel (2025)
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1.2 . . . . . . . . . 1.2 ‘ ‘
— F(x) — F®)
10 777 Frec(x) 1+
.
0.8 & f 0.8}
gy
\E, 0.6 1 \E, 0.6
4 0.4
L 4 i L
0.4 / :
72
o
02 1 0z}
&
0 1 1 1 1 1 1 1 1 1 0 - L L 1 1 L 1 1 1
0 01 02 03 04 05 06 07 0.8 09 1 ¢ 01 02 03 04 05 06 07 08 09
X X
(@ a=1 ®)a=0.5

Figure 6 — Reconstruction of the space-dependent source F (X )

for Example 6 1), a(x) =0.5+x, H(t) = exp(—t), and data with 2% errors.

Table 5 — Regularization parameter values ,B and relative errors &£, in the reconstruction of the space-dependent source F (x ) for

Example 3 i), OZ(X) =05+x, H(l) = exp(—t), and various noise levels in the data, & € {0, 2,5} %.

a=1 a=0.5
E 0% 2% 5% 0% 2% 5%
B 9.10°° 1-1077 3-10°° 5-10°° 5-107° 9.10°°
&p 0.02 0.0212 0.053 0.0068 0.0127 0.0173

1.4

1.2+

0.8¢

Fx)

0.6r

0.4r

0.2r

01 02 03 04 05 06 07 08 09 1

X

@ a=1

02 03 04 05 06 07 08 09 1

X

) a=0.5

Figure 7 — Reconstruction of the space-dependent source F ()C )
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for Example 3 1), OC(X) =0.5+x, H(t) = Sin(ﬂ't) , and data with 2% errors.
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Table 6 — Regularization parameter values ﬂ and relative errors & in the reconstruction of the space-dependent source F (x ) for

Example 3 1), & (x) =05+x, H(Z) =sin (ﬂt) , and various noise levels in the data, & € {O, 2, 5} %.

a=1 a=0.5
& 0% 2% 5% 0% 2% 5%
B 5.10°° 5-107° 5.10°° 5.10°° 5-10°° 5-107°
Ep 0.0299 0.0352 0.0368 g, =0.0115 | £, =0.0292 | &, =0.0208
1.2 T T T 1.2 T T -
— F(x) — F(x)

___F (X) u

rec

0.8}

0.6F

Fx)

0.4r

0.2}

0 01 02 03 04 05 06 07 08 09 1
X

(@ a=1

F(x)

0 01 02 03 04 05 06 07 08 09 1
X

) a=0.5

Figure 8 — Reconstruction of the space-dependent source ' (x )

for Example 6 ii), & (x) =05+x H (t) =exp (—Z) , and data with 2% errors.

Table 7 — Regularization parameter values ,B and relative errors & in the reconstruction of the space-dependent source F (x ) for

Example 3 ii), & (x) =05+x, H(l‘) = CXp(—t), and various noise levels in the data, & € {0, 2,5} %:.

a = 1 a = 0.5
& 0% 2% 5% 0% 2% 5%
p 5-10°° 5107 5107 | 2-10°° 2:10°° 1-10°°
Erp 0.0727 0.0793 0.1305 &, =0.0463 | ¢.=0.0652 | ¢.=0.0910
Conclusion more importantly, in the case when the source term

Overall, the reconstructions of space-dependent
sources F (x) obtained for a smaller value of the
coefficient a (i.e. a =0.5) are comparable to, but
slightly better than, the results obtained for the larger

value a=1. Better and more stable source
identifications were also achieved in the case of the

linear diffusion coefficient « (x) =0.5+x and

Int. j. math. phys. (Online)

F (x) satisfies the same boundary conditions as the

eigenfunctions of the Sturm-Liouville problem (5)
(ie. F (O) = F'(l) =0). To conclude, our numerical

experiments seem to suggest that the proposed
reconstruction method works rather well for
identifying smooth space-dependent sources albeit
satisfying the natural boundary conditions

F(0)=F'(1)=0 and H(0)=0.
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